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PKEFAOE 

THIS  book  attempts  to  deal  in  a  comprehensive  manner  with  the 
large  amount  of  subject-matter  which  falls  under  the  heading  of 
the  Theory  of  Machines.  Although  there  are  many  text-books 
which  cover  adequately  one  or  two  special  parts  of  the  subject, 
there  are  none  which  deal  systematically  with  the  whole.  It  is 
hoped  that  the  book  will  be  found  to  meet  the  requirements  of 
engineering  students  studying  for  University  and  kindred  examina- 
tions in  this  subject,  and  also  be  of  utility  to  engineers  engaged 
on  practical  work. 

The  inclusion  of  the  Elements  of  Mechanics  in  Part  I. 
enables  the  author  to  elaborate  those  fundamental  parts  of  the 
subject  which,  as  his  experience  has  shown  him,  give  rise  to 
grave  misconceptions  and  difficulties  on  the  part  of  the  student. 
This  initial  survey  of  underlying  principles  obviates  the  discon- 
certing necessity  of  reverting  to  elementary  matters  when  in  the 
midst  of  a  more  advanced  treatment  of  some  sections  of  the 
subject  proper. 

In  the  treatment  of  Mass  and  Force,  the  so-called  Engineer's 
unit  of  mass  has  been  adopted.  As  both  dynamical  and  statical 
forces  have  to  be  considered,  no  other  course  seems  open  if  the 
book  is  to  have  any  practical  value.  The  unit  of  mass  is  then 
different  to  the  standard  mass,  but  the  practical  advantages  of 
having  one  pound  as  the  unit  of  force  far  outweighs  other 
disadvantages. 

In  the  Kinematics  of  Machines,  Eeuleaux's  notation  of 
lower  and  higher  pairing  has  been  used  as  a  basis  of  classification 
of  the  subject.  It  is  hoped  that  students  will  get  a  clear  con- 
ception of  kinematical  problems  by  the  author's  classification 
given  at  the  beginning  of  Chapter  X.  In  the  chapters  devoted 
to  the  forms  of  wheel  teeth,  the  important  facts  and  conditions 
relating  to  wheel-teeth  are  given  in  the  form  of  propositions,  and 
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it  is   thought  that  by  this  means  the   salient   features   of  this 
difficult  subject  will  be  more  readily  grasped. 

In  a  work  of  this  description  it  is  impossible  to  be  entirely 
independent  of  previously-published  works,  and  accordingly  the 
author  must  express  his  indebtedness  to  many  books  of  reference, 
to  the  Proceedings  of  the  various  Engineering  Institutions,  and 
also  to  the  engineering  periodicals.  As  far  as  possible,  all 
assistance  received  has  been  acknowledged  throughout.  The 
author  is  indebted  to  the  Crosby  Steam  Gauge  and  Valve  Co., 
Messrs.  Dobbie,  Mclnnes  and  Co.,  and  Messrs.  Glenfield  and 
Kennedy  for  the  loan  of  blocks. 

In  preparing  the  book  it  has  not  been  overlooked  that,  whilst 
there  is  a  large  number  of  students  who  can  grasp  book- work 
readily,  there  seems  to  be  a  general  weakness  in  applying  theo- 
retical results  to  practical  problems  and  difficulties.  It  is 
believed  that  this  special  faculty  may  be  developed  by  solving 
numerous  exercises,  and  a  large  number,  culled  from  various 
sources,  are  given  at  the  end  of  most  chapters.  The  whole  of 
the  mathematical  work  involved  in  obtaining  solutions  has  been 
undertaken  by  the  author,  and  although  every  care  has  been 
exercised,  it  is  perhaps  too  much  to  expect  that  there  are  no 
mistakes  in  the  answers.  The  author  will  gratefully  acknowledge 
any  errors,  clerical  or  otherwise,  that  may  be  discovered,  whilst 
any  suggestions  for  improving  the  book  will  be  cordially 
appreciated. 

In  conclusion,  the  author  wishes  to  acknowledge  the  help  and 
encouragement  given  to  him  in  the  earlier  stages  of  his  work  by 
his  brother,  Mr.  G.  T.  McKay,  M.Sc.,  and  also  to  thank  Mr.  W. 
Hewson,  B.Sc.,  and  Mr.  J.  V.  Howard,  B.Sc.,  of  the  City  and 
Guilds  College,  for  reading  many  proofs. 

E.  F.  McKAY. 

August,  1915. 
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THE    THEORY    OF    MACHINES 

PART   I 
MECHANICS 

CHAPTER  I 
INTRODUCTORY 

1.  LIKE  most  of  the  ancient  forms  of  human  activity  which  have 
survived  to  the  present  time  (cf.  agriculture,  navigation,  etc.), 
engineering  now  finds  itself  in  the  uncomfortable  position  of 
having  to  combine  the  qualities  both  of  a  science  and  an  art. 
Original  "  rules  of  thumb  "  have,  in  the  progress  of  modern  civili- 
zation, become  so  numerous  and  so  complex  that  it  is  no  longer 
possible  for  any  one  craftsman  to  have  an  equally  detailed  facility 
in  them  all.  Consequently  the  need  arises  for  a  classification  of 
methods  and  material,  and  for  organization  of  knowledge  on  a 
scientific  basis,  so  that  no  one  branch  of  the  subject  may  suffer,  as 
it  assuredly  would,  through  ignorance  of  the  others.  In  all  such 
cases,  and  particularly  in  engineering,  the  practical  man  will 
urge  that  the  most  phenomenal  amount  of  book  knowledge  is,  in 
the  end,  useless  without  his  own  specially  developed  faculty  of 
rough-and-ready  adaptation  of  means  to  an  end.  But  the  practical 
man  must  remember  that  it  is  just  as  certain  in  these  days,  that 
in  the  commencement  and  development  of  any  new  industry  he 
can  never  guarantee  to  achieve  his  fullest  possible  results,  i.e. 
attain  his  most  complete  efficiency,  unless  his  practice  is  backed 
by  a  well-ordered  and  comprehensive  theory. 

In  the  study  of  every  science,  the  first  task  is  the  classification 
or  the  adoption  of  some  regular  order  in  which  to  consider  the, 
facts  involved.  This  stage,  completed  in  chemistry,  physics, 
geology,  etc.,  has  not  yet,  in  the  branch  of  engineering  with  which 
we  are  directly  concerned,  been  fully  reached,  owing  partly  to  the 
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shortness* of  tire  period  -in-which  the  subject  has  been  scientifically 
considered,  but  more  largely  to  the  great  diversity  and  multi- 
tudinous combinations  of  the  mechanical  contrivances  which  form 
its  subject  matter.  In  lieu,  therefore,  of  this  rigid  classification, 
it  is  desired  to  point  out  in  general  terms  at  this  initial  stage, 
firstly,  what  must  or  what  must  not  be  included  within  the 
category  of  machines,  and,  secondly,  the  nature  of  the  problems 
involved  in  the  study  of  machines  and  the  arrangement  and 
classification  of  these  problems.  These  two  aims  are  best  in- 
troduced by  giving  and  examining  the  definition  of  a  machine, 
which  will  be  done  in  this  chapter  and  Chapter  VIII. 

2.  Definition  of  a  Machine. — A  machine  may  be  defined  as  an 
assemblage  of  resistant  bodies  whose  relative  motions  are  success- 
fully constrained  so  that  some  form  of  natural  energy  may   be 
modified  or  transmitted  to  do  some  special  kind  of  work. 

This  definition  includes  within  its  scope  not  only  those  contri- 
vances and  mechanical  combinations  which  modify  energy,  as  in 
the  case  of  the  steam  engine,  but  also  those  which  transmit  energy, 
as  in  the  case  of  a  workshop  machine.  It  will  be  advisable  to 
give  a  detailed  study  of  the  phraseology  of  this  definition  in  order 
to  make  clear  exactly  which  combinations  must  or  must  not  be 
considered  as  machines. 

3.  Simple  Machines. — In  the  first  place,  a  machine  has  been 
denned  as  "an  assemblage  of  resistant  bodies."     This  last  word 
would   seem   to   exclude  from   our   study   the   so-called   simple 
machines,  viz.  the  lever,  wheel  and  axle,  wedge,  etc.,  which  consist 
apparently  of  one  body.     However,  this  idea,  if  it  exists,  arises 
from  too  narrow  a  conception  of  the  actual  machine  and  is  not 
due  to  a  mistake  in  the  definition  itself.     Both  the  acting  and 
reacting  bodies  must  be  taken  into  account ;  a  lever,  for  example, 
is  useless  without  a  fulcrum ;  the  wheel  and  axle  is  useless  with- 
out bearings ;    likewise  for  each  of  the  other  simple   machines. 
It  will  be  found  on  analysis  that  there  are  no  cases  in  which  a 
machine  consists  of  one  body  alone.     The  plural  form  of  words  in 
the  definition  is  therefore  necessary  and  correct. 

4.  Kesistant  Bodies. — In  the  second  place  it  will  be  advisable 
to  give  a  wider  interpretation  to  the  term  "  resistant  bodies  "  than 
that  probably  held  by  those  newly  introduced  to  the  subject.     In 
this  term  must  be  included  all  bodies  by  which  either  motion  is 
constrained  or  through  which  force  is  transmitted.     These  bodies 
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may  be  rigid,  as  in  the  case  of  the  connecting  rod  of  a  steam 
engine ;  they  may  be  elastic,  as  in  the  case  of  leather  for  belting ; 
or  they  may  be  fluid,  as  in  the  case  of  water  in  the  Brainah  press, 
Whatever  their  form,  each  is  called  an  element  or  link.  As  to 
the  first  of  these  types,  it  is  well  enough  known  that  scientifically 
there  is  no  such  thing  as  a  rigid  body.  But,  for  practical  purposes, 
a  machine  part  is  called  rigid  when  the  deformations  it  undergoes 
when  performing  its  customary  functions  are  negligible,  and  the 
word  is  here  used  in  this  sense.  ^Regarding  the  second  type, 
elastic  bodies,  such  as  springs,  belting,  etc.,  have  an  important 
though  limited  utility,  limited  partly  because  of  the  deformations 
they  undergo  in  practical  employment  and  partly  because  they 
can  in  some  cases  only  transmit  forces  in  one  direction.  Belting 
or  ropes,  for  example,  can  be  used  only  in  tension,  but  as  long  as 
no  compressive  force  is  put  upon  these  materials  they  are  more 
convenient  for  many  purposes  than  a  rigid  connection.  Fluid 
elements  are  less  frequently  used.  They  can  only  transmit  such 
forces  as  are  compressive. 

In  estimating  the  number  of  elements  in  a  machine,  care  must 
be  taken  not  to  include  redundant  parts.  In  the  example  already 
considered,  the  wheel  and  axle,  there  are  generally  two  bearings 
in  which  the  axle  of  the  pulley  revolves.  These  two  bearings  in 
effect  are  rigidly  connected  together  even  if  they  do  not  form 
part  of  the  same  casting,  and  hence  count  only  as  one  element. 
Similarly  the  piston,  piston  rod,  and  crosshead  of  a  steam  engine 
are  rigidly  connected  together  and  have  no  motion  relative  to 
each  other,  so  that  they  likewise  form  one  element  only  in  the 
steam  engine.  In  general  those  parts  of  a  machine  which  never 
have  motion  relative  to  another  part  are  portions  of  £he  same 
element  or  link. 

5.  Differentiation  between  a  Machine  and  a  Structure. — In  the 
third  place  it  will  be  advisable  to  draw  attention  to  the  statement 
that  a  machine  modifies  or  transmits  energy  to  do  some  special 
kind  of  work.  It  is  this  feature  that  differentiates  a  machine 
from  a  structure.  The  latter  is  subjected  only  to  forces  or 
straining  actions ;  there  is  no  relative  motion  between  the 
component  members,  and  hence  energy  cannot  be  usefully 
modified  or  transmitted.  In  a  railway  bridge,  for  example,  the 
component  parts  are  rigidly  connected  together,  and  the  only 
relative  motion  is  that  due  to  the  elasticity  of  the  materials  of 
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construction.  On  the  other  hand,  the  useful  purpose  of  a 
machine  is  only  achieved  by  suitably  directing  the  relative 
motion  of  its  component  parts.  Of  course,  in  the  ultimate 
analysis  of  the  machine,  each  moving  piece,  considered  separately, 
must  be  treated  as  a  structural  part. 

It  may  be  pointed  out  that  recording  instruments  must  be 
included  within  the  scope  of  our  definition  of  a  machine.  These 
instruments,  whether  used  for  measuring  purposes  or  otherwise, 
do  not  differ  fundamentally  from  machines.  The  chief  difference 
between  the  two  is  that  the  amount  of  energy  utilized  is  very 
small  in  the  case  of  an  instrument.  It  is  not  necessary  to 
emphasize  this  difference.  Although  the  size  of  an  instrument 
may  be  insignificant  in  comparison  to  a  large  machine,  it  is  quite 
possible  that  from  other  standpoints  an  instrument  may  prove  to 
be  a  more  fruitful  source  of  study  than  a  machine. 

6.  Analysis  of  the  Subject  of  Theory  of  Machines. — In  the 
modification  or  transmission  of  energy  by  machines,  there  are  two 
possible  variants,  motion  and  force.  The  study  of  machines  might 
very  profitably  follow  the  demarcation  thus  given.  When  the 
modification  of  motion  is  considered,  neglecting  the  consideration 
of  the  forces  producing  or  produced  by  that  motion,  the  study  is 
called  the  kinematics  of  machines.  The  general  problem  of  this 
part  of  the  subject  is  the  determination  of  the  comparative 
motions  of  the  several  parts  of  a  machine.  In  this  case,  since 
considerations  of  force  are  not  involved,  the  elements  of  a  machine 
may  be  supposed  to  be  skeleton  links,  and  the  relative  motion 
of  these  links  may  be  studied  without  further  disturbing  con- 
siderations. It  will  be  found  that  the  resulting  problems  can  be 
solved  to  a  large  extent  by  purely  geometrical  means,  though  the 
study  must  be  extended  mathematically  because  of  the  intro- 
duction of  the  time- factor  in  dealing  with  velocity  and 
acceleration. 

If,  on  the  other  hand,  the  modification  of  the  forces  only  is 
considered  and  the  relative  motion  of  the  skeleton  links  of  the 
machine  not  taken  into  account,  the  study  is  called  statics. 
Statics  is  concerned  with  the  equilibrium  of  resistant  bodies. 
For  static  purposes  a  machine  may  be  regarded  as  a  structure 
having  pin  joints. 

After  gaining  some  idea  in  these  two  ways  of  the  motion  and 
forces  transmitted  by  the  machine  parts,  the  skeleton  links  must 


INTKODUCTOKY  5 

be  replaced  by  actual  links.  The  size  and  proportion  of  the 
various  parts  must  be  discussed  so  that  these  parts  are  neither 
unnecessarily  strong,  involving  a  needless  amount  of  material, 
nor  too  weak,  involving  a  risk  of  fracture  or  breakdown.  This 
study  is  called  machine  design. 

Lastly,  the  effects  of  the  motion  of  the  actual  links  must  be 
considered.  Other  forces  than  statical  are  induced  due  to  the 
inertia,  etc.,  of  the  moving  parts.  The  study  of  these  problems 
leads  us  to  the  kinetics  of  machines.  It  may  then  be  found  that 
certain  parts  of  the  machine,  strong  enough  from  statical  con- 
siderations, are  not  strong  enough  when  the  effects  of  the  kinetic 
forces  are  superimposed.  These  parts  must  be  re-designed  until 
they  can  safely  withstand  all  the  forces  to  which  they  are 
subjected. 

The  two  subjects,  statics  and  kinetics  of  machines,  are  generally 
combined  into  what  is  called  the  dynamics  of  machines.  Under 
such  conditions,  the  theory  of  machines  consists  of  the  three 
subjects,  the  kinematics  of  machines,  machine  design,  and  the 
dynamics  of  machines.  No  rigid  lines  of  demarcation  between 
the  three  can  be  laid  down.  In  dealing  with  the  kinematics  of 
machines,  for  example,  it  will  be  necessary  at  places  to  introduce 
the  effects  of  forces  and  so  encroach  on  the  domains  of  the 
dynamics  of  machines.  It  will  not  be  possible,  nor  indeed  is  it 
desirable,  to  enter  upon  the  elements  of  machine  design  within 
the  present  volume. 

Finally,  the  subject  of  theory  of  machines  is  not  only  concerned 
with  the  methods  of  transmitting  energy  by  mechanical  combina- 
tions, but  also  with  the  converse  problem  of  deriving  machines 
that  will  impart  a  required  motion  or  force.  The  latter  problem 
cannot  be  adequately  treated  in  conjunction  with  the  former  in 
one  volume.  It  demands  the  classification  and  systematic  study 
of  each  of  the  vast  number  of  different  machines.  This  classifica- 
tion will  not  be  attempted  except  in  so  far  as  necessity  arises  in 
developing  the  former  part  of  the  subject. 


CHAPTER  II 

PLANE   MOTION   OF   A   PARTICLE 

7.  Introductory  Remarks. — In  the  approach  to  any  subject,  and 
particularly  when  that  subject  involves  the  study  of  natural  phe- 
nomena, a  certain  amount  of  simplification  of  the  initial  hypotheses 
or  experimental  results  is  desirable.  Otherwise  the  student  is  apt 
to  be  confused  by  a  mass  of  unessential  and  perhaps  apparently 
conflicting  details  and  fails  to  realize  the  fundamental  principles 
of  the  subject.  It  is,  for  example,  well  known  that  the  rifling  of  a 
cannon  imparts  rotational  motion  to  a  projectile.  In  the  first  con- 
sideration of  projectiles,  however,  the  mass  of  the  projectile  would 
be  assumed  concentrated  at  a  point,  thus  neglecting  its  rotational 
motion.  Furthermore,  the  resistance  of  the  air  would  be  neglected, 
causing  a  further  simplification  of  ideas.  By  developing  a  subject 
thus  broadly  from  the  easily  comprehended  to  the  more  complex, 
even  the  most  intricate  of  phenomena  may  be  eventually  analyzed 
and  any  exceptional  circumstances  can  receive  the  attention  they 
warrant. 

Before  commencing  the  systematic  study  of  the  theory  of 
machines,  therefore,  it  will  be  advisable  to  discuss  the  plane 
motion  of  a  particle,  that  is,  of  a  body  whose  mass  is  supposedly 
concentrated  at  a  point.  This  must  be  the  basis  of  all  further 
investigation,  and  the  subject  can  be  readily  developed  from  this 
beginning. 

8.  Rest  and  Motion. — Rest  and  motion  must  be  considered  as 
relative  and  not  as  absolute  terms.  When  a  particle  is  described 
as  having  either  rest  or  motion,  some  other  point  is  always 
expressed  or  understood  which  is  for  the  time  being  considered  as 
fixed.  When  the  particle,  relative  to  the  fixed  point,  does  not 
change  its  position  it  is  said  to  be  at  rest ;  if  it  is  changing  its 
position  it  is  said  to  be  in  motion.  As  it  is  possible  for  a  particle 
to  be  at  rest  relative  to  one  point  but  in  motion  relative  to  another, 
it  is  important  that  the  reference  point  should  be  specified. 
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9.  Velocity. — The  velocity  of  a  particle  may  be  defined  as  the 
time-rate  of  change  of  its  displacement. 

Suppose  a  particle  to  be  moving  in  a  straight  line,  and  that  its 
displacement  from  a  fixed  point  in  its  line  of  motion  be  s  in  time 
t,  and  s  -f  8s  in  time  t  -j-  St.  The  mean  velocity  during  the  interval 

is    ^-.     The  limiting  value  of  this  expression,  -=-  or  s,  is  called  the 
ot  at 

velocity  u  at  time  £: 

When  a  particle  is  moving  over  any  path,  its  position  P  at  any 
time  can  be  expressed  by  the  Cartesian  co-ordinates  x,  yy  measured 
to  some  chosen  axes  OX,  OY  (Fig.  1).  Its 

dx 
velocity  at  that  instant  parallel  to  OX  is 


t 


or  x,  and  parallel  to  OY-^  or  y. 

It  must  not  be  overlooked  that  in  the 
change  of  displacement  of  a  particle  there 
are  two  possible  variants,  direction  and  mag- 
nitude. The  same  variants  are  possible  in 
the  rate  of  change  of  displacement.  The  direction  in  the  latter 
case,  however,  is  identical  with  that  in  the  former,  for  it  is  obvious 
that  at  any  instant  the  direction  of  the  velocity  of  a  particle  is 
always  in  the  direction  of  its  displacement.  The  magnitude  of  a 
velocity  may  be  either  uniform  or  variable.  When  the  velocity 

is  uniform,  u  =  ~. 
t 

Speed  may  be  defined  as  the  magnitude  of  the  velocity  of  a 
body  neglecting  all  considerations  of  its  direction.  Thus  the  speed 
of  a  train  being  given  as  60  miles  per  hour,  the  direction  of  dis- 
placement of  the  train  is  left  unstated.  It  should  be  noted  that 
the  speed  of  ships  is  generally  expressed  in  knots,  a  knot  being  one 
nautical  mile  per  hour.  One  nautical  mile  =  6080  feet,  and  hence 
1  knot  =  6080  feet  per  hour.  A  rather  common  mistake  of  stating 
the  speed  of  ships  in  knots  per  hour  should  be  guarded  against. 

10.  Acceleration. — The  acceleration  of  a  particle  may  be  defined 
as  the  time-rate  of  change  of  its  velocity. 

Suppose  a  particle  be  moving  in  a  straight  line,  and  that 
its  velocity  is  u  at  any  time  t,  and  u  -J-  Su  at  time  t  +  St.  The 

mean  acceleration  during  the  interval  is  ^-.    The  limiting  value 
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(J  ni 

of  this  expression,  -=-  or  u,  is  called  the  acceleration  at  time  t. 

Cut 

Hence  in  this  case  the  acceleration  a  ==  -=-  =  -r-~  =  s. 

at      at* 

When  a  particle  is  moving  over  any  path,  its  acceleration, 
as  its  velocity,  can  be  expressed  in  terms  of  the  Cartesian 
co-ordinates  which  give  its  position  at  any  time  relatively  to 
some  chosen  axes  OX  and  OY.  If  the  position  be  denoted 
by  x,  y,  the  acceleration  at  that  instant  parallel  to  OX  is 


-OT  x  and  parallel  to  OY^-|  or  y. 

In  the  change  of  velocity  of  a  particle,  there  are  again  two 
variants,  direction  and  magnitude.  It  should  be  noted  that 
the  direction  of  the  acceleration  of  a  particle  is  not  necessarily 
that  of  its  displacement  or  its  velocity.  For  example,  suppose 
a  particle  P  (Fig.  2)  is  at  any  instant  displaced 
in  the  direction  PQ.  (We  are  not  at  present 
concerned  with  the  magnitude  of  the  displacement.) 
This,  ipso  facto,  represents  the  direction  of  its 
Fi  2  velocity,  but  not  necessarily  that  of  its  accelera- 

tion, which  depends  only  on  the  direction  of  the 
impressed  force.  This  is  an  important  point,  and  will  be  enlarged 
upon  later.  The  magnitude  of  the  acceleration  may  be  either 
uniform  or  variable.  Problems  involving  variable  acceleration 
are  reserved  for  a  later  chapter. 

As  the  velocity  may  be  either  increasing  or  decreasing,  the 
sign  of  the  acceleration  may  be  either  positive  or  negative. 
When  the  velocity  is  decreasing,  the  sign  is  negative,  and  the 
negative  acceleration  is  called  a  retardation. 

11.  Equations  of  Linear  Motion.  —  Let  u  be  the  initial  velocity 
of  a  particle  and  v  its  final  velocity.  The  fundamental  equations 
of  motion  of  a  particle  under  constant  acceleration  are  — 

v  =  u  +  at    ,     .     .     .     .     .     (la) 


v*  =  u*  +  2as      .....      (Ic) 

Given  any   three  of  the  five   quantities   u,  v,  a,  s,  and   t,  the 
remaining  two  may  be  found  by  the  use  of  these  equations. 

EXAMPLE  1.  —  A  train,  starting  from  rest,  moves  with  a  constant  acceleration 
of  3  feet  per  sec.  per  sec.  What  is  its  speed  after  it  has  travelled  (1)  200  yards, 
(2)  for  15  seconds? 
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(1)  u,  a,  and  s  are  given,  and  v  is  required.     Hence  using  equation  (Ic) — 

tf  =  u*  +  2as 

=  0  +  2  .  3  .  600  =  3600 
/.  v  =  60  feet  per  sec. 

(2)  ti,  a,  and  t  are  given,  and  v  is  required.     Hence  using  equation  (la) — 

v  =  u  +  at 
=  0  +  3  .  15  -  45  feet  per  sec. 

EXAMPLE  2. — A  bomb  is  dropped  from  a  balloon  which  is  moving  upwards 
at  the  rate  of  40  feet  per  minute.  Determine  the  initial  height  of  the 
balloon  if  the  bomb  reaches  the  ground  in  5  seconds. 

The  bomb  has  initially  the  same  velocity  as  the  balloon,  and  falls  with  the 
acceleration  due  to  gravity,  viz.  32*2  feet  per  sec.  per  sec.  Hence — 

8  =  ut  +  $at2 

=  -  £8  .  5  +  4  x  32-2  x  25 
=  -  3-3  +  402-5  =  399-2  feet. 

EXAMPLE  3. — A  train  moving  with  uniform  acceleration  passes  over  19  feet 
in  the  4th  second  and  31  feet  in  the  10th  second.  What  was  the  initial  velocity 
and  the  acceleration  ? 


s  =  ut  + 

During  3  seconds,  s1  =  3u  +  fa 

„      4       „         s.2  =  ±u  +  8a 

/.  s2  -  Sl  =  19  =  u  +  fa (1) 

During  9  seconds,  s3  =  9w  +  Qa 
„     10       „        s4  =  Wu  +  50a 

/.  s4  -  s3  =  31  =  u  +  i]>-a (2) 

Subtracting  (1)  from  (2)        12  =  6a 

.*.  a  =  2  feet  per  sec.  per  sec. 
From  (1)         19  =  u  +  7 

.'.  u  =  12  feet  per  sec. 

12.  Derivation  of  Displacement  from  Velocity  and  Acceleration. 

— Let  the  acceleration  of  a  particle  at  any  instant  be  x  parallel  to 
OX  and  y  parallel  to  OY. 

The  velocity  parallel  to  OX  is  x  =  xt  +  A    .     .     .     .     (2a) 
and    „          „  „         „    OYisy=y*+B     ....     (2J) 

The  curve  of  displacement  of  the  particle  is  given  by  the 
equations — 

x  =  $xt*  +  At  +  C (3a) 

y=4y*a  +  B*  +  D (36) 

where  A,  B,  C,  and  D  are  constants  depending  upon  the  initial  con- 
ditions of  motion  of  the  particle. 

EXAMPLE  4. — Determine  the  path  and  range  of  a  projectile  whose  initial 
velocity  is  V  inclined  at  an  angle  a  to  the  horizontal. 
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Take  the  origin  as  the  starting-point  and  axes  horizontal  and  vertical.    From 
the  conditions  of  the  problem  and  neglecting  air  resistance  — 
x  =  V  cos  a,  y  =  V  sin  a,  x  =  0,  and  y  =  -g,  when  x  =  y  =  0  and  t  =  0. 

Since  x  =  xt  +  A,    A  =  V  cos  a 

and  y  =  yt  +  B,    B  =  V  sin  a 

Also  x  =  $xt2  +  A*  +  C  =  V*  cos  a  +  C 

and  y  =  %ytz  +  Et  +  D  =  -\g$  +  Vt  sin  a  +  D 

Since  x  =  y  =  0  when  t  =  0,    C  =  D  =  0 

/.  x  =  Vt  cos  a  and  y  =  Vt  sin  a  -%gt2 

Eliminating  t  from  the  two  latter  equations, 

gx2 

ya*tePa-2V«coB«a 
This  is  the  equation  of  a  parabola  with  a  vertical  axis  and  with  a  latus 

rectum  of  length  2Vcos2a 

9 
In  the  determination  of  the  range, 


9 

^  V2  sin  2a 

.'.  range  =  x  =  \t  cos  a  =  — 

13.  Relationship  between  Linear  and  Circular  Motion.  —  The 
special  case  of  a  particle  moving  over  a  cir- 
cular path  must  be  separately  treated.  Let  r 
be  the  radius  of  the  circular  path  (Fig.  3), 
s  the  space  passed  over  in  time  t,  v  the  linear 
velocity,  and  a  the  linear  acceleration. 

Then  the  angle  of  displacement  of  the  par- 
ticle in  time  t  is  6, 

m 

FIG.  3.  where  6  =  -   ..  .     . 

v 
The  angular  velocity  is  co,  where  o>  =  -      .     . 

The  angular  acceleration  is  a,          where  a  =  -       .     .     (4c) 

The  quantities  9,  o>,  and  a  must  be  expressed  in  circular  measure 
and  not  in  degrees. 

Angular  velocity  is  often  expressed  in  terms  of  revolutions 
instead  of  in  circular  measure.   If  N  be  the  revolutions  per  minute 

of  a  particle,  its  linear  velocity  is    fifl     feet  per  second,  and  hence 
its  angular  velocity  CD  =  -r-  radians  per  second  ....     (5) 
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14.  Equations  of  Circular  Motion.  —  Let  w0  be  the  initial  angular 
velocity  of  a  particle  and  MI  its  final  velocity. 

The  equations  of  circular  motion  under  constant  acceleration 
may  be  directly  deduced  from  the  corresponding  equations  of  (1) 
and  (4). 

They  are  cox  =  o>0  -f  at  ......     (6a) 

.....      (66) 


EXAMPLE  5.  —  A  locomotive  has  driving  wheels  6|  feet  in  diameter.  Deter- 
mine their  angular  velocity  in  radians  per  second  and  in  revolutions  per  minute 
when  the  speed  of  the  locomotive  is  40  miles  per  hour. 

40  x  5280      176,    . 

Velocity  of  loco.  =  —^  -  ^-  =  -5-  feet  per  sec. 
bU  X  oU  o 

.*.  angular  velocity  of  wheel  =  -  =  -q-'«f  =  18*04  rads.  per  sec. 


.-.  N  =  18'°t  X  6°  =  172-32  revs,  per  minute. 

&TT 

EXAMPLE  6.  —  An  engine  increases  its  speed  at  a  constant  rate  from  150  to 
180  revolutions  per  minute  in  f  minute.  Determine  the  angular  acceleration  in 
radians  per  sec.  per  sec. 

150  r.p.m.  =  2?r^50rads.  per  sec. 

9       1  80 
180  r.p.m.  =  ^-^r  —  rads.  per  sec. 

cal  =  oiQ  +  at 

27T.180      27T.150  ,         .K 
-go"          GO"  +a'45 

.'.  a  =  ~  =  0-07  rads.  per  sec.  per  sec. 

4O 

15.  Relative  Motion.  —  It  has  been  previously  pointed  out  that 
motion  must  be  considered  as  relative,  and  not  absolute.  The  con- 
ception of  absolute  motion,  useful  perhaps  to  a  philosopher  or  pure 
mathematician,  is  of  no  service  to  an  engineer.  Consider,  for 
example,  the  statement  that  the  velocity  of  a  train  is,  say,  60  miles 
per  hour.  The  speed  of  the  train  is  here  measured  relatively  to 
the  earth.  As  the  earth  has  motion  relative  to  the  sun,  and  the 
sun  itself  moves  relatively  to  other  heavenly  bodies,  which  may 
in  turn  be  moving,  it  can  be  seen  that  the  absolute  motion  of  the 
train  is  not  only  difficult  of  ascertainment  but  as  difficult  of 
comprehension. 
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Since  motion  is  relative,  it  must  be  specified  in  terms  of  some 
body  that  is  assumed  to  be  fixed  for  the  time  being.  Hitherto 
this  body  has  been  understood  to  be  the  earth,  and  the  displace- 
ment of  all  particles  has  been  measured  relatively  to  some  point 
on  the  earth's  surface.  It  is,  however,  frequently  necessary  in  the 
study  of  the  kinematics  of  machines  to  determine  the  direction 
and  magnitude  of  the  velocity  and  acceleration  of  one  particle 
relative  to  another  which  is  itself  moving  relatively  to  the 
earth.  It  is  most  important  that  the  student  should  get  a  clear 
conception  of  the  relative  motion  between  two  particles  under 
such  conditions. 

16.  Conceptions  of  Relative  Motion. — Consider  a  carriage  wheel 
which  rolls  without  slipping  over  a  rail.     Suppose  it  is  desired  to 
find  the  velocity  of  the  point  A  on  the  rim  of  the  wheel  in  contact 
with  the  rail  (Fig.  4).      As  motion  must  be 
measured  relatively  to  some  body,  it  is  neces- 
sary to  specify  that  body,  before  the  velocity 
of  A  can  be  determined.     The  body  assumed 
fixed  may  either  be  the  ground  or  the  carriage, 
the  velocity  being  very  different  in  either  case. 
///////////////////////  Kelative    to    the    ground,    the    instantaneous 
FIG.  4.  velocity  of  A  is  zero,  since  the  wheel  rolls  but 

does  not  slip.  Kelative  to  the  axle,  and  therefore  relative  to  the 
carriage,  the  magnitude  of  the  velocity  of  A  is  the  same  as  that 
of  any  other  point  on  the  rim,  and  has  indeed  the  same  magni- 
tude as  the  linear  velocity  of  the  carriage.  These  two  relative 
velocities  may  be  conceived  in  a  very  simple  manner,  viz.  by 
imagining  one's  self  on  the  fixed  body  examining  the  motion  of 
the  point  A. 

This  conception  of  relative  motion  enables  one  to  see  the 
important  though  simple  proposition  that  the  direction  of  the 
velocity  of  a  body  Q  relative  to  a  body  P  is  equal  and  opposite  to 
that  of  P  relative  to  Q.  Consider  the  case  of  a  passenger  in  an 
express  train.  He  sees  the  fields,  etc.,  moving  past  in  the  opposite 
direction  to  that  in  which  he  is  travelling,  and  they  do  so  at 
exactly  the  same  rate  as  that  at  which  the  train  is  moving. 

Consider  the  further  case  of  two  moving  ships.  An  observer  A 
on  shore  sees  two  ships  B  and  C  moving  in  the  directions  shown 
in  Fig.  5.  These  represent  their  directions  of  motion  relative  to 
A.  The  relative  motions  between  the  two  ships  B  and  C  are  those 
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seen  by  an  observer  on  B  looking  at  C,  or  by  an  observer  on  C 
looking  at  B.  Another  conception  of  the  relative  motion  between 
two  moving  bodies  may  be  obtained  by  the  consideration  that  if  a 
velocity  be  superimposed  on  both  that  causes  one  to  come  to  rest, 
the  resultant  velocity  of  the  other  is  its 
relative  motion.  It  will  be  seen,  however, 
that  this  conception  is  but  an  interpretation 
of  the  previous  one. 

Although  it  is  very  important  and  neces- 
sary to  get  a  conception  of  relative  motion, 
it  is  as  important  and  necessary  to  represent 
it  in  graphical  form.  This  may  be  readily 
done  by  means  of  vectors.  FlG-  5- 

17.  Vectors. — The  line  PQ  (Fig.  6)  has  three  properties — posi- 
tion, direction,  and  magnitude.  Commencing  at  the  point  P,  its 
direction  lies  towards  Q,  and  its  magnitude  is 
the  length  PQ.  Considered  as  having  these  pro- 
perties, a  line  is  known  as  a  vector,  and  is  denoted 
by  the  letters  that  mark  its  extremities. 

In  the  specification  of  vectors,  the  order  of 
the  lettering  is  of  importance.  Geometrically 
the  lines  PQ  and  QP  are  identical,  but  vectorially  FlG< 

they  have  but  one  element  in  common  out  of  three.  The  vector 
QP  commences  at  Q,  its  direction  is  towards  P,  and  its  magnitude 
is  the  length  QP.  Only  in  magnitude,  therefore,  is  the  vector  QP 
identical  with  the  vector  PQ. 

There  are  two  methods  whereby  vectors  may  be  specified.  The 
position  of  each  extremity  relative  to  fixed  axes  may  be  given 
as  in  co-ordinate  geometry,  or  polar  co-ordinates  may  be  used. 
The  latter  is  the  one  more  frequently  employed.  In  this  case 
vectors  are  assumed  to  act  outwards  from  a  pole  0.  A  line  OX 
drawn  to  the  right  is  the  assumed  direction  from  which  to  measure 
the  angle  fixing  the  direction  of  the  vector.  The  magnitude  of  the 
vector  is  measured  by  its  length.  Any  vector 
may  then  be  briefly  described  by  quoting  a 
number  and  an  angle.  Thus  the  vector 
G  ==  535o  or  5,  35°  (Fig.  GA)  signifies  that  OG 
is  5  units  long  and  that  the  angle  XOG  =  35°.  u 
If  the  vector  G  acted  in  the  contrary 
direction  from  0  it  would  be  specified  as  5215°  or  5,  215°. 
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18.  Sum  of  Two  Vectors.— The  sum  of  the  two  vectors  AB  and  CD 

(Fig.  7)    is   found   by  placing   the   be- 
-  ginning   of    the   second   vector    at   the 

end   of   the  first   vector.      The   vector 
sum  is  the  line  joining  the  beginning 
of  the  first  vector  to  the   end  of   the 
FIG.  7.  second. 

In  Fig.  8  make  EF  =  AB  and  FG  =  CD.     Then  the  vector 

sum  of  AB  and  CD  is  EG.  Com- 
pleting the  parallelogram  EFGH, 
it  will  be  noticed  that  it  is  imma- 
terial whether  EF  or  EH,  i.e.  whether 
AB  or  CD,  be  drawn  first,  the 
direction  and  magnitude  of  EG  is 
invariable. 

By  the  extension  of  this  prin- 
ciple three  or  more  vectors  can  be  added  together. 

19.  Difference  of  Two  Vectors. — The  difference  between   the 
two  vectors  AB  and  CD  is  found  by  placing  the  beginning  of  the 
second  vector  reversed  in  direction  at  the  end  of  the  first. 

The  vector  difference  is  the  line  joining  the  beginning  of  the 
j_l  K  first  vector  to  the  end  of  the  second 

vector  reversed. 

In  Fig.  9,  HK  =  AB  in  magni- 
tude  and   direction,  and   KL  =  CD 
in  magnitude,  but  with  direction  re- 
versed.   HL  represents  the  difference 
FlG-  9-  between   the   vectors   AB   and   CD. 

The  vector  difference  between  AB  and  CD  is  therefore  the  vector 
sum  of  AB  and  CD  reversed. 

20.  Importance   of  Vectors. — The  consideration  of  vectors  is 
important,  because  those  quantities,  like  velocity  and  acceleration, 
which  have  position,  direction,  and  magnitude   may  be   thereby 
represented  and  studied.     In  passing,  it  may  be  stated  that  other 
quantities,  such  as  mass,  energy,  etc.,  which  have  no  direction,  are 
known  as  scalar  quantities. 

Two  conceptions  of  vectors  may  be  utilized  in  the  representa- 
tion of  velocity  and  acceleration.  One,  to  be  mentioned  later  in 
this  chapter,  is  that  the  vector  sum  represents  the  resultant 
velocity  of  a  particle  when  two  velocities  are  simultaneously 
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impressed  upon  it.  The  other,  and  by  far  more  important  con- 
ception, is  the  representation  of  relative  velocity  and  accelera- 
tion. It  is  in  the  consideration  and  development  of  the  latter 
idea  that  the  great  usefulness  of  vectors  lies. 

21.  Vectorial  Representation  of  Relative  Motion. — If  two  trains, 
A  and  B,  are  moving  in  the  same  direction  on  parallel  lines,  and 
a  passenger  on  the  train  B  sees  the  train  A  moving  relatively 
faster,  the  amount  by  which  it  moves  faster  is  the  relative  velocity 
of  A  to  B.  In  other  words,  the  velocity  of  A  relative  to  the 
ground  is  equal  to  the  velocity  of  A  relative  to  B  together  with 
the  velocity  of  B  relative  to  the  ground.  This  statement  is  of 
general  application,  whether  the  trains  A  and  B  be  moving  on 
parallel  lines  or  in  any  direction.  The  only  new  condition  intro- 
duced in  the  latter  case  is  that  the  motions  must  be  considered 
vectorially.  The  truth  of  the  following  proposition  will  therefore 
be  evident  upon  examination,  and  this  will  give  the  desired  repre- 
sentation of  relative  motion.  Notice  particularly  the  order  in 
which  the  bodies  C,  B,  and  A  are  specified. 

Given  the  velocity  of  a  body  C  relative  to  a  body  B,  and  the 
velocity  of  B  relative  to  a  body  A,  the  velocity  of  C  relative  to  A 
will  be  the  vector  sum  of  the  two  previous  velocities.  This  pro- 
position is  best  put  in  the  form  of  an  equation  which  is,  of  course, 
only  vectorially  true — 

Velocity  of  C  with  regard  to  A  =  velocity  of  C  with 

regard  to  B  +  velocity  of  B  with  regard  to  A .     .     (7) 

The  corollary  naturally  deduced  from  this  is — 

Velocity  of  C  relative  to  B  =  velocity  of  C  relative 

to  A  —  velocity  of  B  relative  to  A (8) 

In  simple  cases,  such  as  those  of  two  moving  trains  or  ships, 
an  aeroplane  flying  in  a  wind,  etc.,  relative  motion  may  be 
obtained  very  quickly  by  adding  that  velocity  to  each,  which 
causes  one  to  come  to  rest.  This  method  cannot  be  readily 
adapted  to  the  case  of  the  relative  motion  of  linkwork,  and  so 
need  not  be  further  discussed.  The  above  theorems  are  therefore 
of  fundamental  importance,  and  must  be  thoroughly  grasped  by 
the  student.  It  is  because  of  them  that  the  concept  of  the  vector 
sum  or  difference  is  so  useful  in  the  study  of  the  kinematics  of 
machines. 


16  THE   THEORY  OF  MACHINES 

22.  Lettering  Notation  of  Velocity  Diagrams. — In  order  to 
make  the  resulting  velocity  diagrams  self-explanatory,  it  is 
advisable  to  use  a  definite  lettering  notation  to  connect  the 
velocity  and  configuration  diagrams.  It  is  here  suggested  that 
capital  letters,  A,  B,  etc.,  in  the  configuration  diagram  should  be 
represented  by  small  letters,  a,  ~b,  etc.,  in  the  velocity  diagram. 
The  line  ab  in  the  velocity  diagram  would  then  read,  "The 
velocity  of  the  point  B  relative  to  the  point  A."  The  line  la 
would  read,  "  The  velocity  of  A  relative  to  B."  That  is  to  say, 
to  draw  the  vector  representing  the  velocity  of  Q  relative  to  P, 
commence  at  the  point  p  and  draw  the  line  pq  equal  in  direction 
and  magnitude  to  the  velocity  of  Q  relative  to  P. 

By  adopting  this  notation  it  is  not  necessary  to  place  arrow- 
heads on  the  velocity  diagram  to  show  the  direction  of  the  various 
velocities.  Such  arrow-heads  would,  indeed,  be  apt  to  mislead,  as 
it  has  been  previously  seen  that  the  velocity  of  Q  relative  to  P 
is  just  equal  and  opposite  to  the  velocity  of  P  relative  to  Q.  By 
keeping  the  above  notation  in  remembrance,  little  difficulty 
should  be  experienced  in  reading  and 
understanding  velocity  diagrams. 

EXAMPLE  7. — To  find  the  velocity  of  a  point 
B  on  the  rim  of  a  wheel  which  rolls  without  slipping 
along  a  rail  (Fig.  10). 

Let  v  =  translational  velocity  of  axle,  that  is,  the 
velocity  of  A  relative  to  0. 

-ket  °*  ==  anSular  velocity  and  r  =  radius  of  wheel, 

FIG.  10.  so  that  v  ~  wr- 

.'.  velocity  of  B  relative  to  A  =  <or  =  v. 

But  velocity  of  B  relative  to  0  =  velocity  to  B  relative  to  A  +  velocity  of  A 
relative  to  0. 

Draw  oa  proportional  to  v  and  parallel  to  the  direction  of  motion  of  A 
relative  to  0  (oa  is  perpendicular  to  OA)  (Fig.  11). 
Draw  ab  proportional  to  v  and  parallel  to  the 
direction  of  motion  of  B  relative  to  A  (ab  is  per- 
pendicular to  AB).  .*.  ob  represents  in  direction 
and  magnitude  the  velocity  of  B  relative  to  0. 

It  may  be  noticed  in  passing  that  the  vector 
ob  is  perpendicular  to  the  line  OB.     The  point  0 
°  is  indeed  the  instantaneous  centre  of  rotation  (see 

par.  90). 

EXAMPLE  8. — A  cyclist  is  riding  in  a  north-easterly  direction  in  a  wind  which 
blows  at  18  miles  per  hour  from  the  west.  The  apparent  direction  of  the  wind 
is  from  the  N.N.W.  What  is  the  speed  of  the  cyclist  and  the  velocity  of  the 
wind  relative  to  the  cyclist  ? 
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Velocity  of  wind  relative  to  cyclist  =  velocity  of  wind  relative  to  earth 
+  velocity  of  earth  relative  to  cyclist. 

=  velocity  of  wind  relative  to  earth  -  velocity  of  cyclist  relative  to  earth. 

Let  al    (Fig.   12)    represent   the  velocity   a 5 

of  the  wind  relative  to  the  earth.    Draw  be 

in  a  south-westerly  direction  to  represent  the 

velocity  of  the  earth  relative  to  the  cyclist. 

The  magnitude  of  be  is  not  known,  but  it  is 

given  that  the  apparent  direction  of  the  wind 

is   N.N.W.,   that  is,  the    line   ca   is   N.N.W. 

From  a  draw  ac  S.S.E.,  meeting  be  at  c.    Then 

cb  represents  in  magnitude  and  direction  the 

velocity  of  the   cyclist  relative  to  the  earth, 

and  ac  represents  in  magnitude  and  direction  the  apparent  velocity  of  the 

wind  relative  to  the  cyclist. 

From  figure,  speed  of  cyclist  =  18  miles  per  hour, 

and  apparent  velocity  of  wind  =  13-8  miles  per  hour. 

EXAMPLE  9. — A  steamer  A,  travelling  at  10  knots  in  a  north-easterly  direc- 
tion, sees,  20  miles  to  the  S.S.W.,  a  steamer  B  travelling  due  north  at  20  knots. 
Find  how  near  the  two  steamers  will  approach  one  another  and  the  interval  that 
elapses  before  they  are  again  20  miles  apart. 

Assume  A  to  be  fixed,  and  determine  the  relative  motion  of  B  to  A.  This  is 
represented  by  the  line  ab  in  the  velocity  diagram,  Fig.  14.  In  the  configura- 
tion diagram,  Fig.  13,  draw  BC  parallel  to  ab.  This  represents  the  apparent 


FIG.  14. 

path  of  B  relative  to  A.  The  perpendicular  AM  therefore  represents  the  nearest 
approach  of  the  two  steamers,  which  to  scale  equals  15-66  miles.  Make  AC 
—  20  miles ;  the  point  C  represents  the  position  of  B  relative  to  A  when  the  two 
are  again  distant  20  miles. 

T>p 

/.  time  =  — j-  =  1'68  hours. 
ab 

23.  Composition  of  Velocities. — When  a  particle  has  two  or 
more  velocities  simultaneously  impressed  upon  it,  the  resulting 

c 
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velocity  may  be  determined  by  the  following  proposition,  known 
as  the  polygon  of  velocities  :  If  there  be  simultaneously  im- 
pressed upon  a  particle  any  number  of  velocities,  the  resulting 
velocity  will  be  represented  by  the  closing  side  of  the  polygon  of 
which  the  remaining  sides,  taken  in  order,  represent  the  other 
velocities.  Let  the  several  velocities  impressed  upon  the  particle 
be  represented  in  direction  and  magnitude  by  the  sides  AB,  BC, 


CD  .  .  .  LM  of  a  polygon  (Fig.  15).     The  line  AM,  joining  the 
first  point  to  the  last,  represents  the  resultant  velocity. 

Conversely,  any  given  velocity  AM  of  a  particle  is  equivalent 
to  the  several  velocities  represented  by  AB,  BC,  CD  .  .  .  LM. 
These  are  called  the  component  velocities  of  AM. 

24.  Resolution  of  Velocities. — The  velocity  OB  of  a  particle 
may  be  given  in  terms  of  its  component  velocities  in  the  direc- 
tions of  any  two  axes  OX  and  OY 
(Fig.  16).     Draw  BM  parallel  to  OY. 
OM  and  MB  are  these  respective  com- 
ponent velocities.     OM  is  said  to  be 
the  resolved  part  of  OB  in  the  direc- 
tion  of  OX,    and   MB   that   in   the 

_  direction  of  OY.    An  infinite  number 

O  M  X  of  axes  OX,  OY  may  be  chosen,  but 

FlG>  16>  in  practice  two  axes  at  right  angles 

are  found  to  be  most  generally  useful. 

25.  Composition  and  Resolution   of    Accelerations. — Accelera- 
tions are  compounded  and  resolved  in  exactly  the  same  way  as 
velocities.     That  is  to  say,  the  word  "  acceleration  "  may  replace 
that  of  "  velocity "   in   the   two   preceding   paragraphs   without 
altering  in  any  way  the  validity  of  the  arguments. 

26.  Tangential   and   Centripetal   Accelerations. — It   has   been 
pointed  out  in  pars.  9  and  10  that  at  any  instant  the  direction  of 
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the  displacement  of  a  particle  is,  ipso  facto,  the  direction  of  its 
velocity,  but  not  necessarily  that  of  its  acceleration.  The  signi- 
cance  of  the  two  variables  in  the  time-rate  of  change  of  velocity, 
magnitude  and  direction,  must  therefore  be  clearly  differentiated. 
Arising  from  this  differentiation  there  are  three  possible  types  of 
acceleration  of  a  particle,  viz.  (1)  that  when  the  velocity  has  variable 
magnitude  but  constant  direction  ;  (2)  that  when  the  velocity  has 
constant  magnitude  but  variable  direction ;  and  (3)  that  when  the 
velocity  has  variable  magnitude  and  direction.  The  first  is  known 
as  the  tangential  acceleration  of  a  particle,  and  may  be  illustrated 
by  a  train  moving  at  variable  speed  along  a  straight  track.  The 
second  is  known  as  the  centripetal  acceleration  of  a  particle,  and 
may  be  illustrated  by  a  particle  rotating  with  uniform  speed  over 
a  circular  path.  The  third,  the  most  general  case  of  acceleration, 
may  be  described  as  the  total  acceleration  of  a  particle,  and  is 
the  resultant  of  the  tangential  and  centripetal  accelerations. 

27.  Centripetal  Acceleration. — 
Suppose  a  particle  P  (Fig.  17) 
is  moving  with  uniform  velocity 
v  over  a  circular  path  of  radius  r. 
Take  0,  the  centre  of  the  circle, 
as  origin,  and  choose  as  axes 
two  lines  mutually  perpendicular. 
Let  x,  y  represent  the  position  of 
the  particle  at  any  time  when 
OP  is  inclined  at  an  angle  9  to 
OX.  Then  x  =  r  cos  0  and  y  =  r 
sin  9. 


FIG.  17. 


d 


and 


x  =  -T-  (r  cos  9)  =  —  r  sin  9 .  9f=  —  cor  sin  9 

y  =  -—  (r  sin  9)  =  r  cos  9  .  9  =  cor  cos  9 
ctt 


where  co  =  angular  velocity  of  the  particle. 


and 


.-.  x  =  -TT(—  wr  sin  9)  =  —  co2r  cos  9 
y  =  -TT  (cor  cos  9)  =  —  o>2r  sin  9 


Therefore  the  acceleration  of  P  is  the  resultant  of  x  and  y,  that 
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is,  has  the  magnitude  o>2r  or —  and  the  direction  acting  from 
P  towards  the  centre  of  rotation (9) 

EXAMPLE  10. — A  train  passes  over  a  curve  of  800  feet  radius  with  a  speed  ot 
20  feet  per  sec.  and  an  acceleration  of  |  foot  per  sec.  per  sec.  at  a  given  instant. 
Find  the  resultant  acceleration. 

The  centripetal  acceleration  =  —  =  ^— 

=  J  foot  per  sec.  per  sec. 
The  tangential  acceleration  =  £  foot  per  sec.  per  sec. 

Therefore  total  acceleration  is  —  feet  per  sec.  per  sec.,  making  an  angle 
of  45°  with  the  tangent  to  the  curve. 

28.  Simple  Harmonic  Motion. — If  a  particle  moves  in  a  straight 
line  so  that  its  acceleration  is  always  directed  to  and  varies  as  its 
distance  from  a  fixed  point  in  the  straight  line,  the  particle  is  said 
to  have  simple  harmonic  motion. 

Several  characteristic  features  of  this  motion  may  be  deduced 
from  this  definition.  As  the  particle  moves  through  the  fixed 
point  0,  the  acceleration  is  zero ;  the  further  the  particle  moves 
from  0,  the  more  it  is  retarded,  until  eventually  its  velocity 
becomes  zero.  Its  direction  of  motion  is  thereupon  reversed,  and 
it  begins  to  move  towards  0,  increasing  its  velocity  to  a  maximum 
value  at  0.  After  passing  through  0,  its  acceleration  is  reversed, 
and  continually  increases  in  value  until  once  again  the  velocity 
becomes  zero.  The  particle  again  moves  towards  0,  and  passing 
through  it  with  maximum  velocity,  repeats  the  complete  motion 
already  described.  The  motion  of  the  particle  is  therefore  oscilla- 
tory, passing  through  equal  distances  on  either  side  of  0.  The 
velocity  of  the  particle  is  a  maximum  at  0  and  zero  at  the 
extremities  of  its  path;  its  acceleration  is  zero  at  0  and 
maximum  at  the  extremities. 

Simple  harmonic  motion  is  of  great  importance,  as  it  is  the 
basis  of  all  periodic  and  vibratory  motions.  The  motion  of  a 
body  may  be  exactly  harmonic,  as  in  the  case  of  the  plunger  of  a 
donkey  pump  (see  Chap.  IX.,  par.  117  (1)) ;  it  may  be  approximately 
harmonic,  as  in  the  case  of  the  reciprocating  motion  of  the  piston 
of  a  steam  engine ;  or  it  may  be  analyzed  into  various  forms  of 
simple  harmonic  motion,  as  in  the  case  of  various  complicated 
mechanisms,  say  the  link  motion  of  a  steam  engine.  Not  only 
in  the  kinematical,  but  also  in  the  dynamical  consideration  of 
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machines,  simple  harmonic  motion  occupies  a  very  prominent 
position  and  must  therefore  be  thoroughly  comprehended. 

Simple  harmonic  motion  may  be  studied  either  analytically  or 
geometrically. 

Expressed  analytically,  the  condition  for  simple  harmonic 
motion  is  — 


where  the  displacement  x  at  any  instant  is  measured  from  the 

fixed  point. 

Integrating  twice,  the  value  of  x  may  be  written  in  the  two 

forms  — 

x  =  a  cos  (VfJ.  .  t  +  e)    ......     (10) 

x  —  A  cos  A/ft,  t  +  B  sin  V/i.  t.     .     .     (11) 


where  a  and  €  or  A  and  B  are  arbitrary  constants. 

The  terms  "  amplitude,"  "  period,"  "  phase,"  and  "  epoch,"  are 
used  to  express  various  characteristic  features  of  simple  harmonic 
motion,  and  may  be  given  in  terms  of  the  constants  of  the  above 
equations. 

The  amplitude  is  the  range  of  the  moving  particle  on  either  side 
of  the  centre  position.  In  the  equation  (10)  the  limits  of  travel 
are  obtained  when  cos  (V^t  .  t  +  e)  has  its  maximum  value,  unity. 
x  is  then  =  ±  a.  Hence  the  amplitude  of  the  motion  is  a. 

The  period  or  periodic  time  is  the  time  required  for  a  complete 
oscillation  of  the  moving  particle.  This  time  is  the  difference 
between  the  values  of  t2  and  tlt  when  the  angles  (  V/*  •  ^2  +  e) 
(Vp>  .ti  +  e)  differ  by  27r.  Hence  the  periodic  time  T  is  — 

......     (12) 


This  is  an  important  result,  for  it  must  be  noticed  that  the 
period  is  independent  of  the  amplitude.  In  other  words,  if  a 
particle  move  about  a  centre  0  with  simple  harmonic  motion,  the 
time  of  making  a  complete  oscillation  is  independent  of  the  dis- 
tance of  the  starting  point  from  O. 

The  phase  is  that  fraction  of  the  period  which  has  elapsed 
since  the  moving  point  last  passed  through  its  extreme  position  in 

the  positive  direction.     That  is,  the  phase  at  time  t  is  ^  where  T 
is  the  period. 
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The  epoch  is  the  initial  angle  from  which  the  motion  of  the 

particle  is   measured.     The   epoch,  therefore,  is  denoted  by  the 

angle  c. 

From  a  geometrical  standpoint,  simple  harmonic  motion  may 

be  defined  as  a  particular  kind  of  projection  of  uniform  circular 

motion.     Let  a  point  P  move  with  uniform  angular  velocity  w 

over  a  circular  path  of  radius 
a,  and  let  M  be  the  foot  of  the 
perpendicular  from  P  upon  a 
fixed  diameter  AB  (Fig.  18). 
The  acceleration  of  M  is  the 
component  acceleration  of  P  in 
the  direction  of  AB,  i.e.  cuPa 
cos  6  or  o>2MO.  That  is,  the 
acceleration  of  M  varies  directly 
as  its  distance  from  0.  Hence 
the  projected  point  M  has 
simple  harmonic  motion. 

The  characteristic  features 
of    simple    harmonic    motion 

may  now  be  readily  explained  in  terms  of  the  motion  of  the 

particle  P. 

The  amplitude  of  the  motion  is  the  radius  a  of  the   circle. 

The  period  T  is  the  time  taken  to  make  one  complete  revolution, 

o  n 

i.e.  -'—  .     The  phase  is  7^—  X  T. 


FIG,  18. 


If  the  time  be  measured  from 


O) 


the  instant  when   the  point  M  is  the  foot  of  the  perpendicular 
from  Q,  the  angle  AOQ  is  called  the  epoch. 

For  rapid  vibrations  the  frequency  ?  -  is  specified  instead  of 

ZTT 

the  period.     The  relationship  between  a)  and  p,  is  to2  =  /x,. 

It  should  be  noticed  that  the  velocity  of  M  is  the  component 
velocity  of  P  in  the  direction  of  AB,  i.e.  w  .  a  sin  6.  The  velocity 
of  M  is  therefore  proportional  to  PM,  and  is  clearly  zero  at  the 
extremities  of  the  swing,  and  has  a  maximum  value  at  the  centre. 

EXERCISES  II 

1.  Express  the  following  velocities  in  feet  per  second  :  (a)  45  miles  per  hour  ; 
(b)  22$  knots. 

2.  Express  the  following  accelerations  in  feet  per  second  per  second  :  — 
(a)  100  miles  per  hour  per  hour. 
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(6)  90  miles  per  hour  per  minute. 
(c)  40  miles  per  minute  per  hour. 

3.  Convert  (a)  80  revolutions  per  minute  into  radians  per  second ;  (&)  200 
revolutions  per  minute  per  minute  into  radians  per  second  per  second. 

4.  A  train  goes  from  rest  at  one  station  to  rest  at  another  2  miles  off,  being 
uniformly  accelerated  for  the  first  three-fourths  of  the  journey,  and  uniformly 
retarded  for  the  remainder,  and  takes  5  minutes  to  traverse  the  whole  distance. 
Find  the  acceleration,  the  retardation,  and  the  maximum  velocity. 

5.  A  bodyjds  projected  with  a  velocity  of  90  feet  per  second  up  a  smooth 
plane  whose  inclination  to  the  horizontal  is  35  degrees.    Find  the  distance 
traversed  and  the  time  that  elapses  before  the  body  comes  to  rest. 

6.  A  cage  in  a  mine-shaft  descends  with  an  acceleration   of  2  feet  per 
second  per  second.    After  it  has  gone  50  feet,  a  particle  is  dropped  on  it  from 
the  top  of  the  shaft.    Determine  the  distance  the  particle  falls  before  it  strikes 
the  cage. 

7.  A  cage  in  a  mine-shaft  descends  with  an  acceleration  of  2  feet  per 
second  per  second.    After  it  has  been  in  motion  for  15  seconds,  a  particle  is 
dropped  on  it  from  the  top  of  the  shaft.    Determine  the  time  that  elapses  before 
the  particle  hits  the  cage. 

8.  An  engine-driver  suddenly  puts  on  his  brake  and  shuts  off  steam  when 
he  is  running  at  full  speed ;  in  the  first  two  seconds  afterwards  the  train  travels 
172  feet,  and  in  the  third  83  feet.    Find  the  original  speed  of  the  train,  the  time 
that  elapses  before  it  comes  to  rest,  and  the  distance  it  will  travel  in  this 
interval,  assuming  the  brake  to  cause  a  constant  retardation. 

9.  An  airship  is  travelling  in  a  horizontal  line  at  50  miles  an  hour  towards 
an  object  on  the  ground  on  which  it  is  desired  to  drop  a  shell.     The  ship  is 
1600  feet  above  the  ground.     Find  where  it  must  let  the  shell  go  in  order  to  hit 
the  object.  (I.C.E.) 

10.  The  speed   of  a  motor-car  is  determined  by  observing  the  times  of 
passing  a  number  of  posts  placed  500  feet  apart.    The  time  of  traversing  the 
distance  between  the  first  and  second  posts  was  20  seconds,  and  between  the 
second  and  third  19  seconds.     If  the  acceleration  of  the  car  is  constant,  find  its 
magnitude  in  feet  per  second  per  second,  and  also  the  velocity  in  miles  per 
hour  at  the  instant  it  passes  the  first  post.  (I.C.E.) 

11.  A  body  is  thrown  vertically  down  from  the  top  of  a  tower,  and  moves 
through  a  distance  of  88  feet  during  the  third  second  of  its  flight.    Calculate  the 
speed  of  projection.  (I.C.E.) 

12.  The  speed  of  the  periphery  of  a  wheel  6  feet  in  diameter  is  4200  feet  per 
minute.      Find  the  linear  velocity  of  a  point  2^  feet  from  the  centre. 

13.  A  flywheel  8  feet  in  diameter  is  fitted  to  the  crank-shaft  of  an  engine 
which  makes  500  strokes  per  minute.    Find  the  linear  and  angular  velocities  of 
a  point  on  the  circumference  of  the  flywheel. 

14.  The  rim  velocity  of  a  flywheel  8  feet  in  diameter  is  2500  feet  per 
minute.     The  stroke  of  the  engine  being  2  feet,  find  the  mean  piston  speed. 

15.  A  locomotive  has  driving  wheels  63  inches  in  diameter  and  cylinders 
22  inches  stroke.     Find  the  linear  and  angular  velocities  of  the  crank  pins 
relative  to  the  frame  of  the  engine  when  the  speed  is  40  miles  per  hour. 
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16.  Four  vectors,  A,  B,  C,  and  D,  are  1030->,  1590o,  12200o,  and  20280o  respec- 
tively.   Find  the  values  of  (1)  A  -  B  -  C  -  D ;  (2)  A  -  B  +  C  +  D. 

17.  A  bicycle  has  28-inch  wheels,  and  is  being  ridden  at  20  miles  per  hour. 
Find  the  velocity  of  a  point  on  the  rim  14  inches  from  the  ground,  (1)  relative  to 
the  rider,  (2)  relative  to  the  ground.  (I.C.E.) 

18.  A  man  standing  on  a  train  which  is  moving  with  a  speed  of  36  miles 
per  hour  shoots  at  an  object  running  away  from  the  railway  at  right  angles  at  a 
speed  of  12  miles  per  hour.     If  the  bullet,  which  is  supposed  to  move  in  a 
horizontal  straight  line,  has  a  velocity  of  880  feet  per  second,  and  if  the  line  con- 
necting man  and  object  makes  an  angle  of  45  degrees  with  the  train  when  he 
fires,  find  at  what  angle  to  the  train  he  must  aim  in  order  to  hit  the  object. 

(I.C.E.) 

19.  A  ship  steered  in  a  north-easterly  direction  through  a  current  running 
at  4  knots  has  made  good  4  miles  S.E.  after  2  hours1  sailing.     Find  the  velocity 
of  the  ship  in  knots  and  the  direction  of  the  current. 

20.  A  person  travelling  towards  the  north-east  finds  that  the  wind  appears 
to  blow  from  the  north,  but  when  he  doubles  his  speed,  it  seems  to  come  from  a 
direction  inclined  at  an  angle  cot"1  2  on  the  east  of  north.  Determine  the  true 
direction  of  the  wind. 

21.  Determine  the  apparent  velocity  and  direction  of  the  rain-drops  falling 
vertically  with  a  velocity  of  20  feet  per  second  with  reference  to  a  cyclist  moving 
at  the  rate  of  12  miles  per  hour.  (I.C.E.) 

22  A  cricket-ball  is  bowled  with  a  velocity  of  30  feet  per  second,  and 
is  struck  by  a  blow  which,  had  the  ball  been  at  rest,  would  have  sent  it  with  a 
velocity  of  20  miles  per  hour  at  right  angles  to  the  line  of  wickets.  In  what 
direction  and  with  what  speed  will  it  travel  ? 

23.  An  aeroplane  is  in  flight  during  a  steady  wind  which  blows  at  20  miles 
per  hour  from  the  south.    It  is  propelled  relatively  to  the  wind  at  a  speed 
of  40  miles  per  hour.    In  what  direction  must  the  pilot  apparently  steer  in 
order  that  his  actual  course  shall  be  due  west  ?    At  what  speed  will  he  travel 
west? 

24.  Show  that  the  highest  point  of  a  wheel  rolling  on  a  horizontal  plane 
moves  twice  as  fast  as  a  point  on  the  rim  whose  distance  from  the  ground  is  half 
the  radius. 

25.  Two  trains  whose  lengths  are  210  and  130  feet  respectively  are  moving 
in  opposite  directions  on  parallel  lines,  and  are  observed  to  be  5  seconds  in  com- 
pletely passing  one  another.     Find  the  speed  of  each  train,  that  of  the  shorter 
being  double  that  of  the  other. 

26.  A  man  walks  in  12  seconds  across  the  deck  of  a  ship  which  is  sailing 
due  north  at  a  velocity  of  4  miles  per  hour,  and  finds  that  he  has  moved  in 
a  direction  30°  east  of  north.     How  wide  is  the  deck,  and  what  is  his  actual 
velocity  ? 

27.  A  cyclist  is  riding  along  a  straight  road  which  runs  at  30°  to  a  straight 
piece  of  railway  line.     He  sees  an  engine  on  that  line  when  he  is  looking  in  a 
direction  making  a  constant  angle  of  45°  with   his  direction   of  motion.     He 
is  travelling  at  12  miles  per  hour:  find  the  velocity  of  the  engine.       (I.C.E.) 

28.  A  steamer  travelling  due  north  at  12  knots  sights  another  travelling 
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due  east  at  8  knots.     If  the  distance  separating  the  ships  when  the  second  is  due 
north  of  the  first  is  3  miles,  find  how  near  the  one  ship  will  approach  the  other. 

(I.C.E.) 

29.  At  midnight  a  vessel  A  was  40  miles  clue  N.  of  a  vessel  B,  A  steaming 
20  miles  per  hour  on  a  S.W.  course  and  B  12  miles  per  hour  due  W.   They  can 
exchange  signals  when  10  miles  apart.     When  can  they  begin  to  signal,  and 
how  long  can  they  continue  ?  (I.C.E.) 

30.  A  heavy  body  is  dropped  from  an  aeroplane  travelling  at  45  miles  per 
hour  at  a  height  of  1000  feet.     Neglecting  the  resistance  of  the  air,  find  the 
velocity  with  which  the  body  hits  the  ground. 

31.  A  train  travelling  35  miles  per  hour  is  struck  by  a  stone  moving  at 
right  angles  to  the  train,  and  projected  with  a  velocity  of  60  feet  per  second. 
What  is  the  apparent  velocity  of  the  stone  at  impact? 

32.  A  projectile  is  fired  with  an  elevation  of  23°  and  a  velocity  of  1560  feet 
per  second.     Assuming  no  air  friction,  find  its  range,  its  time  of  night,  and  the 
greatest  height  attained.     In  what  direction  and  with  what  velocity  will  the  pro- 
jectile be  moving  25  seconds  after  starting  ?  (I.C.E.) 

33.  A  stone  is  projected  with  a  velocity  of  100  feet  per  second  at  an  angle 
of  60°  with  the  horizontal.     With  what  velocity  must  another  stone  be  projected 
at  an  angle  of  45°  so  as  (1)  to  have  the  same  horizontal  range,  (2)  to  attain 
the  same  height  ? 

34.  An  aeroplane  is  travelling  at  40  miles  per  hour  at  a  height  of  1000  feet 
towards  a  rifleman.      When   the   horizontal   distance  between  the   aeroplane 
and  rifleman  is  1500  feet,  the  rifleman  fires,  the  velocity  of  the  bullet  being  2200 
feet  per  second.     At  what  angle  of  inclination  must  the  rifle  be  held  so  that  the 
bullet  may  hit  the  aeroplane  ? 


CHAPTEK    III 

FOECE   AND   TORQUE 

29.  Force. — When  a  body  changes  its  state  of  rest  or  of  uniform 
motion  in  a  straight  line,  it  is  said  to  be  under  the  action  of  a 
force.  No  matter  whether  a  body  is  initially  at  rest  or  moving 
uniformly  in  a  straight  line,  every  change  of  motion  (that  is, 
acceleration)  is  the  effect  of  the  forces  acting  upon  it.  This  does 
not  imply  that  because  a  body  has  no  acceleration  there  are  no 
forces  acting  upon  it.  The  forces  may  balance  and  not  have  any 
visible  effect.  In  such  a  case  the  body  is  said  to  be  in  equilibrium. 

30.  Mass  and  Weight. — Physical  bodies  are  distinguished  from 
geometrical  configurations  by  being  possessed  of  mass.     The  mass 
of  a  body  is  generally  defined  as  the  quantity  of  matter  which  it 
contains.     This  definition  is  clearly  unsatisfactory,  as  it  merely 
introduces  other  terms  which  in  turn   require  definition.     It  is 
difficult,  however,  to  be  precise,  as  physicists  do  not  yet  agree 
upon  a  definition  of  mass,  and  it  is  inadvisable  to  encroach  upon 
their  prerogative.     Mass  can  be  weighed  ;  it  is  upon  this  fact  that 
our  statements  and  calculations  relating  to  mass  are  based. 

Mass  must  be  differentiated  from  weight.  The  weight  of  a 
body  is  the  force  with  which  it  is  attracted  to  the  earth,  and  varies 
with  the  distance  of  the  body  from  the  centre  of  the  earth.  The 
weight  of  a  body  therefore  differs  slightly  at  various  points  on  the 
earth's  surface  though  the  mass  remains  constant. 

The  standard  of  mass  may  clearly  be  chosen  at  pleasure,  and 
is,  indeed,  different  in  different  countries.  The  British  standard  of 
mass  is  a  lump  of  platinum  weighing  1  Ib.  kept  in  London.  The 
mass  of  a  body  at  any  particular  place  is  proportional  to  its  weight. 
A  body,  therefore,  which  weighs  W  Ib.  in  London  has  a  mass  of 
W  times  the  standard  mass. 

31.  Linear  Momentum. — The  linear  momentum  of  a  body  may 
be  defined  as  the  quantity  of  motion  which  it  possesses.     It  is 
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measured  by  the  product  of  the  mass  and  velocity,  and  is  there- 
fore a  vector  quantity.  It  should  be  noted  that  change  of 
momentum  may  be  due  either  to  a  change  in  the  mass,  or  more 
generally  to  a  change  in  the  magnitude  or  direction  of  the  velocity 
of  the  body. 

32.  Newton's  First  Law  of  Motion.  —  Every  body  perseveres  in 
a  state  of  rest  or  of  uniform  motion  in  a  straight  line  except  in  so 
far  as  it  may  be  compelled  by  force  to  change  that  state. 

33.  Newton's   Second   Law   of   Motion.  —  Eate    of    change    of 
momentum  is  proportional  to  the  impressed  force  and  takes  place 
in  the  direction  in  which  the  force  acts. 

34.  Newton's  Third  Law  of  -Motion.  —  Reaction  is  always  equal 
and  opposite  to  action. 

35.  Measurement  of  Force.  —  Newton's  first  law  is  practically 
a  definition  of  force  ;    his  second  deals  with  the  comparison  and 
measurement  of  forces. 

Since  the  force  P  oc  time-rate  of  change  of  Mv 

oc  M  X  time-rate  of  change  of  vt  since  M  is 

constant 
oc  M  .  a 
:.  P  =  Jc  .  M  .  a,  where  Jc  is  a  constant. 

Let  unit  force  be  so  chosen  that  it  produces  unit  acceleration  in 
unit  mass;  k  will  then  be  unity.  The  dynamical  equation  for 
force  is  therefore  — 


36.  Units  of  Force  and  Mass.  —  Before  the  above  equation  can 
be  used  in  engineering  practice,  it  is  necessary  to  fix  the  various 
units  of  measurement.  The  numerical  values  of  P,  M,  and  a  are 
clearly  dependent  upon  the  units  employed  and  are  different  in 
different  systems.  The  units  may  be  chosen  at  pleasure  as  long 
as  it  is  remembered  that  the  choice  of  any  two  units  arbitrarily 
fixes  the  third. 

In  the  British  system,  the  unit  of  acceleration  is  1  foot  per 
second  per  second.  For  engineering  and  general  purposes  the  most 
convenient  unit  of  force  is  the  pound.  This  may  be  defined  as  the 
weight  of  the  British  standard  mass,  that  is,  the  attraction  which 
the  earth  exerts  upon  the  standard  lump  of  platinum  in  London. 
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These  two  units  being  fixed,  that  of  mass  is  obtained  by  the  follow- 
ing reasoning : — 

A  mass  weighing  1  Ib.  which  falls  freely  has  an  acceleration 
of  g  feet  per  second  per  second,  where  g  may  be  considered 
constant  within  the  British  Isles  and  equal  to  32*2. 

That  is,  a  force  of  1  Ib.  acting  on  a  mass  weighing  1  Ib.  pro- 
duces an  acceleration  of  g  feet  per  second  per  second. 

Therefore  a  force  of  1  Ib.  acting  on  a  mass  weighing  g  Ib.  pro- 
duces an  acceleration  of  1  foot  per  second  per  second. 

But  unit  force  acting  on  unit  mass  produces  unit  acceleration. 
Hence  unit  mass  is  a  mass  which  weighs  g  Ib. 

W 

In  other  words,  a  mass  which  weighs  W  Ib.  contains  -     units 

«/ 

of  mass.  It  is  rather  unfortunate  that  no  satisfactory  name  has 
yet  been  given  to  this  unit. 

Much  confusion  arises  because  this  unit  of  force  is  un- 
fortunately not  acceptable  to  the  mathematician.  It  is  a  variable 
quantity  since  it  depends  upon  the  attraction  of  a  given  body 
towards  the  earth  which  differs  slightly  at  various  points  on  the 
earth's  surface.  For  general  mathematical  purposes,  an  absolute 
system  of  force-measurement  is  much  more  convenient,  in  which 
the  unit  of  force  does  not  involve  the  effects  of  ordinary  terrestrial 
gravitation  and  is  constant  in  all  places  and  at  all  times.  This 
unit  of  force  is  defined  as  that  force  which,  acting  on  a  unit 
mass  of  1  Ib.,  produces  an  acceleration  of  1  foot  per  second  per 
second. 

The  connection   between   the   two   units   is   easily   obtained. 

Since  a  force  of  -  Ib.  acting  on  a  mass  of  1  Ib.  produces  an 
acceleration  of  1  foot  per  second  per  second,  it  follows  that  the 

absolute  unit  of  force  is  -  Ib.  weight. 

j 

To  summarize,  an  engineer  uses  the  gravitational  system  of 
force  measurement,  in  which  the  weight  of  the  standard  mass  is  his 
unit  of  force ;  his  unit  of  mass  thereupon  becomes  a  mass  whose 
weight  is  g  Ib.  That  is  to  say,  for  engineering  examples,  the 
number  of  units  of  mass  in  a  body  are  obtained  by  dividing  its 
weight  in  Ib.  by  the  number  g.  In  the  absolute  system  of  force- 
measurement,  the  unit  of  mass  is  1  Ib.,  and  the  unit  of  force 

-  Ib.  weight.     Although  the  unit  of  force  adopted  by  the  engineer 
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is  a  variable  quantity,  it  requires  little  justification.  It  is  of 
great  practical  utility  to  him  to  have  the  weight  of  1  Ib.  as  the 
unit  of  force,  and  he  recognizes,  not  only  that  its  maximum 
possible  differences  in  value  are  slight,  but  that  within  small 
areas,  say  that  of  the  British  Isles,  the  difference  is  quite  in- 
appreciable. 

Since  the  year  1875,  the  centimeter,  gramme,  and  second  have 
been  generally  adopted  by  scientists  as  the  fundamental  units  of 
length,  mass,  and  time  respectively.  The  system  is  generally 
called  the  C.G.S.  system  for  brevity.  The  absolute  unit  of  force 
in  this  system  is  called  the  "  dyne." 

37.  Centrifugal  Force. — It  has  been  already  shown  that  when 
a  particle  moves  with  uniform  velocity  over  a  circular  path,  it 
has  at  the  same  time  an  acceleration  cu2r  acting  radially  inwards. 

W 

If  this  particle  have  a  weight  W,  a  deviating  force  —  cu2r  acting 

iJ 

in  the  same  direction  is  necessary,  so  that  the  motion  should 
continue  to  be  circular.  This  force  is  known  as  centripetal  force. 
It  has  an  opposite  and  equal  reaction,  which  is  known  as  the 
centrifugal  force.  A  mass  rotating  at  the  extremity  of  a  cord  is 
acted  upon  by  the  tension  of  the  cord,  and  so  has  the  necessary 
centripetal  acceleration.  The  cord  exerts  upon  a  man's  hand  an 
equal  and  opposite  effect,  and  this  is  the  centrifugal  force.  It 
should  be  noted  that  centripetal  force  is  induced  in  a  body,  and 
is  contingent  upon  the  body  departing  from  a  linear  path.  If,  for 
example,  the  cord  in  the  previous  illustration  be  cut,  the  body 
will  move  in  a  straight  path  until  other  forces  cause  it  to  change 
its  motion. 

38.  Impulsive  Forces. — According  to  Newton's  Second  Law  of 
Motion,  rate  of  change  of  momentum  is  proportional  to  the  im- 
pressed force.     If,  therefore,  equal  forces  act  on  different  masses 
during  the  same  time,  they  will  produce  equal  changes  in  the 
amounts  of  momentum.     For  example,  when  a  projectile  is  fired 
from  a  cannon  the  explosion  causes  equal  forces  to  act  on  pro- 
jectile and  cannon.     Hence  the  forward  momentum  of  the  pro- 
jectile is  equal  to  the  backward  momentum  of  the  cannon.     As 
the  mass  of  the  cannon  is  large  in  comparison  to  the  mass  of  the 
projectile,  the  backward  velocity  of  the  cannon  is  small  in  com- 
parison with  the  forward  velocity  of  the  projectile. 
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W 

Let  P  =  —  .a.     If  the  body  be  initially  at  rest,  the  velocity 

9 
is  v  after  time  t,  where  v  =  at. 


9    t 

It  will  be  noticed  that  when  t  is  small,  P  becomes  large.  It 
is  then  said  to  be  an  impulsive  force  or  blow.  The  impulse  of  a 
force  is  defined  as  the  product  of  the  force  into  the  time  during 
which  it  acts  upon  the  body. 

W  W 

.*.  impulse  =  P .  t  =  —  .  at  =  -~.v 
9  9       . 

The  impulse  of  a  body  is  therefore  equal  to  the  change  in  its 
momentum.  When  the  force  P  is  variable,  the  above  equation  is 
only  true  for  small  values  of  t. 

EXAMPLE  1.— A  steam  hammer  weighing  400  Ib.  attains  a  maximum 
velocity  of  18  feet  per  second,  and  is  brought  to  rest  in  0'012  second.  Find  the 
average  force  of  the  blow. 


"  g  't  ~  32-2  x  0-012 

39.  Inertia. — Inertia  may  be  defined  as  that  property  of  matter 
in  virtue  of  which  a  body  cannot  move  of  itself  nor  change  the 
motion  imparted  to  it.     As  expressed  in  the  First  Law  of  Motion, 
the  tendency  of  a  body  at  any  time  is  to  persist  in  its  state  of 
rest  or  of  motion.     It  is  a  matter  of  ordinary  experience  that  the 
greater  the  mass  of  a  body,  the  greater  must  be  the  force  applied 
to  produce  a  given   change  of  velocity   in   a  given  time.      As 

W 

P  =  — a,  the  inertia  coefficient  for  a  body  moving  with  linear 

t7 

velocity  may  be  taken  as  the  mass  of  the  body.  The  centre  of 
inertia  for  a  body  small  enough  to  be  handled  coincides  with  its 
centre  of  gravity. 

40.  Torque. — The  torque  or  moment  of  a  force  about  a  given 
point  or  axis  is  the  product  of  the  force  into  the  perpendicular 
distance  of  its  line  of  action  from  the  given  point  or  axis.     The 
sense  of  a  torque  depends  upon  the  direction  of  the  force,  and  may 
be  either  clockwise  or  anti-clockwise.     Torque  may  be  said  to  be 
the  measure  of  the  turning  power  of  a  force  about  a  given  point 
or  axis,  and  may  be  represented  vectorially. 

41.  Couple. — When    two    equal    and    parallel    forces    whose 
directions  are  opposite  act  on  a  body,  they  are  said  to  constitute  a 
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couple.  The  perpendicular  distance  between  the  lines  of  action  of 
the  forces  is  known  as  the  arm  of  the  couple.  The  moment  of  the 
couple  is  the  product  of  one  of  the  forces  into  the  arm. 

A  couple  acting  upon  a  body  is  therefore  equivalent  to  a 
torque.  Couples  may  be  compounded  vectorially. 

42.  Moment  of  Inertia. — The  inertia-coefficient  for  a  body 
having  angular  motion  depends  not  only  upon 
the  mass  of  the  body,  but  also  upon  its  distance 
from  the  axis  of  rotation.  Consider  the  simple 
case  of  a  body  of  weight  W,  which  may  be 
assumed  concentrated  at  a  point,  and  which  is 
moving  in  a  circle  of  radius  r  under  the  action 
of  a  force  P  (Fig.  19). 

Let  the  linear  acceleration  be  a  and  the  angular  acceleration  a, 
so  that  a  =  ar. 

W          W 

P,  the  force  producing  motion  =  — .  a  =  —  ar 

y         9 

T,  the  corresponding  torque  =  P  .  r 

Wr2 

=  —  —  .  a 
9 

Hence  a  torque  produces,  or  tends  to  produce,  angular  accelera- 
tion, just  as  a  force  produces,  or  tends  to  produce,  linear  acceleration. 

Wr2 

/.  T  =  la  where  I  =  — 
9 

I  must  therefore  be  taken  as  the  inertia  coefficient  for  a  body 
having  angular  motion,  and  is  known  as  the  moment  of  inertia. 

When  the  mass  of  a  rotating  body  cannot  be  assumed  con- 
centrated at  a  point,  it  must  be  divided  into  a  large  number  of 
small  masses  of  weight,  wly  w2,  w3  .  .  .,  which  may  be  assumed 
concentrated  at  radii  rit  r2,  r3  .  .  .  respectively  from  the  axis  of 

rotation.     I  then  equals  ^^-  -f  — -2-  4-  ^3?  3    .  .  . 

999 

In  general  the  methods  of  the  integral  calculus  must  be 
employed  to  obtain  the  moment  of  inertia  of  a  body.  Four 
important  results  should,  however,  be  remembered  : — 

(1)  I  for  mass  of  weight  W  concentrated  at  radius  r  from 
the  axis  of  revolution  (as  may  be  assumed  for  the  rim  of  a  large 

W 

flywheel)  =  —  T2. 
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(2)  I  for  solid  cylinder  or  disc  of  weight  W  and  radius   r 

•\\r    r2 

rotating  about  its  axis  = ~-- 

9     * 

(3)  I  for  rod  of  weight  W  and  length  /,  about  an  axis  perpen- 

"W72 
dicular  to  rod  and  through  its  centre  of  gravity  ==  — — . 

(4)  I  for  body  whose  axis  of  rotation  does  not  pass  through 
the  centre  of  gravity  of  the  body  equals  IM,  the  moment  of  inertia 
about  the  centre  of  gravity,  together  with  the  product  of  the  mass 
and  the  square  of  the  distance  between  the  two  axes. 

W 

T   T         I  „.£ 

=I-+7-* 

In  general  the  moment  of  inertia  of  a  body  may  be  written 

W 

I  =  — .  &2  where  k  is  known  as  the  radius   of  gyration  of  the 

t/ 

body. 

43.  Angular  Momentum. — The  angular  momentum,  or  moment 
of  momentum,  as  it  is  sometimes  called,  of  a  body  rotating  about 
an  axis  is  the  product  of  the  moment  of  inertia  and  the  angular 
velocity.     Change  of  angular  momentum  may  be  due  either  to  a 
change  in  the  moment  of  inertia  or  in  the  direction  or  magnitude 
of  the  angular  velocity  of  the  body.     Angular  momentum  is  a 
vector  quantity. 

44.  Measurement  of  Torque. — Torque  bears  the  same  relation- 
ship to  the  fundamental  units  of  circular  motion  that  force  bears 
to  those  of  linear  motion.     Just  as  force  is  measured  by  the  time- 
rate  of  change  of  linear  momentum,  so  is  torque  measured  by  the 
time-rate  of  change  of  angular  momentum. 

T  oc  time-rate  of  change  of  I .  co. 

oc  I  X  time-rate  of  change  of  co,  since  I  is  constant, 
oc  I. a. 
As  previously,  the  units  are  so  chosen  that  T  =  I .  a  Ib.-feet.* 

45.  Gyroscopic  Torque. — It  is  not  desired  to  enter  here  upon 
a  long  discussion  of  the  gyroscope  and  gyroscopic  action.     From 

*  This  may  readily  be  proved  otherwise. 

Since  T  .  0  =  £1 .  «*  (see  par.  56). 

Differentiating  with  regard  to  time— 

*'£-#*! 

/.  To»  =  I .  w .  o  or  T  =  I .  a 
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experiments  which  all  have  made  at  one  time  or  other  on 
spinning  bodies,  e.g.  a  child's  hoop  or  a  top,  it  is  known  that  the 
axis  of  a  heavy  mass  rotating  in  one  plane  tends  to  keep  a 
uniform  direction.  It  is  for  this  reason  that  modern  ordnance 
is  rifled,  so  that  the  spinning  projectile  tends  to  keep  a  constant 
axis  during  flight.  Similarly  in  torpedoes,  a  gyroscopic  steering 
apparatus  is  employed  in  order  to  keep  the  mean  direction  of  the 
torpedo  in  the  course  on  which  it  is  aimed.  In  all  these  cases,  the 
axes  of  the  rotating  bodies  tend  to  remain  in  the  same  direction, 
and  an  alteration  in  the  direction  of  the  axis  can  only  be  brought 
about  by  the  application  of  a  torque  to  which  the  name  gyroscopic 
torque  is  given.  It  is  desired  in  this  paragraph  to  determine  the 
magnitude  of  the  torque  necessary  to  produce  a  given  rotational 
velocity  to  the  axis  of  the  rotating  body. 

Let  I  be  the  moment  of  inertia  of  a  rotating  body  and  coj  its 
angular  velocity  about  the  axis  of  spin.  Let  o)2  be  the  angular 
velocity  of  the  axis  of  spin  about  a  further  axis  which  is  known  as 
the  axis  of  precession. 

The  angular  momentum  of  the  body  about  its  axis  of  spin  is 
Icoi.  Because  of  the  rotation  about  the  axis  of  precession,  the 
direction  of  the  angular  momentum 
alters,  although  its  magnitude  is  con- 
stant. Let  OA,  OB  (Fig.  20)  represent 
lines  perpendicular  to  the  first  and 
last  axes  of  spin  of  the  rotating  body 
after  a  short  interval  of  time  St.  That  u  C  A 

is,  the  line  passing  through  0  perpen-  FlGt  20t 

dicular  to  the  plane  of  the  paper  is  the  axis  of  precession.  Along 
OA,  OB  mark  off  lo^  =  OC  =  OD  respectively.  Since  00  and 
OD  may  be  said  to  be  the  vector  representations  of  the  angular 
momentum  at  the  beginning  and  end  respectively  of  time  8t,  the 
line  CD  represents  the  change  of  angular  momentum.  Since  the 

CD 

time  is  assumed  small,  ^^  may  be  taken  as  equal  to  §0. 
uu 


/.  CD  =  Io>!  X  a)28t 

But  CD  represents  the  increment  of  angular  momentum  during 
the  time  8t}  and  therefore  equals  the  gyroscopic  torque  X  8t. 

Gyroscopic  torque  =  I  . 
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It  should  be  noted  that  by  an  exactly  similar  proof,  it  may  be 
shown  that  the  centripetal  force  induced  in  a  rotating  body  is  — 


9 

46.  Force  and  Torque  to  produce  Motion.  —  The  analogy 
between  linear  and  circular  motion,  already  commented  upon, 
extends  to  the  causes  which  produce  those  motions.  Force 
produces  or  tends  to  produce  linear  acceleration,  torque  angular 
acceleration;  as  the  results  produced  are  analogous,  force  only 
will  be  considered  in  this  paragraph,  but  it  must  be  thoroughly 
understood  that  corresponding  results  may  be  deduced  for 
torque. 

Forces  may  be  classified  into  two  broad  groups  :  (1)  motive 
forces  or  efforts,  and  (2)  resistant  forces.  Motive  forces  may  be 
defined  as  those  forces  which  tend  to  produce  motion  ;  resistant 
forces  as  those  which  tend  to  oppose  motion.  The  force  of 
gravitation  or  the  draw-bar  pull  of  a  locomotive  are  examples 
of  the  first;  friction,  and  air  resistances  are  examples  of  the 
second.  Although  action  and  reaction,  or  motive  forces  and 
resistant  forces,  are  equal  and  opposite,  it  is  very  desirable  to 
consider  separately  the  forces  which  produce  motion  in  a  body. 
Consider  the  case  of  a  body  which  is  raised  some  distance  by 
means  of  a  rope  passing  over  a  pulley.  When  the  body  is  at  rest 
the  pull  in  the  rope  must  be  at  least  equal  to  the  weight  of  the 
body  in  order  to  make  the  pressure  between  body  and  ground 
zero.  Before  the  body  can  move,  the  frictional  resistances  at  the 
pulley  must  be  overcome,  and  hence  the  pull  in  the  rope  between 
the  motor  and  the  pulley  must  be  augmented  by  this  amount.  If 
once  the  body  were  to  begin  to  move,  the  sum  of  these  two  forces 
would  suffice  to  keep  the  motion  uniform.  In  order  to  move  the 
body  from  rest,  that  is,  impart  to  it  an  acceleration,  an  accelerat- 
ing force  is  necessary.  The  pull  in  the  rope  must,  therefore,  be 
further  augmented  by  this  quantity. 

It  appears,  therefore,  that  in  the  most  general  case  the  force 
necessary  to  produce  motion  has  three  components.  Expressed  in 
the  form  of  an  equation  — 

Force  to  produce  motion  =  force  to  support  the  mass 

+  force  to  overcome  the  friction 
-f-  force  to  accelerate  the  mass. 
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Similarly  — 

Torque  to  produce  motion  =  torque  to  support  the  mass 

+  torque  to  overcome  the  friction 
+  torque  to  accelerate  the  system. 

The  first  formula  may  readily  be  applied  to  determine  the 
force  necessary  to  move  a  rolling  load  such  as  a  train.  When  a 
train  is  on  the  level,  the  first  component  of  the  right-hand  side 
of  the  equation  is  zero.  In  order  to  move  the  train,  a  force  must 
be  applied  sufficient  to  overcome  friction  and  accelerate  the  mass 
of  the  train.  When  the  speed  is  low,  the  resistances  are  small, 
and  hence  for  a  given  draw-bar  pull,  a  large  force  is  available  for 
accelerating  purposes.  As  the  speed  increases,  the  resistances 
increase  proportionately  faster,  and  hence  the  accelerating  force  is 
reduced  until  eventually  when  the  maximum  draw-bar  pull  is  just 
equal  to  the  frictional  and  air  resistances,  the  train  is  moving  at 
its  maximum  velocity.  If  the  train  then  begins  to  climb  an 
incline,  the  speed  must  dimmish  because  part  of  the  draw-bar 
pull  is  required  to  lift  the  train  up  the  incline.  At  any  moment 
the  draw-bar  pull  is  equal  to  the  three  components  given  above. 
If  this  force  be  constant,  and  one  component  increases,  the  others 
must  diminish  in  order  to  strike  a  balance. 

EXAMPLE  2.  —  At  the  foot  of  a  slope  of  1  in  200,  a  carriage  weighing  15  tons 
has  a  speed  of  20  miles  per  hour.  Assuming  the  frictional  resistances  to  be 
constant  and  equal  to  12  Ib.  per  ton,  determine  the  retardation  of  the  carriage 
and  the  distance  it  traverses  before  coming  to  rest. 

Total  frictional  resistances  =  15  .  12  =  180  Ib. 
Resistance  due  to  incline     =  ^  x  (15  .  2240)  =  168  Ib. 
Total  resistance  to  motion  =  348  Ib. 


g 

32   2 
.*.  a  =  348  x  i  g    0        =  ^  ^°°*  Per  sec'  Per  8ec* 


i  g    0940 

20  miles  per  hour  =  ^  feet  per  sec. 

tf  =  2as. 
:.  s  =  1291  feet. 

EXAMPLE  3.  —  A  cage  weighs  6000  Ib.,  and  is  raised  by  means  of  a  rope, 
one  end  of  which  is  wrapped  round  a  drum  5  feet  in  diameter,  mounted  on  a 
horizontal  shaft.  The  drum  weighs  4000  Ib.  and  its  radius  of  gyration  is 
29  inches.  A  motor  supplies  a  constant  torque  of  18,000  Ib.-ft.  to  the  shaft. 
Assuming  that  the  rope  is  tight  when  the  shaft  commences  to  revolve,  find 
(a)  the  acceleration  of  the  cage,  (I)  the  time  required  to  raise  it  60  feet,  (c)  the 
tension  in  the  rope.  Neglect  the  losses  due  to  friction.  (Lond.  B.Sc.  1909.) 
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Total  torque  =  torque  to  lift  +  torque  to  overcome  friction  -}-  torque  to  accelerate 
.'.  18,000  =  15,000  +  0  +  T 
T  =  3000  Ib.-ft. 

The  cage  as  well  as  the  drum  is  accelerated. 

W 

The  necessary  force  to  accelerate  the  cage  is  —  .  a,  and  the  torque  required 

W 

is  therefore  —  .  a  .  r. 


.*.  a  —  3-97  ft.  per  sec.  per  sec. 

s  =  \aP 
.'.  t  =  5'5  seconds. 

Tension  =  W  +  —  .  a  =  GOOofl  +  =  6740  Ib. 

9  \        32'2/ 

47.  The  Centre  of  Percussion.  —  The  motion  imparted  by  a  blow 
to  a  body  which  is  at  rest  but  free  to  move  in  any  direction, 
varies  according  to  the  direction  as  well  as  the  magnitude  of  the 
blow.  If  the  direction  of  the  blow  pass  through  the  C.G.  of  the 
body,  only  translational  motion  will  result  ;  in  any  other  case, 
the  resulting  motion  of  the  body  may  be  analyzed  into  two  com- 
ponents, a  translational  motion  of  the  whole  body  assumed 
concentrated  at  its  C.G.,  together  with  a  rotational  motion  about 
an  axis  through  the  C.G.  It  will  be  seen  in  a  later  chapter 
(par.  90)  that  this  latter  compound  motion  is 
equivalent  to  a  purely  rotational  motion  of  the 
whole  body  about  some  point  which  is  called  the 
instantaneous  centre  of  rotation. 

Let  G  (Fig.  21)  be  the  C.G.  of  a  rigid  lamina 
at  rest  but  free  to  move  in  any  direction.  Let 
the  lamina  be  struck  by  a  blow  of  magnitude  P 
acting  in  the  direction  of  the  arrow.  The  motion 
imparted  to  the  body  may  be  analyzed  into  two 
components,  an  instantaneous  linear  velocity 
parallel  to  the  direction  of  the  blow  together 
with  an  instantaneous  angular  velocity  about  G.  Let  0  be  the 
foot  of  the  perpendicular  from  G  on  the  line  of  direction  of  the 
blow.  Let  W  be  the  weight  of  the  lamina  and  I  its  moment 
of  inertia  about  G.  The  resulting  motion  is  obtained  from  the 

W 

equations  P  =  —  •  v  and  P  .  GO  =  Ico,     (It  should  be  noted  that 
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since  the  lamina  was  originally  at  rest,  the  quantities  v  and  CD 
represent  change  of  velocity.) 

The  point  about  which  the  movement  of  the  lamina  is  wholly 
rotational  may  be  found  in  the  following  way  :  — 

The  instantaneous  velocity  of  any  point  C  on  OG  produced  is 
v  —  co  .  GO.  Inserting  the  values  of  v  and  co  obtained  from  the 


r  ,•  i     v       *  a          i  i 

preceding  equations,  the  velocity  of  C  equals  rrrl  1 

g 

where  k  is  the  radius  of  gyration  of  the  lamina  about  G.  This  is 
zero  if  GO  .  GO  =  k2,  that  is,  the  instantaneous  centre  of  rotation 
is  at  C  if  GO  .  GC  =  k2.  If  this  condition  be  satisfied,  there  is  no 
impulsive  reaction  at  C,  even  if  the  body  be  fixed  there.  The 
point  O  is  called  the  Centre  of  Percussion  for  the  centre  of 
oscillation  C. 

It  will  be  noticed  that  the  distance  between  C  and  O  is  the 
same  as  that  between  the  centres  of  suspension  and  oscillation  in 
the  compound  pendulum.  That  is,  the  distance  between  C  and  0 
is  equal  to  the  length  of  the  simple  pendulum  which  vibrates  in 
the  same  time  as  the  body  when  swinging  about  the  axis  C. 

48.  Natural  Vibrations  and  Torsional  Oscillations.  —  When  a 
body  held  in  constraint  by  elastic  supports  is  disturbed  from  its 
position  of  equilibrium,  the  elastic  constraining  forces  tend  to 
bring  it  back  to  its  original  position.  Vibrations  or  oscillations 
are  thus  set  up,  whose  frequency  depends  upon  the  stiffness  of 
the  elastic  constraint  and  the  inertia  of  the  system.  Vibrations 
may  belong  to  one  of  two  classes,  Free  or  Natural,  or  alternatively 
Forced  Vibrations.  Free  or  natural  vibrations  are  maintained  by 
the  action  of  the  constraining  force  alone,  whilst  a  forced  vibra- 
tion is  caused  when  a  body,  held  by  elastic  constraints,  is  subjected 
to  a  periodic  disturbing  force.  In  this  paragraph  it  is  desired  to 
discuss  only  the  fundamental  natural  vibrations. 

There  are  two  separate  cases  to  be  considered,  exemplified  by 
(1)  a  weight  "W  vibrating  with  one  degree  of  freedom  under  the 
control  of  a  spring,  and  (2)  a  heavy  mass  oscillating  with  one 
degree  of  freedom  about  an  axis  of  rotation  at  the  free  extremity 
of  a  shaft  which  is  fixed  at  the  other  end.  Because  of  the  analogy 
between  linear  and  circular  motions,  these  cases  can  be  similarly 
treated.  In  both  cases,  since  the  restoring  force  or  torque  for 
any  displacement  from  mean  position  is  proportional  to  that 
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displacement,  it  follows  that  the  acceleration,  linear  or  angular,  at 
any  displacement  is  likewise  proportional  to  that  displacement.  In 
both  cases,  therefore,  the  motion  is  simple  harmonic.  It  has  been 

d2x 
seen  that  the  condition  for  simple  harmonic  motion  is  -=-^  =  —pw, 

and  that  the  periodic  time  t  =  —  =  (par.  28). 


In  the  first  case  consider  a  mass  of  weight  W  suspended  from 
a  spring  whose  stiffness  is  such  that  a  force  of  s  Ib.  elongates  it 
1  foot.  For  any  displacement  x  feet  from  its  mean  position  the 
restoring  force  is  therefore  sx  Ib.  But  the  accelerating  force 

W 

=  —  X  acceleration. 

9 

W.. 

.'.   —  X  =  —  SX 

y 


- 
W 


W  , 

—  seconds. 


In  the  second  case,  consider  a  mass  of  weight  W  and  radius  of 
gyration  k  fixed  to  a  shaft  of  radius  r.     Let  a  =  torque  per  unit 
angle  of  twist. 
Since 

twisting  moment  ,  .  angle  of  twist 

—  T—  —z-.  --  p-  =  modulus  of  rigidity  X  ?  —  «n  —  .    .    , 

polar  moment  ot  inertia  length  of  shaft 

T      n6 
J  =  CT 
T      CJ 


For  any  displacement  6  the  restoring  torque  is  T  =  aO.     But 
y 


W 

the  accelerating  torque  is  —  k2  X  angular  acceleration. 


seconds. 
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When  a  shaft  carries  two  oscillating  loads  fixed  at  a  distance 
I  apart,  the  node  or  stationary  section  will  lie  at  some  intermediate 
point,  nearer  to  the  load  with  the  greater  moment  of  inertia.  The 
natural  period  of  vibration  is  the  same  as  though  the  shaft  were 
fixed  at  the  node  and  free  at  either  end.  This  fixes  the  position 
of  the  node  which  must  lie  at  some  point  such  that  1{L±  =  I2lz, 
/!  and  12  being  the  distances  of  the  node  from  the  loads  whose 
moments  of  inertia  are  Ix  and  I2  respectively.  ^  +  12  is  of  course 
equal  to  I. 

The  period  of  oscillation  is  therefore 


or 

<*\g 

CJ  CJ 

where  a±  =  -=-      and    o-2  =  -7— 

£]  12 

EXERCISES  III 

1.  A  force  P  acting  on  a  body  weighing  200  Ib.  for  30  seconds  changes  its 
velocity  from  8  to  12  miles  per  hour.     Determine  the  force  P. 

2.  A  body  whose  mass  is  25  Ib.  rests  on  a  spring  balance  attached  to  a  lift. 
What  is  the  acceleration  of  the  lift  when  the  reading  of  the  balance  is  (1)  28  Ib.  ; 
(2)  231  ib.  ? 

3.  A  load  of  10  tons  is  pulled  by  a  wire  rope  up  an  incline  of  1  in  120.    The 
frictional  resistances  are  equivalent  to  10  Ib.  per  ton.     If  the  tension  in  the  rope 
is  350  Ib.,  find  the  acceleration. 

4.  A  cage  weighing  1000  Ib.  is  being  lowered  down  a  mine  by  a  cable. 
Find  the  tension  in  the  cable  (1)  when  the  speed  is  increasing  at  the  rate  of  5 
feet  per  second  per  second  ;  (2)  when  the  speed  is  uniform  ;  (3)  when  the  speed  is 
diminishing  at  the  rate  of  5  feet  per  second  per  second.    The  weight  of  the  cable 
itself  may  be  neglected.  (I.C.E.) 

5.  Assuming  that  a  train  may  be  accelerated  by  the  application  of  a  force 
equal  to  one-fortieth  of  its  gross  weight,  and  be  braked  with  a  force  equal  to 
one-tenth  of  its  gross  weight,  find  the  least  time  in  which  it  may  run  from  one  to 
another  of  two  stopping  stations  5000  feet  apart.    What  is  the  greatest  speed 
during  the  run?  (I.C.E.) 

6.  In  an  electric  railway  the  average  distance  between  stations  is  ^  mile,  the 
running  time  from  start  to  stop  1£  minutes,  and  the  constant  speed  between  the 
end  of  acceleration  and  the  beginning  of  retardation  25  miles  per  hour.    If 
the  acceleration  and  retardation  be  taken  as  uniform  and  numerically  equal,  find 
their  values  ;  and  if  the  weight  of  the  train  be  150  tons  and  the  frictional  resist- 
ance 11  Ib.  per  ton,  find  the  tractive  force  necessary  to  start  on  the  level. 

(I.C.E.) 

7.  A  locomotive  draws  a  train  of  100  tons  with  a  uniform  acceleration  such 
that  a  speed  of  60  miles  per  hour  is  attained  in  4  minutes  on  the  level.    If  the 
frictional  resistances  are  10  Ib.  per  ton,  and  the  resistance  of  the  air,  which 
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varies  as  the  square  of  the  speed,  is  120  Ib.  at  20  miles  per  hour,  find  the  pull 
exerted  by  the  locomotive  at  30  and  60  miles  per  hour.  (I.C.E.) 

8.  A  train  weighing  350  tons  (including  the  weight  of  the  locomotive)  is 
travelling  at  a  uniform  velocity  of  35  miles  per  hour  on  a  horizontal  track.     If  a 
portion  weighing  50  tons  suddenly  breaks  away  from  the  back  of  the  train,  find 
the  acceleration  of  the  front  portion  and  the  retardation  of  the  back  portion  at 
the  instant  of  release.     The  resistance  to  traction  is  10  Ib.  per  ton. 

9.  In  a  hoisting  gear  a  load  of  300  Ib.  is  attached  to  a  rope  wound  round  a 
drum,  the  diameter  to  the  centre  of  the  rope  being  4  feet.     A  brake  drum  is 
attached  to  the  rope  drum  and  fitted  with  a  band  brake.     The  combined  weight 
of  the  two  drums  is  720  Ib.  and  the  radius  of  gyration  of  the  two  together  is  20 
inches.     The  weight  starts  from  rest  and  attains  a  speed  of  10  feet  per  second. 
The  brake  is  then  applied  and  the  speed  is  maintained  constant  until  the  load 
reaches  20  feet  from  the  bottom,  when  the  brake  is  tightened  so  as  to  give 
uniform  retardation  until  the  load  comes  to  rest.     The  total  descent  is  100  feet ; 
find  the  time  taken  for  the  descent  and  the  tension  in  the  rope  during  slowing. 

(I.C.E.) 

10.  A  double-armed  swing-bridge  revolves  upon  a  horizontal  turn-table  at 
the  centre  of  its  length,  being  actuated  by  a  chain-drum  32  feet  in  diameter. 
The  two  main  girders  of  the  bridge,  180  feet  in  length,  are  spaced  30  feet  apart 
transversely  (centre  to  centre),  and  each  girder  has  the  uniform  weight  of  10  cwt. 
per  foot.    Keduce  the  inertia  of  these  revolving  girder  masses  to  the  driving 
point.  (I.C.E.) 

11.  A  railway  train  consists  of  a  number  of  carriages  so  coupled  that  there  is 
a  distance  of  3  feet  between  two  adjoining  carriages.    Explain  why  the  resist- 
ance which  such  a  train  experiences  from  a  cross-wind  should  be  greater  than 
from  a  head-wind  when  the  train  is  going  at  full  speed. 

12.  Find  the  speed  at  which  an  engine  whose  C.G.  is  5  feet  above  rail  level 
would  first  be  unstable  on  a  curve  of  10  chains  radius  without  super-elevation, 
and  4  feet  8^  inches  gauge,  i.e.  say  5  feet  centre  to  centre  of  rails.      (I.C.E.) 

13.  A  flywheel  has  an  internal  trough  turned  on  it  to  contain  cooling  water. 
Find  the  least  possible  number  of  revolutions  per  minute  that  will  permit  the 
retention  of  water  if  the  diameter  of  the  trough  is  8  feet.  (I.C.E.) 

14.  Show  that  a  long  pendulum  fitted  with  a  heavy  bob  can  be  arranged  to 
measure  the  acceleration  of  a  railway  carriage.     What  is  the  steady  angular  de- 
flection of  the  pendulum  from  its  original  position  if  the  train  is  accelerating  on  a 
level  line  at  the  rate  of  2  miles  per  hour  per  second  ?  (I.C.E.) 

15.  A  locomotive  weighing  95  tons  travels  round  a  curve  of  880  yards  radius 
at  a  speed  of  45  miles  an  hour.     Determine  the  horizontal  pressure  on  the  outer 
rail. 

If  the  distance  between  the  rails  be  4  feet  8£  inches,  by  how  much  must  the 
outer  rail  be  raised  above  the  inner  rail  so  that  the  resultant  pressure  may  act 
midway  between  the  rails  ?  (I.C.E.) 

16.  Investigate  the  forces  called  into  action  when  a  locomotive  is  rounding  a 
curve,  and  show  how  to  calculate  the  reactions  on  the  inner  and  outer  rails. 
Neglect  any  effects  due  to  springs  and  gyrostatic  action. 

The  weight  of  an  engine  is  52-2  tons,  distance  between  rails  59  inches,  height 


FORCE   AND   TORQUE  41 

of  centre  of  gravity  above  wheel-base  59  inches.  The  radius  of  the  curve  is  528 
feet,  and  the  super-elevation  of  the  outer  rail  3-5  inches.  Calculate  the  speed  at 
which  the  reaction  on  the  inner  rail  is  zero.  (Lond.  B.Sc.  1908.) 

17.  A  flat  disc  flywheel,  diameter  5  feet  and  mass  8  tons,  is  keyed  to  a 
horizontal  shaft.     A  rope,  to  the  end  of  which  is  attached  a  mass  of  2  tons,  is 
wrapped  round  the  flywheel.     If  there  are  no  external  resistances,  and  if  the. 
weight  is  free  to  fall,  find  the  tension  in  the  rope,  and  the  time  the  weight  will 
take  to  fall  through  a  distance  of  50  feet.     Find  also  the  couple  that  must  be 
applied  to  the  shaft  to  make  the  weight  rise  with  an  acceleration  of  5  feet  per 
second  per  second,  and  the  tension  in  the  rope  under  these  conditions. 

(Lond.  B.Sc.  1907.) 

18.  A  cage  weighing  4480  pounds  is  raised  by  a  rope  one  end  of  which  is 
wrapped  round  a  drum  45  inches  in  diameter.     The  drum  weighs  £  ton,  has  a 
radius  of  gyration  21'6  inches,  and  is  rotated  by  an  electric  motor  which  exerts  a 
constant  torque  of  12,700  foot-pounds. 

If  the  rope  is  tight  when  the  drum  begins  to  revolve,  determine  (1)  the 
acceleration  of  the  cage  in  feet  per  second  per  second ;  (2)  the  tension  on  the  rope 
in  pounds.  Neglect  all  friction  losses  and  the  weight  of  the  rope. 

(Lond.  B.Sc.  1914.) 

19.  An  empty  elevator  weighs  8000  lb.,  and  its  balance  weights  10,000  Ib. 
The  four  wheels  over  which  the  ropes  run  weigh  each  400  lb. ;  their  diameter  is 
5  feet  and  radius  of  gyration  2  feet.     Neglecting  friction,  find  the  torque  that 
must  be  applied  to  the  driving  pulley  to  make  the  elevator  fall  with  an  accelera- 
tion of  5  feet  per  second  per  second  ;  and  find  the  tensions  in  the  ropes  connected 
to  elevator  and  balance  weight.    Find  also  the  torque  necessary  to  make  the 
elevator  rise  with  the  same  acceleration  when  loaded  with  3000  lb.  and  the 
tensions  in  the  ropes  under  these  conditions.  (Lond.  B.Sc.  1907.) 

20.  Show  that  a  body  having  plane  motion  may  be  represented  by  two 
masses  supposed  concentrated  at  points.     A  rocking  lever  (mass  600  lb.)  has  a 
radius  of  gyration  about  its  centre  of  gravity  of  18  inches,  and  the  centre  of  gravity 
is  distant  5  inches  from  the  axis  round  which  the  lever  rocks.    Find  the  magni- 
tude of  the  equivalent  masses  if  one  is  supposed  to  be  concentrated  at  the  axis ; 
and  find  also  the  distance  of  the  mass  from  the  axis. 

Find  the  torque  required  to  give  the  lever  an  acceleration  of  10  radians  per 
second  per  second.  (Lond.  B.Sc.  1910.) 

21.  A  connecting  rod,  90  inches  long  and  weighing  600  lb.,  is  suspended  in 
such  a  way  that  it  oscillates  about  a  knife-edge  at  the  cross-head  end.    The 
centre  of  gravity  of  the  rod  is  53  inches  from  the  point  of  suspension,  and  the 
length  of  the  equivalent  simple  pendulum  is  75  inches.    Determine  the  radius  ot 
gyration,  and  the  moment  of  inertia  of  the  connecting  rod  about  an  axis  through 
the  centre  of  gravity  and  perpendicular  to  the  plane  of  oscillation. 

(Lond.  B.Sc.) 

22.  Obtain  the  magnitude   and  position  of  the  single  force  which,  when 
applied  perpendicularly  to  the  axis  of  a  uniform  bar  (48  inches  long,  weighing 
200  lb.),  will  give  it  a  translational  acceleration  of  40  feet  per  second  and  a 
rotational  acceleration  of  10  rads.  per  second  per  second.  (I.C.E.) 

23.  The  mass  of  one  axle  and  the  pair  of  attached  wheels  of  a  railway  truck 
is  1000  lb.     The  truck  applies  a  constant  load  of  5  tons  to  this  axle  through  the 
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springs,  and  is  running  at  60  miles  per  hour  along  rails  having  the  top  surfaces 
worn  into  undulations.  The  undulations  measure  5  feet  from  crest  to  crest,  and 
are  0'05  inch  in  height  from  hollow  to  crest.  Find  the  maximum  and  minimum 
pressures  between  the  wheels  and  rails.  (Lond.  B.Sc.  1914.) 

24.  AB  is  a  pendulum  pivoted  freely  at  A  and  driven  through  equal  angles 
on  each  side  of  the  vertical  by  the  connecting  rod  CD  and  the  crank  DE.    The 
pendulum  has  a  mass  of  100  lb.,  and  its  moment  of  inertia  with  respect  to  A  is 
1500  in  lb.  and  foot  units.    The  centre  of  mass  of  the  pendulum  is  at  G,  AG 
being  3  feet.    AC  =  2  feet,  DE  =  3  inches ;  the  line  joining  C  and  E  is  hori- 
zontal.   If  the  crank  DE  runs  at  300  revs,  per  minute,  find  the  maximum  forces 
of  push  and  pull  in  CD.    The  mass  of  CD  may  be  neglected  and  C  assumed  to 
have  harmonic  motion.  (Lond.  B.Sc.  1914.) 

25.  A  torpedo  boat  is  fitted  with  a  steam  turbine  which  at  full  speed  makes 
2000  revs,  per  minute.     The  moment  of  inertia  of  the  rotating  masses  con- 
nected with  the  turbine,  propeller  shaft,  screw,  etc.,  is  1-5,  the  units  being  feet 
and  tons.   Find  the  couple  acting  on  the  hull,  and  the  direction  of  the  axis  when 
the  boat  is  steered  at  full  speed  in  a  circle  of  such  radius  that  it  makes  a  com- 
plete turn  in  80  seconds.  (Lond.  B.Sc.  1905.) 

26.  A  locomotive,  with  6  feet  diameter  drivers,  mass  of  each  1600  lb.,  and 
radius  of  gyration  2'7  feet,  rounds  a  curve  of  500  feet  radius  at  30  miles  per  hour. 
If  the  journals  are  4  feet  apart,  find  the  force  acting  upon  them  due  to  gyro- 
scopic action.     Show  clearly,  by  means  of  a  diagram,  how  these  forces  act,  and 
deduce  any  formula  you  use  from  first  principles.  (Lond.  B.Sc.  1907.) 

27.  An  electromotor,  whose  armature  has  a  moment  of  inertia  of  400  in 
pound  and  feet  units,  rotates  at  600  revs,  per  minute.  It  drives  a  car  and  its  axis 
is  parallel  to  the  axis  of  the  driving  wheels.   Find  the  direction  and  magnitude  of 
the  pressures  on  the  motor  bearings  due  to  gyroscopic  action  when  the  car  is 
running  at  20  miles  per  hour  round  a  curve  of  radius  120  feet.    The  bearings  are 
26  inches  apart  centre  to  centre.  (Lond.  B.Sc.  1909.) 

28.  Obtain  an  expression  for  the  gyroscopic  torque  exerted  by  a  body  revolv- 
ing about  a  horizontal  axis  when  free  to  turn  in  a  horizontal  circle. 

The  rotor  of  a  marine  steam  turbine  weighs  4  tons  and  has  a  radius  of  gyra- 
tion of  1'5  feet.  It  revolves  at  750  revolutions  per  minute,  and  propels  the  vessel 
at  a  speed  of  35  knots,  when  moving  in  a  circle  of  400  yards  radius.  Find  the 
torque  exerted  on  the  bearings.  (Lond.  B.Sc.  1913.) 

29.  In  the  case  of  a  rigid  body  turning  about  a  fixed  axis,  establish  from  first 
principles  that — 

Angular  acceleration  =  (external  couple)  -i-  (moment  of  inertia  about  axis). 

A  uniform  thin  rod  of  length  I  is  suspended  at  a  point  in  its  length  distant 
\l  from  its  centre.  It  is  making  small  oscillations  in  a  vertical  plane.  Find  the 
time  of  a  complete  oscillation.  (I.C.E.) 

30.  A  uniform  rigid  bar,  length  10  feet,  weight  70  lb.,  is  hinged  at  one  end 
so  that  it  is  free  to  vibrate  in  a  vertical  plane.     When  at  rest  it  is  maintained  in 
a  horizontal  position  by  a  light  vertical  spring,  situate  3  feet  from  the  hinge.     If 
the  stiffness  of  the  spring  is  such  that  it  stretches  1  inch  for  a  pull  of  10  lb.,  find 
the  time  of  vibration  of  the  system.  (Lond.  B.Sc.  1908.) 

31.  A  flywheel  weighs  3  tons  and  has  a  radius  of  gyration  4  feet  6  inches. 
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It  is  keyed  to  one  end  of  a  shaft  4|  inches  in  diameter  and  13  feet  long.  If  the 
other  end  of  the  shaft  is  fixed,  find  the  time  of  torsional  vibration.  Assume  the 
formula  for  the  angle  of  twist  of  the  shaft,  and  prove  the  formula  for  the  vibration. 
Take  C  =  12,000,000  Ib.  per  square  inch.  (Lond.  B.Sc.  1908.) 

32.  A  flywheel  weighing  4  tons  and  having  a  radius  of  gyration  of  5  feet  is 
secured  to  the  end  of  a  hollow  shaft  35  feet  long.     The  external  and  internal 
diameters  of  the  shaft  are  5|  and  3  inches  respectively.      Neglecting  the  inertia 
of  the  shaft,  find  the  period  of  its  natural  torsional  vibration.     N  =  12  x  106 
Ib.  per  square  inch.  (Lond.  B.Sc.  1911.) 

33.  An  oil-engine  has  two  flywheels  fixed  to  the  crank-shaft.     One  flywheel 
weighs  1100  Ib.  and  has  a  radius  of  33  inches;  the  other  weighs  800  Ib.  and 
has  a  radius  of  27  inches.     The  shaft  is  3' 5  inches  in  diameter  and  its  equivalent 
length  between  the  wheels  is  30  inches.     Taking  the  modulus  of  rigidity  to  be 
5500  tons  per  square  inch,  find  the  frequency  of  natural  torsional  vibration. 
Prove  the  formula  for  the  time  of  vibration.  (Lond.  B.Sc.  1910.) 

34.  A  steel  shaft  3^  inches  in  diameter  has  two  wheels  weighing  3000  and 
4000  Ib.  respectively  fixed  upon  it  at  a  distance  of  42  inches  apart.     The  radii  of 
gyration  of  the  wheels  are  30  inches  and  33  inches  respectively.     Calculate  the 
frequency  of  the  natural  torsional  vibrations,  and  prove  the  formula  employed. 
The  effect  of  the  inertia  of  the  shaft  may  be  neglected. 

Modulus  of  transverse  rigidity  =  12,000,000  Ib.  per  square  inch. 

(Lond.  B.Sc.  1913.) 


CHAPTEE   IV 
WORK   AND   ENERGY 

49.  Work. — A  force  is  said  to  do  work  when  its  point  of  appli- 
cation moves  in  any  direction  not  perpendicular  to  that  of  the 
force.  The  measure  of  the  work  done  is  the  product  of  the  force 
and  the  displacement  in  the  direction  of  the  force  ;  that  is, 

Work  =  P. s  cos  0 (1) 

where  P  is  the  force,  s  the  displacement,  and  9  the  angle  between 
the  line  of  action  of  the  force  and  the  displacement.  It  will  be 
noticed  that  the  work  done  is  independent  of  the  time  taken  or 
the  path  over  which  the  point  of  application  of  the  force  moves. 
The  engineering  unit  of  work  is  the  foot-pound,  and  may  be 
exemplified  by  the  work  done  in  lifting  1  pound  through  a 
vertical  distance  of  1  foot. 

50.  Work  done  by  a  Variable   Force, — The  work  done  by  a 
variable  force  may  be  readily  found  graphically.    Draw  a  diagram 
whose  base  represents  the  linear  distance 
through  which  a  body  moves  under  the 
action  of  a  force,  and  whose  ordinate  at 
any  point  represents  the  magnitude  of  the 
force  at  that  point  (Fig.  22).     When  a 
body  moves  through  a  very  small  distance 
DISTANCE  IN  FEET.          a^  faQ  work  done  is  represented  by  the 

area  of  the  rectangle  aide.     Hence  the 

total  work  done  is  represented  by  the  area  of  the  whole  diagram. 
Let  the  scales  of  the  diagram  be — 

1  inch  in  height  represents  x  Ib. 
1  inch  in  length  represents  y  feet 
.*.  1  sq.  inch  in  area  represents  xy  ft.-lb. 
/.  work  done  =  area  of  diagram  in  sq.  inches  X  xy  ft.-lb. 
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The  mathematical  expression  for  the  work  done  by  a  variable 
force  is  /P  .  ds. 

51.  Work  done  by  a  Torque.  —  Let  P  be  a  force  acting  at  radius  r 
from  a  fixed  centre  0.     The  torque  about  0  is  Pr. 

The  work  done  =  force  X  space  passed  through 
=  P  x  rO  =  Pr  .  6 
=  T  X  6 

:.  work  done  =  torque  X  angle  through  which  torque  acts  .  (2) 
8  must  be  expressed  in  radians  and  not  in  degrees. 

52.  Work  done  by  Moving  Piston.  —  Let  a  be  the  cross-sectional 
area  of  a  piston  subject  to  a  pressure 

of  p  (Fig.  23).  Let  v±  be  the  original 
volume  of  the  cylinder  and  v2  the 
final  volume.  Let  s1  be  the  original 
displacement  of  the  piston  and  s2 
the  final  displacement.  Then  — 

vl  =  a  .  s  j    and     v2  =  a  .  s2 
But  work  done  =  a  .  p  .  (s2  —  Si) 


= pressure  X  change 
in  volume  .  (3) 


I 
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FIG.  23. 


53.  Efficiency  of  a  Machine.—  The  ratio  of  the  useful  work 
obtained  from  a  machine  to  the  whole  amount  of  work  put  into  it 
in  a  given  time  is  called  the  efficiency.  Let  W  be  the  work  done 
by  the  applied  forces,  Wy  the  useful,  and  WL  the  lost  work  when 
the  machine  is  workin  at  a  uniform  rate.  Then 


Efficiency  =  ^  =  = 


(4) 


nput       W 

The  efficiency  of  a  number  of  machines  working  in  series  is 
the  continued  product  of  their  separate  efficiencies.  On  account 
of  friction,  the  efficiency  of  a  machine  is  always  less  than  unity. 

Many  machines  may  be  operated  in  either  direction.  For 
example,  the  lever,  pulley,  screw,  etc.,  may  be  used  to  lower  as 
well  as  to  raise  a  mass.  Some  of  these  machines  can  be  operated 
backward  without  direct  assistance,  but  others  do  not  overcome 
the  internal  resistances,  and  an  external  force  must  be  applied  to 
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assist  the  working.  In  the  former  case  the  machines  are  said  to 
overhaul,  and  in  the  latter  to  self-lock.  Such  machines  are  self- 
locking  when  the  efficiency  is  less  than  £,  that  is,  the  friction  of 
the  machine  is  then  of  itself  sufficient  to  hold  the  mass  sus- 
pended. 

54.  Mechanical  Advantage  of  a  Machine. — If  in  any  machine 
an  applied  force  P  moves  a  resistance  Q,  the  ratio  ^  is  known  as 

the  mechanical  advantage.  If  a  be  the  distance  through  which 
the  applied  force  acts,  and  &  the  corresponding  distance  for  the 
resistance,  Q .  5  cannot  be  >  P .  a,  but  is  more  probably  less, 
because  of  the  lost  work. 

55.  Power. — The  power  of  an  agent  is  the  amount  of  work  it 
can  do  in  unit  time. 

dCwork) 

Power  =    v    7J    ' 
dt 

The  unit  of  power  adopted  by  the  engineer  in  Great  Britain 
and  America  is  the  horse-power,  that  is,  33,000  foot-pounds  of 
work  per  minute,  or  550  foot-pounds  of  work  per  second.  The 
simplest  method  of  determining  horse-power  is  to  divide  the  work 
done  per  minute  by  33,000.  The  Continental  horse-power  is 
4500  kilogram-metres  per  minute.  The  electrical  unit  of  power 
is  the  watt. 

One  British  horse-power  =  746  watts  =  0*746  kilowatt. 
One  Continental  horse-power  =  736  watts. 

One  Board  of  Trade  unit  =1000  watt-hours. 

It  should  be  remembered  that  H.-P.  -hours  and  kilowatt-hours 
represent  work,  and  not  power. 

56.  Energy. — The  energy  of  a  body  is  its  capacity  to  do  work. 
Energy  is  of  two  kinds,  potential  and  kinetic. 

The  Potential  energy  of  a  body  is  its  capacity  to  do  work  in 
virtue  of  its  position,  or  in  virtue  of  the  relative  positions  of  one 
part  of  the  body  relative  to  another.  A  mass  of  weight  W,  situ- 
ated h  feet  above  a  given  datum  line,  has  W .  h  foot-pounds  of 
potential  energy,  since  it  can  do  this  amount  of  work  in  falling  to 
the  datum  level.  A  compressed  spring  has  potential  energy, 
since  it  can  do  work  in  returning  to  its  unrestrained  form. 

The  Kinetic  energy  of  a  body  is  its  capacity  to  do  work  in 
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virtue  of  its  motion.  The  measure  of  the  kinetic  energy  of  a 
moving  body  is  the  amount  of  work  which  can  be  done  by  the 
body  before  coming  to  rest.  It  can  readily  be  shown  that  the 

W 

kinetic  energy  of  a  body  moving  with  velocity  v  is  J  —  v2  foot- 

c/ 

pounds.  In  the  case  of  a  body  rotating  about  an  axis,  the  kinetic 
energy  is,  by  analogy,  J-Ico2. 

The  kinetic  energy  of  a  rotating  body  is  sometimes  usefully 
written  in  another  form  — 


where  N  is  the  number  of  revolutions  per  minute.     Hence 

i!co2  =  M.N2 

where  M  is  a  constant  for  any  given  body. 

Another  important  fact  regarding  kinetic  energy  may  be  thus 
deduced.     Since  — 

2  —    % 


WWW 

...   i  ZV  _  iJ%2  =  JZ  .  a  .  s  =  p  .  8 

2  9  2  9  9 

That  is,  the  work  done  by  an  accelerating  force  on  a  body  is 
equal  to  the  kinetic  energy  imparted  to  that  body.  The  kinetic 
energy  of  a  train,  for  example,  represents  the  work  done  by  the 
accelerating  force  which  caused  the  motion.  Furthermore,  this 
energy  must  be  dissipated  before  the  train  can  stop.  Air  resistance 
and  friction  would  be  sufficient  to  do  so,  but  brakes  are  provided 
which  dissipate  energy  more  quickly,  and  hence  stop  the  train 
after  the  lapse  of  a  shorter  interval  of  time. 

57.  Total  Kinetic  Energy  of  a  Body.  —  A  body,  e.g.  a  rolling 
disc,  may  have  a  motion  compounded  of  linear  and  angular  veloci- 
ties.    Its  total  kinetic  energy  is  the  sum  of  the  kinetic  energy  of 
translation  and  the  kinetic  energy  of  rotation. 

W 

Total  kinetic  energy  =  J  —  v*  +  |I  .  co2 

58.  Conservation  of  Energy.—  Of  the  natural  sources  of  energy 
the  following  are  the  most  important  :  —  (1)  Live  motors,  such  as 
man,  the  horse,  etc.  ;  (2)  falling  water,  with  which  is  included 
tidal  movements  of  water  ;  (3)  moving  air  ;  (4)  substances  in  which 
chemical  energy  is  stored,  such  as  fuels,  etc.      These  themselves 
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derive  their  energy  directly  or  indirectly  from  one  common  source, 
the  sun. 

The  forms  in  which  energy  may  show  itself  are  (a)  mechani- 
cal energy,  (b)  heat  energy,  (c)  magnetic  and  electric  energy, 
(d)  chemical  energy,  and  (e)  radiant  energy. 

The  principle  of  the  Conservation  of  Energy  states  that  energy 
can  never  be  created  nor  destroyed,  but  only  transformed.  In 
being  transformed  some  of  it  may  not  be  usefully  recovered,  but 
the  total  energy  before  and  after  the  operation  is  the  same.  The 
work  done  in  overcoming  friction,  for  example,  is  frequently  the 
cause  of  the  wastage  of  energy  and  the  lowering  of  mechanical 
efficiency.  Mechanical  energy  is  then  transformed  into  heat 
energy  and  dissipated,  but  it  is  not  destroyed. 

Mechanical  energy  may  be  turned  into  heat  energy  without 
much  loss,  but  the  reverse  process  is  very  inefficient.  Mechanical 
energy  may  be  changed  from  potential  to  kinetic  without  any 
appreciable  loss.  This  may  be  readily  proved  in  the  case  of  a 
body  falling  freely  under  gravity.  If  a  body  falls  from  a  height 
Ax  to  a  height  hz,  we  have — 

&  =  u*  +  2g(h1  —  h2) 


W  W 

•    2  g  V  2  -  -2  g  U  ll 

That  is,  the  total  energies  at  the  two  heights  is  constant  when  the 
resistance  of  the  air  has  been  neglected. 

In  the  measurement  of  thermal  energy,  the  British  thermal 
unit  may  be  employed.  This  unit  is  the  quantity  of  heat  required 
to  raise  1  Ib.  of  water  1°  F.,  and  its  mechanical  equivalent  is 
778  ft.-lb. 

The  heat  unit  which  will  in  all  probability  be  most  extensively 
used  in  Great  Britain  in  the  near  future  is  the  pound-calorie, 
which  is  the  quantity  of  heat  required  to  raise  1  Ib.  of  water  1°  C. 
The  mechanical  equivalent  of  this  heat  unit  is  1400  ft.-lb. 

The  principle  of  the  conservation  of  energy  as  applied  to 
mechanics  may,  perhaps,  be  more  usefully  remembered  in  the 
form  that  the  work  done  by  the  forces  which  accelerate  a  body  is 
equal  to  the  kinetic  energy  imparted  to  the  body.  This  fact  may 
frequently  be  utilized  to  determine  the  equations  of  motion  of 
a  body,  particularly  those  of  a  body  rolling  down  an  inclined 
plane. 
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EXAMPLE  1.  —  A  thin  circular  disc,  12  inches  radius,  has  a  projecting  axle 
i  inch  diameter  on  either  side.  The  ends  of  this  axle  rest  on  two  parallel 
inclined  straight  edges  inclined  at  a  slope  of  1  in  40,  the  lower  part  of  the  disc 
hanging  between  the  two.  The  disc  rolls  from  rest  through  one  foot  in  53  £ 
seconds.  Neglecting  the  weight  of  the  axle  and  frictional  resistances,  find  the 
value  of  g.  (I.C.E.) 


a  =     =^  foot  per  sec.  per  sec. 


4 
y  =  at  =  jQ=  foot  per  sec. 

Work  done  —  total  energy  of  disc  +  work  done  in  overcoming  friction 


W 

— 


9.  =  $  8  +1  liYiizYJ 

40      (1072      2*   2    V.48/J 
.*.  g  =  32-2  feet  per  sec.  per  sec. 

EXAMPLE  2.  —  See  Example  3,  page  35. 

Apply  the  principle  of  the  conservation  of  energy  before  and  after  the  cage 
has  been  lifted  60  feet. 

Work  done  by  motor  =  work  done  on  cage  +  K  .  E  of  cage  +  K  .  E  of  drum 
4-  work  done  in  overcoming  friction 

.     ,.  18,000  x  f°  =  6000  X  60  +  4  f™  x  *  +  j 

/.  18,000  x  24  =  6000  x  60  +  g^J  6000  + 

72  x  64-4 

v~  ~  —  ^-74  —  **'  v  ~  Per  sec' 

«  =  \vt  .'.  t  =  5*5  sees. 

v  —  at  .'.  a  =  3-97  feet  per  sec.  per  sec. 

Tension  =  wl  +  -"   =  6740  Ib. 


59.  Analogies    between    Linear    and   Angular    Motions.  —  The 

following  table  summarizes  the  results   of  the   preceding  para- 
graphs, and  should  be  closely  studied  by  the  student  :  — 


50 


THE  THEORY   OF  MACHINES 


TABLE  I. 

Quantity. 

Linear. 

Angular. 

1    Displacement  
2    Velocity           

S 
V 

e 

ta 

3    Acceleration    

a 

a 

4    Equations  of  motion  .  .  . 

v  =  u  -f-  at 

wl  =  w0  +  at 

s  =  ut  +  %aP 

0  =  o)0t  +  Aa£2 

v2  -  u-  +  2as 

a>,2  =  a>02  +  2aQ 

(5)  Inertia  

W 
'Mass  =  

W 

Moment  of  inertia  I  =  —  k2 

g 

g 

[6)  Momentum      

Wv 

I* 

g 

7)  Force.     (Torque) 

w 

Force  P  =  —  a 

n 

Torque  T  =  la 

(8) 

W 

Centripetal  force  to  T 

Gyroscopic  torque  Itt^ 

g 

9)  Impulse            

Pt  =  ^v 

Tt  —  Iu> 

g 

.0)  Work     

Ps 

T0 

1)  Power   

Pv 

Tw 

.2)  Kinetic  energy 

^ 

iw 

60.  The  Checking  of  Formulae.  —  Whilst  it  is  always  desirable 
to  be  able  to  prove  any  of  the  formulae  of  mechanics  from  first 
principles,  it  is  often  necessary  to  quote  and  use  them  directly. 
In  order  to  make  certain  that  they  have  not  been  misquoted,  two 
checks  upon  their  accuracy  should  be  made,  what  may  be  called 
the  check  of  Dimensions  and  the  check  of  Units. 

Kegarding  the  first,  it  will  be  known  that  in  any  Absolute 
system  of  dynamical  measurement,  the  fundamental  units  are 
those  of  mass,  length,  and  time,  and  are  represented  by  M,  L,  and 
T  respectively.  For  engineering  purposes,  however,  it  is  more 
convenient  to  consider  the  Gravitational  system  in  which  1  pound 
is  the  unit  of  force  or  weight,  1  foot  is  the  unit  of  length,  and 
1  second  is  the  unit  of  time.  The  dimensions  of  all  quantities 
may  then  be  readily  expressed  in  terms  of  these.  For  example, 
the  unit  of  linear  velocity,  being  that  of  a  point  describing  1  foot 

second,  has  the   dimension    -  -,  ;    the  unit  of   angular 


in  1 


maSS 


, 
second 

force 
acceleration- 


,,          .,      f 

the  Umt   °f  ma8S  1S 


;   the  Unit  °f 
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of  torque,  pound  X  foot,  cannot   be   differentiated  from  that  of 

work;    the   unit    of   energy   (£?*)*    P°nnd    X  f-JgLY  or 

^    9    '  foot         Vsecond/ 

(second)2 
foot-pound,  and  is  therefore  the  same  as  that  of  work. 

The  theory  of  dimensions  is  a  ready  method  of  testing  the 
accuracy  of  the  equations  between  mechanical  quantities.     Con- 
sider some  of  the  formulae  already  proved  or  to  be  proved  later  :  _ 
(1)  Gyroscopic  torque  =  Ic^coo  (par.  45). 

W 

Since  I  =  —  &2,  the  dimension  for  the  right-hand  side  of  the 


equation   is  X  (foot)*  x  X          -  i.e.  pound-foot, 


(second)2 
which  checks  with  the  dimension  of  the  left-hand  side. 

(2)  Accelerating  force  of  reciprocating  parts 

W  r 

=  —a>*r(co8  0  +  j  cos  29)  (par.  347). 

The  dimension  for  the  latter  expression  is  — 

pound  1 

—  E3Tf  —  x  ?  -  j\5  X  f°ot>  *•*•  pound, 
loot          (second)2 

(second)2 

which  also  checks  with  the  dimension  of  the  left-hand  side. 

The  second  check  is  that  of  Units,  and  should  be  made  in 
order  to  ascertain  the  units  as  a  result  of  a  numerical  calculation. 
This  check  is  similar  to  the  previous,  but  the  actual  units  of 
measurement,  tons  or  pounds  for  force,  feet  or  inches  for  length, 
minutes  or  seconds  for  time,  are  to  be  substituted.  If,  for 
example,  the  numerical  result  of  a  formula  is  required  in  seconds, 
all  the  time-units  used  must  be  expressed  in  seconds,  and  not 
in  minutes.  Perhaps  the  importance  of  this  check  can  be  better 
brought  out  by  quoting  some  formulae,  in  using  which  students 
very  commonly  make  mistakes. 

(3)  The  height  h  of  a  pendulum  governor  is  ~  (Par-    329). 

In  the  right-hand  term,  g  is  generally  quoted  as  32*2,  the  units 
being  feet  and  seconds.  Hence  a)  must  be  expressed  in  radians 
per  second  and  the  height  h  in  feet.  Generally  the  height  of  a 
governor  is  given  in  inches  ;  clearly,  unless  it  is  converted  into 
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feet,  or  g  expressed  in  inches  per  second  per  second,  the  right 
value  of  aj  cannot  be  obtained. 

(4a)  Work  done  =  pressure  X  change  in  volume  (par.  52). 
Pressure  is  generally  expressed  in  Ib.  per  square  inch.  Hence 
the  volume  should  be  expressed  in  cubic  inches,  and  the  unit  for 
the  work  done  is  an  inch-pound. 


(46)  Centrifugal  tension  T3  = —  (par.  247). 
Hoop  stress /=  —  (par.  320). 

The  similarity  between  these  two  formulae  is  a  cause  of  much 
confusion  amongst  students.  A  little  consideration  will  show 
that  it  is  easily  possible  to  differentiate  between  the  two  and 
determine  the  correct  units  for  T3  and  /. 

Since  g  is  taken  to  be  32-2  feet  per  second  per  second,  v  must 
be  expressed  in  feet  per  second  in  both  cases.  If  w  be  expressed 
in  Ib.  per  cubic  foot  (thus  keeping  the  unit  of  length  the  same 
throughout),  the  unit  of  the  numerical  answer  will  be  Ib.  per 
square  foot  in  both  cases.  If  in  the  centrifugal  tension  formula 
w  be  expressed  in  Ib.  per  foot-run,  T3  will  be  measured  in  pounds ; 
if  in  Ib.  per  square  foot  of  surface,  T3  will  be  measured  in  Ib.  per 
foot-width. 

EXERCISES  IV 

1.  A  load  of  5  tons  is  being  hauled  by  a  wire  rope  up  an  incline  of  1  in  140. 
Frictional  resistance  is  60  Ib.  per  ton.    At  a  certain  instant  the  velocity  is  15 
miles  per  hour,  and  the  acceleration  up  the  incline  is  1  foot  per  second  per 
second.    Find  the  pull  in  the  rope  and  the  horse-power  exerted  at  that  instant. 

(I.C.E.) 

2.  A  colliery  rope  weighs  3  Ib.  per  foot  of  length,  and  the  suspended  cage 
when  loaded  weighs  1  ton.     Find  the  mean  B.H.P.  of  an  engine  to  wind  up  the 
cage  from  a  depth  of  1000  feet  in  3  minutes. 

3.  A  cyclist  running  at  20  miles  per  hour  comes  to  the  foot  of  a  hill  which 
rises  at  the  uniform  gradient  of  1  in  40.     How  far  will  the  bicycle  run  up  the 
gradient  without  pedalling  if  the  rolling  and  frictional  resistances  amount  to  ^ 
of  its  loaded  weight  ?  (I.C.  E.) 

4.  If  a  cyclist  always  works  with  ^  H.P.  and  goes  12  miles  per  hour  on  the 
level,  find  the  resistance  to  motion.    If  the  rider  and  machine  weigh  12  stone, 
find  the  speed  when  mounting  an  incline  of  1  in  50. 

5.  Wind  blowing  at  20  miles  per  hour  impinges  against  the  vanes  of  a  wind- 
mill, the  plane  in  which  the  vanes  rotate  being  perpendicular  to  the  direction  of 
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the  wind.  The  vane  circle  is  6  feet  diameter.  If  the  efficiency  of  the  windmill 
is  30  per  cent.,  find  the  useful  horse-power.  Take  the  weight  of  air  as  O08  Ib. 
per  cubic  foot.  (I.C.E.) 

6.  What  is  the  mean  effective  horse-power  of  a  locomotive  which  pulls  a 
train  of  300  tons  load  a  distance  of  156  miles  in  2f  hours,  assuming  the  train 
resistance  to  be  15  Ib.  per  ton  ? 

7.  Find  the  horse-power  of  an  engine  drawing  a  train,  the  total  weight  of 
which,  including  the  engine,  is  450  tons,  up  an  incline  of  1  in  150,  at  the  rate  ot 
40  miles  per  hour,  the  frictional  resistance  being  12  Ib.  per  ton.     If  whilst  the 
engine  is  ascending  the  incline  steam  is  shut  off,  find  how  far  the  train  will  move 
up  the  incline  before  coming  to  rest  after  shutting  off  steam,  assuming  that  the 
resistance  to  motion  remains  constant. 

8.  A  steam  hammer  weighing  20  tons  falls  vertically  through  5  feet,  being 
pressed  downwards  by  steam  pressure  equal  to  the  weight  of  30  tons :  what 
velocity  will  it  require,  and  how  many  foot-lb.  of  work  will  it  do  before  coming 
to  rest  ? 

9.  Find  the  cost  of  running  a  train  for  50  miles  at  an  average  speed  of  30 
miles  per  hour,  when  the  average  horse-power  is  400,  and  electrical  energy 
costs  \\d.  per  Board  of  Trade  unit. 

10.  A  train  weighing  300  tons  is  travelling  down  a  gradient  of  1  in  200. 
The  steam  is  shut  off  at  a  point  800  feet  from  the  foot  of  the  gradient  when  the 
speed  is  40  miles  per  hour.     On  leaving  the  gradient  the  train  runs  along  a  level 
track.     The  brakes  are  applied  immediately  the  train  reaches  the  foot  of  the 
gradient,  and  the  retardation  produced  thereby  is  2  feet  per  second  per  second. 
If  the  frictional  and  wind  resistances  are  constant  and  equal  to  10  Ib.  per  ton, 
find  how  far  the  train  will  go  after  steam  is  shut  off. 

11.  A  balloon  has  a  total  weight  of  1  ton,  and  is  at  rest  900  feet  above  the 
ground.     It  suddenly  lets  fall  1  cwt  of  ballast ;  neglecting  friction,  find  how 
high  it  will  have  risen  when  the  ballast  reaches  the  ground.  (I.C.E.) 

12.  If  energy  costs  %\d.  per  H.P.-hour,  find  the  cost  of  stopping  a  steamer  ot 
18,000  tons  displacement  when  moving  at  a  speed  of  25  knots. 

13.  A  train  of  120  tons  is  to  be  taken  from  one  station  to  another  a  mile  off 
up  an  incline  of  1  in  80  in  4  minutes  without  using  brakes.     Neglecting  passive 
resistances,   determine   the   minimum  draw-bar  pull  to  be    exerted    by  the 
engine. 

14.  The  total  average  force  on  the  pistons  of  a  double-acting  steam-engine  of 
3  foot  6  inch  stroke  is  130  tons,  the  actual  thrust  delivered  by  the  screw  25  tons, 
the  pitch  of  the  screw  20  feet,  and  the  slip  of  the  screw  10  per  cent.    Determine 
the  efficiency  of  the  propelling  apparatus.  (I.C.E.) 

15.  In  a  differential  pulley  block  the  velocity  ratio  is  30  to  1.    When  tested 
it  was  found  that  a  pull  of  7  Ib.  would  just  raise  a  load  of  24  Ib.,  and  a  pull  of 
25  Ib.  a  load  of  240  Ib.     Find  the  probable  pull  required  to  lift  150  Ib.,  and  the 
efficiency  under  this  load.  (I.C.E.) 

16.  In  a  lifting  tackle,  the  weight  is  lifted  1'8  inches,  while  the  point  of 
application  of  the  power  moves  down  7  feet  6  inches,  and  40  Ib.  is  found  just  suffi- 
cient to  lift  1000  Ib,    What  is  the  mechanical  advantage  and  efficiency  of  the 
apparatus  ? 
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17.  A  swing  bridge  carried  on  a  pivot  weighs  200  tons.    The  radius  of  gyra- 
tion of  the  mass  of  the  rotating  bridge  is  25  feet.     The  diameter  of  the  circular 
rack  by  which  rotation  is  effected  is  19  feet.     The  bridge  is  to  be  started  from 
rest  and  uniformly  accelerated  through  an  arc  of  22|°  in  10  seconds.     What 
must  be  the  pressure  exerted  by  the  driving  pinion  upon  the  teeth  of  the  circular 
rack  to  produce  the  requisite  acceleration  ? 

It  is  found  by  other  calculations  that  the  friction  of  pivot  and  gearing  and  the 
effect  of  unbalanced  wind  require  an  addition  of  100  per  cent,  to  the  power  as 
calculated  merely  for  overcoming  the  inertia.  What  H.P.  is  required  to  operate 
the  bridge  at  maximum  speed  attained  ?  (I.C.E.) 

18.  A  cage  weighing  2  tons  is  lifted  a  vertical  distance  of  ^  mile  by  means 
of  an  engine  which  exerts  a  constant  tractive  effort.     The  steam  is  shut  off 
during  the  ascent  so  that  the  cage  just  comes  to  rest  at  the  surface.     Find  the 
H.P.  of  the  engine  and  the  maximum  tension  in  the  rope,  so  that  the  total  time 
of  ascent  is  exactly  2  minutes.     Neglect  frictional  losses. 

19.  A  vertical  helical  spring  whose  weight  is  negligible  is  extended  1  inch  by 
an  axial  pull  of  100  Ib.    A  weight  of  250  Ib.  is  attached  to  it,  and  set  vibrating 
axially.    Find  the  time  of  a  complete  vibration.    If  the  amplitude  of  the  oscilla- 
tion is  2  inches,  find  the  kinetic  energy  when  the  weight  is  f  inch  below  the 
central  position.  (I.C.E.) 

20.  A  steam-engine  develops  80  I.H.P.  at  100  revolutions  per  minute  against 
a  steady  load.    The  flywheel  weighs  3  tons,  and  has  a  radius  of  gyration  of  5  feet. 
If  the  load  suddenly  changes  to  one-eighth  of  the  initial  value,  and  there  is  no 
change  in  the  steam  supply  for  2  revolutions  after  the  reduction  of  load,  calculate 
the  change  of  speed  from  beginning  to  end  of  this  period.  (Lond.  B.Sc.  1909.) 

21.  An  engine  develops  500  I.H.P.  at  75  revolutions  per  minute.    The  mass 
of  the  flywheel  is  25  tons,  and  the  radius  of  gyration  9  feet  6  inches.    Neglecting 
friction,  find  how  long  the  engine  will  take  to  get  up  speed,  assuming  that  the 
indicator  cards  have  the  same  area  at  all  speeds.    If  the  friction  horse-power  is 
50  at  75  revolutions  per  minute,  and  if  the  frictional  resistance  is  constant,  how 
long  will  the  engine  run  before  coming  to  rest  after  steam  is  shut  off  ? 

(Lond.  B.Sc.  1907.) 

22.  An  engine  developing  80  horse-power  has  a  flywheel   10  feet  mean 
diameter,  weighing  4000  Ib.,  and  making  120  revolutions  per  minute.    The  load 
on  the  engine  is  reduced  to  60  horse-power.     Assuming  that  the  governor  fails 
to  act,  that  the  speed  increases  at  a  uniform  rate,  that  the  horse-power  developed 
in  the  cylinder  is  proportional  to  the  speed,  and  that  all  the  surplus  energy  is 
stored  in  the  flywheel,  find  the  horse-power  developed  and  the  speed  at  the  end 
of  one  minute.  (Lond.  B.Sc.  1905.) 

23.  Obtain  an  expression  for  the  kinetic  energy  of  a  rigid  body  moving  in  any 
manner  in  a  plane. 

A  pair  of  railway  wheels,  mass  of  each  1200  Ib.,  diameter  4  feet  6  inches, 
radius  of  gyration  22  inches,  start  from  rest  on  a  gradient  of  1  in  25.  Find  the 
speed  at  which  they  will  be  travelling  after  passing  over  200  yards. 

If  the  coefficient  of  adhesion  between  wheels  and  rails  is  0-24,  find  the 
gradient  at  which  they  are  as  ready  to  slide  as  to  roll.  (Lond.  B.Sc.  1908.) 

24.  A  steam-engine  develops  200  I.H,P.  at  250  revolutions  per  minute,  and 
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its  mechanical  efficiency  under  these  conditions  is  90  per  cent.  Its  ftywheel 
consists  of  a  solid  cast-iron  disc  4  feet  diameter  and  6  inches  thick.  Assuming 
that  the  driving  torque  and  frictional  resistances  remain  constant  at  all  speeds, 
find  how  long  it  takes  for  the  engine  to  get  up  speed.  Find  also  how  long  the 
engine  will  rim  before  coming  to  rest  after  steam  is  shut  off. 

(Lond.  B.Sc.  1910.) 

25.  Describe  one  form  of  apparatus  suitable  for  determining  the  acceleration 
or  retardation  of  a  vehicle  in  motion  on  a  road  or  on  a  railway. 

A  train  weighing  120  tons  is  travelling  at  a  uniform  speed  of  20  miles  per 
hour  when  the  steam  is  suddenly  shut  off,  and  the  retardation  is  found  to  be 
1*1  feet  per  second  per  second.  Calculate  the  horse -power  exerted  by  the 
locomotive.  (Lond.  B.Sc.  1913.) 

26.  A  railway  truck  weighing  5  tons  is  mounted  on  two  pairs  of  wheels  of 
21  inches  radius,  each  pair  weighing  10  cwt.  and  having  a  radius  of  gyration  of 
18  inches.     If  the  truck  begins  to  roll  down  a  slope  of  1  in  50,  find  what  time  it 
will  take  to  traverse  a  distance  of  250  feet  if  friction  and  other  resistances  are 
neglected.  (Lond.  B.Sc.  1913.) 

27.  Determine  from  the  data  given  below  the  total  kinetic  energy  of  a  solid 
cast-iron  wheel  of  diameter  4  feet  when  rolling  at  uniform  speed  along  a  plane 
surface : — 

Thickness  of  wheel,  4  inches ; 

Velocity  in  miles  per  hour,  40 ; 

Weight  of  cast  iron  of  wheel  per  cubic  inch,  0'28  Ib. 

If  a  shoe  brake  is  applied  to  the  circumference  of  the  wheel  with  a  pressure 
of  4  tons,  in  what  distance  would  the  wheel  be  brought  to  rest  from  the  above 
velocity  ? 

Coefficient  of  friction  between  wheel  and  shoe,  0*35 ; 

Coefficient  of  friction  between  wheel  and  plane  surface,  0-45. 

(Lond.  B.Sc.  1908.) 

28.  A  thin  heavy  door,  mass  700  Ib.,  width  3  feet,  swings  about  one  vertical 
edge.    When  the  door  is  swinging  so  that  its  outer  edge  moves  at  7  feet  per 
second,  it  is  brought  to  rest  by  means  of  a  buffer,  which  applies  a  uniform  force, 
in  15  degrees  of  swing.    If  the  buffer  is  at  the  outer  edge  of  the  door,  find  the 
force  it  exerts  and  also  the  magnitude  and  direction  of  the  pressure  on  the 
hinges.    Assume  the  buffer  to  be  in  the  same  horizontal  plane  as  the  centre  of 
mass  of  the  door.  (Lond.  B.Sc.  1908.) 

29.  A  cage  weighing  4480  Ib.  is  raised  by  a  rope,  one   end  of  which  is 
wrapped  round  a  drum  45  inches  in  diameter.    The  drum  weighs  \  ton,  has  a 
radius  of  gyration  of  21'6  inches,  and  is  rotated  by  an  electric  motor  which 
exerts  a  constant  torque  of  12,700  foot-pounds.     If  the  rope  is  tight  when  the 
drum  begins  to  revolve,  determine  : — 

(1)  The  acceleration  of  the  cage  in  feet  per  second  per  second. 

(2)  The  tension  in  the  rope  in  pounds. 

Neglect  all  friction  losses  and  the  weight  of  the  rope.     (Lond.  B.Sc.  1914.) 

30.  An  engine  develops  450  H.P.  at  70  revolutions  per  minute.     The  mass 
of  the  flywheel  is  24  tons,  and  its  radius  of  gyration  9  feet.     Assuming  that  the 
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mean  effective  steam  pressure  remains  constant  at  all  speeds,  find  how  long  the 
engine  will  take  to  get  up  speed. 

If  the  friction  H.P.  is  45  at  70  revolutions  per  minute,  and  if  the  frictional 
resistance  is  constant,  how  long  will  the  engine  run  before  coming  to  rest,  if 
steam  is  shut  off?  (Lond.  B.Sc.  1914.) 

31.  A  railway  truck  weighing  2J  tons  has  four  wheels  whose  combined 
weights  are  f  ton.  The  diameter  of  the  tread  of  each  wheel  is  3  feet  1\  inches, 
and  the  radius  of  gyration  of  each  axle  with  its  two  wheels  is  1'44  feet.  When 
the  truck  is  moving  at  a  speed  of  10  miles  per  hour,  it  strikes  a  hydraulic  buffer 
and  comes  to  rest  in  a  distance  of  2  feet.  Calculate  the  amount  the  wheels  slip 
over  the  rail  before  coming  to  rest.  Assume  the  coefficient  of  friction  between 
wheel  and  rail  to  be  0*3  and  constant.  (Lond.  B.Sc.  1914.) 


CHAPTER   V 

PLANE  MOTION  OF  A  PARTICLE  UNDER  VARIABLE  ACCELE- 
RATION— DISPLACEMENT  VELOCITY  AND  ACCELERATION 
DIAGRAMS 

61.  Variable  Acceleration  of  a  Particle. — In  the  examination  of 
the  motion  of  a  particle  given  in  Chap.  II.,  the  general  case 
of  variable  acceleration  was  purposely  omitted.  The  equations 
of  motion  previously  given  (par.  11)  hold  good  as  long  as  the 
acceleration  is  constant,  whilst  if  the  acceleration  vary  according 
to  a  definite  law,  the  corresponding  equations  of  motion  may  be 
deduced  without  much  difficulty.  In  practice,  however,  it  very 
frequently  happens  that  the  acceleration  of  a  body  varies  from 
instant  to  instant,  and  does  not  obey  an  ascertainable  law  of  varia- 
tion. Take  the  case  of  a  train  running  between  two  stations.  In 
successive  journeys,  the  accelerations  at  different  places  need 
not  be  constant  even  though  the  times  taken  by  the  train  for 
the  run  may  be  exactly  equal.  The  ascertainment  of  the 
acceleration  at  various  points  is  then  of  importance,  as  it  must 
be  known  before  the  complete  analysis  of  the  resistance  of  the 
train  can  be  made.*  In  this  and  all  similar  cases  the  relationships 
between  displacement,  velocity,  and  acceleration  are  best  found 
by  graphical  or  tabular  means.  There  are  two  sets  of  diagrams 
to  be  clearly  differentiated,  viz.  those  drawn  to  a  time  base,  and 
those  drawn  to  a  displacement  base. 

TIME-BASE  DIAGRAMS 

62.  Displacement-Time  Diagrams. — By  plotting  to  rectangular 
co-ordinates  a  curve  whose  ordinates  represent  the  linear  dis- 
placements of  a  particle,  and  whose  abscissae  represent  its  time 
of  displacement,  the  complete  motion  of  the  particle  is  specified. 
Such  a  curve  is  shown  in  Fig.  24,  the  particle  in  this  case  starting 

*  An  accelerometer  is  an  instrument  used  for  measuring  the  acceleration  or 
retardation  of  a  moving  body,  such  as  a  motor-car  or  a  train.  For  a  description 
of  the  Wimperis  Accelerometer,  see  Brit.  Assoc.  Report,  Sect.  G,  1910,  or,  The 
Engineer,  September  16,  1910. 
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at,  and  finally  coming  to,  rest.  From  this  curve  the  time  taken 
in  traversing  any  given  distance,  or  the  distance  covered  in  any 
interval  of  time  may  be  found.  The  curve  may  likewise  be  used 


TIME. 

FIG.  24. 


O 


C  TIME. 

FIG.  25. 


FIG.  26. 
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as  a  basis  for  determining  the  velocity  and  acceleration  of  the 
particle  at  various  times. 

ds 

63.  Velocity-Time  Diagram. — Since  v  =  -=-,  the  tangent  of  the 

Cut 

angle  of  slope  at  any  point  on  the  displacement  curve  is  pro- 
portional to  the  velocity  at  that  point.  For  example,  in  Fig.  24, 
at  the  end  of  the  time  represented  by  Oa,  the  displacement  of  the 
particle  has  been  ab.  At  b  draw  a  tangent  to  the  curve  and  let 
the  inclination  of  this  line  to  Oa  be  a,  At  the  corresponding  time 
c  in  the  velocity-time  diagram  (Fig.  25),  set  up  an  ordinate  cd 
proportional  to  tan  a.  By  drawing  a  series  of  such  ordinates 
the  complete  velocity  diagram  may  be  drawn.  This  diagram  is 
said  to  be  a  differentiation  of  the  displacement  diagram. 

64.  Acceleration-Time  Diagram. — In  this  diagram,  centripetal 
acceleration  is  neglected,  and  hence  the  acceleration  (tangential)  is 

-77,  that  is  to  say,  the  tangent  of  the  angle  of  slope  at  any  point 

on  the  velocity  diagram  is  proportional  to  the  acceleration  at  that 
point.  The  acceleration-time  diagram  is  therefore  derived  from 
the  velocity  diagram  in  the  same  way  that  the  latter  was  derived 
from  the  displacement  diagram.  Let  )3  be  the  inclination  to  the 
base  of  the  tangent  at  d  (Fig.  25).  At  the  corresponding  time  e, 
in  the  acceleration  diagram  (Fig.  26),  set  up  an  ordinate  ef  pro- 
portional to  tan  j8.  By  drawing  a  series  of  such  ordinates,  the 
complete  acceleration  diagram  may  be  drawn.  This  diagram  may 
be  called  a  double  differentiation  of  the  displacement  diagram. 

65.  Practical  Derivation  of  Curves. — (1)    Tangent  Method. — 
The  rules  just  given  explain  the  principle  of  the  tangent  method 
of  obtaining  a  derived  curve.     It  is,  however,  not  sufficient  to 
know  the  shape  of  these  curves;   the  scale  to  which  they  are 
drawn  is  of  the  utmost  importance.     Commencing  with  a  given 
displacement  curve,  the  scales  of  the  derived  velocity  and  accelera- 
tion curves  are  obtained  as  follows  : — 

In  the  displacement  curve  let  1  inch  vertical  represent  a  dis- 
placement of  b  feet,  and  let  1  inch  horizontal  represent  a  seconds. 
Therefore  when  the  angle  of  slope  at  a  point  is  tan"1  1,  the 

velocity  at  that  instant  is  -  feet  per  second.     Hence  when  the 

a 

be 
angle  of  slope  is  tan'1  c,  the  velocity  is  —  feet  per  second. 

a 
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In  drawing  the  velocity  diagram,  let  an  ordinate  1  inch  in 
height  be  drawn  at  the  point  where  the  angle  of  slope  on  the 
displacement  curve  is  tan'1  c.  That  is,  1  inch  vertical  represents 

be 
a  velocity  of  —  feet  per  second,  and  as  before,  1  inch  horizontal 

Ob 

represents  a  seconds. 

The  scale  of  the  acceleration  diagram  may  be  obtained  in  a 
similar  way.  When  the  angle  of  slope  at  a  point  in  the  velocity 

be 

diagram  is  tan-1  1,  the  acceleration  at  that  instant  is   -s  feet 

a2 

per  second.    Hence  when  the  angle  of  slope  is  tan"1  d,  the  accelera- 
tion is  -2-  feet  per  second  per  second. 

In  drawing  the  acceleration  diagram,  let  an  ordinate  1  inch  in 
height  be  drawn  at  the  point  where  the  angle  of  slope  on  the 
velocity  diagram  is  tan-1  d.  This  is,  1  inch  vertical  represents 

bed 
an  acceleration  of  — ^  feet  per  second  per  second,  and  as  before, 

1  inch  horizontal  represents  a  seconds. 

The  practical  disadvantage  of  the  tangent  method  of  obtaining 
the  derived  curves  is  the  difficulty  of  fixing  the  exact  direction  of 
the  tangent  at  any  point  of  a  curve.  It  is  easily  possible  to  err  in 
judgment  in  this  respect.  Often  two  widely  different  curves  are 
obtained  if  the  differentiations  of  a  given  curve  are  performed 
after  an  interval  of  time.  As  errors  are  cumulative,  the  results 
of  the  second  differentiations  would  then  be  most  dissimilar. 

66.  (2)  Ordinate  Method. — A  more  satisfactory  method,  though 
not  so  accurate  theoretically,  of  obtaining  the  derived  curves  is  by 
the  mean  ordinate  method.  Divide  the  base  of  the  displacement 
diagram  into  a  large  number  of  small  equal  parts.  Let  sl  and  s2 
be  the  displacements  at  the  beginning  and  end  of  any  small 
interval  of  time  £0.  The  space  passed  over  in  time  tQ  is  then 

s2  —  «i,  and  the  mean  velocity  is  approximately  ------ — -.     At  the 

^o 
mean  time,  set  up  an  ordinate  on  the  velocity  curve  proportional  to 

^—. — -.     Assuming  the  intervals  to  be  equal,  the  velocity  will  be 

*o 

proportional  to  s2  —  slf  that  is,  to  the  augment  of  s  during  the 
interval. 

For  example,  let  AC  and  BD  (Fig.  27)  be  two  consecutive 
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ordinates  on  a  displacement  diagram.     At  the  mean  time  E  make 

the  ordinate  EF  in  the  velocity  diagram  (Fig.  28)  proportional 

to   BD  —  AC.      A  fair    curve 

through    the   various    positions 

of  F  will  represent  the  velocity 

diagram. 

In  a  similar  way  the  ac- 
celeration diagram  may  be  de- 
rived from  the  velocity  diagram. 

The  diagrams  thus  obtained 
are  only  approximately  correct. 
The  mean  velocity  has  been 

,         BD  -  AC 

taken   equal 


to 


AB 


i.e. 


TIME. 

FIG.  28. 


the  displacement  curve  has  been 
assumed  straight  between  C  and 
D.  The  error  introduced  may 
be  seen  by  examining  the  dis- 
placement diagram  shown  in 
Fig.  29.  The  mean  ordinate 
method  of  deriving  curves  is 
only  true,  therefore,  when  the 
times  of  displacement  are  so  small  that  the  curve  may  be  assumed 
straight,  and  not  curved  between  the  tops  of  the  ordinates. 

67.  (3)  Tracing  Paper  Method. — A  third  method,  suggested  by 
Mr.  Eudolf  Slaby  in  the  Zeitschrift  des  Ver.  deutsch  Ing  en.,  May, 
1913,  is  to  draw  two  diagrams,  one 
displaced  a  small  amount  horizon- 
tally from  the  other.  The  differ- 
ence between  the  ordinates  of  the 
two  diagrams  is  then  approxi- 
mately proportional  to  the  ordinate 
of  the  derived  curve.  Let  AA  and 
BB  (Fig.  30)  be  two  similar  dia- 
grams displaced  a  small  amount  a 
horizontally.  The  difference  in  the 
two  ordinates  at  C  is  8s.  At  mean 


A 

TIME. 

FIG.  29. 


time  ~>  the  ordinate  of  the  derived  curve  is  proportional  to  86- 
(Fig.  31). 
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This  method  of  deriving  a  curve  is  most  expeditiously  per- 
formed by  tracing  the  curve  AA  on  a  separate  sheet  of  transparent 


TIME. 

FIG.  30. 


paper,  and  displacing  it  the  required  amount  relatively  to  the 
original  curve. 

68.  Integration  of  Curves.— Not  only  may  an  acceleration 
diagram  be  obtained  from  a  displacement  diagram,  but  the  reverse 
operation  is  likewise  possible. 

Since  a  =  ^          .'.  a  .  8t  =  8v 
ot 

That  is,  the  area  of  an  elemental  strip  of  the 
acceleration  diagram  (Fig.  32)  represents 
the  increase  in  the  velocity  of  the  particle 
during  the  interval  of  time.  This  process  is 
known  as  the  integration  of  a  curve.  That 
is,  the  integration  of  the  acceleration  diagram 

gives  the  velocity  diagram,  and  similarly  the  integration  of  the 

velocity  diagram  gives  the  displacement  diagram. 

Since  fadt  =  v  +  constant,  it  must  be  remembered  that  the 


TIME. 

FIG.  32. 
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integration  of  an  acceleration  diagram  does  not  completely  specify 
the  motion  of  a  particle.  The  area  of  an  acceleration  diagram 
gives  the  increase  in  the  velocity,  but  not  the  original  velocity 
itself.  This  must  be  specified,  and  may  be  considered  as  equivalent 
to  the  constant  of  integration.  In  the  case  of  the  integration 
of  the  velocity  diagram,  the  constant  is  equivalent  to  the  original 
displacement  of  the  particle. 


DISPLACEMENT-BASE  DIAGRAMS 

69.  Velocity-Displacement  Diagrams. — A  second  form  of  diagram 
of  practical   utility  is  obtained   by  plotting   to  rectangular  co- 
ordinates a  curve  whose  ordinates  represent  velocities,  and  whose 
abscissae  represent  the  corresponding  displacements  of  a  particle. 
From  this  curve  the  acceleration  (tangential)  of  the  particle  at 
different  positions  may  be  ascertained. 

70.  Acceleration-Displacement  Diagrams. — Since  v2  =  u2  -j-  2as, 
therefore,  differentiating  with  regard  to  s, 

ft  W 

2^-^  =  2a,  u  being  a  constant 

dv 

;.  a  =  i>— 
ds 

That  is,  the  product  of  the  velocity  and  the  tangent  of  the  angle 
of  slope  of  the  velocity-displacement  diagram  is  a  measure  of  the 
acceleration  of  the  particle.  For  any  displacement  OA  (Fig. 
33),  let  the  velocity  of  the  particle  be  represented  by  AB.  Let 
the  tangent  to  the  curve  at  B  be  inclined  at  an  angle  0  to  the 
horizontal.  Draw  the  normal  BN,  cutting  the  axis  of  X  in  N. 

Since  a  =  v-^-  =  v  tan  6  =  AN, 
as 

it  follows  that  the  sub-normal  at  any  point  in  a  velocity-displace- 
ment diagram  is  proportional  to  the  acceleration  of  the  particle  at 
that  displacement. 

Because  of  the  difficulty  previously  mentioned  of  fixing  the 
direction  of  the  normal  to  the  curve,  the  acceleration  diagram  may 
also  be  found  by  a  mean  ordinate  method.  Let  AB  and  CD  be 
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two  successive  ordinates  of  the  velocity  diagram  (Fig.  34).  Join 
BD,  bisect  at  G,  and  erect  the  perpendicular  GK  Draw  BH 
parallel  to  CA,  meeting  CD  in  H. 


H 


A  E  C         N 

DISPLACEMENT. 
31. 


O  A  N 

DISPLACEMENT. 

FIG.  33. 


Since  v2  —  it2  =  2  a  .  s 

=  a.8,  that  is,  DH  .  EG  =  a  .  HB 


But  the  triangles  BHD,  NGE  are  similar,  so  that  ^^ 
DH  .EG      NE  .  EG 


HB 


EG 


Hence  at  the  mean  position  E  in  the  corresponding  acceleration 
diagram,  draw  an  ordinate  EF  proportional  to  the  length  NE. 
A  fair  curve  through  the  various  positions  of  F  will  represent  the 
acceleration  diagram. 

71.  Accelerating  Force-Time  and  Accelerating  Force-Space 
Diagrams. — Since  the  accelerating  force  acting  on  a  body  is  pro- 
portional to  the  acceleration  produced,  acceleration- time  and 
acceleration-space  diagrams  also  represent  accelerating  force-time 
and  accelerating  force-space  diagrams  respectively  to  some  new 
scale.  If,  therefore,  curves  are  plotted  on  either  a  time  or  a  space 
base  representing  effort  and  resistance,  the  difference  between  the 
two  ordinates  at  any  particular  point  represents  the  accelerating 
force  (or  retarding  force  if  the  resistance  be  greater  than  the 
effort)  which,  to  some  new  scale,  also  represents  the  acceleration. 
From  this  curve,  velocity  and  displacement  diagrams  may  be 
obtained  as  described  in  the  previous  paragraphs. 

In  conclusion  it  should  be  mentioned  that  the  value  and 
importance  of  graphical  methods  of  study  in  preference  to 
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analytical  methods  in  the  solution  of  practical  problems  relating 
to  train  acceleration  and  retardation,  are  clearly  shown  by 
Prof.  W.  E.  Dalby  in  the  paper  read  before  the  Institution  of 
Mechanical  Engineers  entitled,  "Characteristic  Dynamical  Dia- 
grams for  the  Motion  of  a  Train  during  the  Accelerating  and 
Ketarding  Periods,"  in  which  definite  practical  problems  are 
satisfactorily  solved  (Proc.  I.  Meek.  E.,  1912). 

72.  Tabular  Methods  of  deriving  Velocities  and  Accelerations. — 

These  methods  are  similar  in  principle  to  the  second  graphical 
method  explained  in  par.  66;  and  the  accompanying  tables  are 
probably  self-explanatory.  In  Table  II.  values  of  t  and  a  are  used 
to  determine  values  of  v  and  s.  In  Table  III.  values  of  s  and  a 
are  used  to  determine  values  of  v  and  t.  It  should  be  noted  that 
the  mean  values  are  placed  in  subsidiary  rows  intermediate  to  the 
rows  from  which  they  are  derived.  By  this  device  any  ambiguity 
as  to  significance  is  entirely  removed.  The  results  of  these  tables 
can  only  be  justified  on  the  assumption  that  the  intervals  between 
the  readings  are  so  small  that  the  acceleration  during  the  interval 
varies  at  a  uniform  rate. 

TABLE  II. — GIVEN  t  AND  a,  TO  DETERMINE  v  AND  s. 


Mean 

Increase 

-      Mean 

Distance 

Time. 
Seconds. 

Accelera- 
tion. 
Feet  per 

acceleration 
during 
interval. 

in  velocity 
during 
interval. 

Velocity. 

Feet  per  sec. 

velocity 
during 
interval. 

moved 
during 
interval. 

Distance 
moved 
from  start. 

t 

sec.  per 

v 

Feet. 

sec. 

aa  +  a>\ 

a2  +  al 

V2  +  Wj 

V2  +  vl  .« 

a 

2 

2 

2 

2      ^ 

0 

3-0 

o-o 

o-o 

2-95 

11-8 

5-9 

23-6 

4 

2-9 

11-8 

23-6 

2-8 

11-2 

17-4 

69-6 

8 

2-7 

23-0 

93-2 

i 

2-55 

10-2 

28-1 

112-4 

12 

2-4 

33-2 

205-6 

2-2 

8-8 

37-6 

150-4 

16 

2-0 

42-0 

356-0 

1-8 

7-2 

45-6 

182-4 

20 

1-6 

49-2 

538-4 

1-4 

5-6 

52-0 

208-0 

24 

1-2 

54-8 

746-4 

0-95 

3-8 

56-7 

226-8 

28 

0-7 

58-6 

973-2 

0-5 

2-0 

59-6 

238-4 

32 

0-3 

60-6 

1211-6 

0-2 

0-8 

61-0 

244-0 

36 

0-1 

61-4 

1455-6 

0-05 

0-2 

61-5 

246-0 

40 

o-o 

61-6 

1701-6 
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TABLE  III. — GIVEN  s  AND  a,  TO  DETERMINE  v  AND  t. 


Mean 

Distance 

Distance 

Accele- 

accelera- 

Time 

moved 
from 
start. 
Feet. 

moved 
during 
interval. 

ration. 
Feet 
per  sec. 
per  sec. 

tion 
during 
interval. 

2aQs0 

v"=u*  +  2as 
=S2o0s0 

Velocity. 
Feet 
per  sec. 

V 

over 
interval. 

2s 

Time 
from 
start. 
Seconds. 

s 

so=«2-si 

a 

00=^ 

to~^o 

t 

0 

2-5 

0 

0 

o-o 

o-o 

50 

2-45 

6-39 

50 

2-4 

245 

245 

15-65 

6-39 

50 

2-3 

2-66 

100 

2-2 

230 

475 

21-80 

9-05 

50 

2-1 

2-08 

150 

2-0 

210 

685 

26-20 

11-13 

50 

1-85 

1-79 

200 

1-7 

185 

870 

29-54 

12-92 

50 

1-5 

1-62 

250 

1-3 

150 

1020 

31-98 

14-54 

50 

1-05 

1-52 

300 

0-8 

105 

1125 

33-58 

16-06 

50 

0-6 

1-47 

350 

0-4 

60 

1185 

34-47 

17-53 

50 

0-2 

1-44 

400 

o-o 

20 

1205 

34-78 

18-97 

EXERCISES  V 

1.  Draw  the  curve  connecting  t  and  v,  and  find  the  total  space  through 
which  the  body  has  moved. 


Time  in  seconds 

0 

1 

2 

3 

4 

5 

6 

7 

8 

Velocity  in  feet  per  second 

0 

0-95 

3-8 

5-0 

4-6 

3-15 

1-65 

0-75 

0 

(I.C.E.) 

2.  A  train  starts  from  rest,  and  after  covering  a  distance  of  1  mile  is  run- 
ning at  the  rate  of  60  miles  per  hour.     Speed  observations  are  made  at  every 
£  mile,  and  a  velocity  diagram  is  prepared,  plotted  to  a  distance  base.    How 
would  you  proceed  to  obtain  an  accelerating  force  diagram  from  this  velocity 
diagram  ?  (London  B.Sc.) 

3.  A  velocity  diagram  drawn  on  a  distance  base  is  supplied  to  you :  how 
would  you  draw  a  diagram  of  acceleration  ? 

Show  by  an  actual  example  how  you  determine  the  scale  to  which  the 
acceleration  must  be  read  oft'  the  diagram,  and  also  what  scale  you  would  employ 
in  order  to  use  the  acceleration  diagram  as  a  force  diagram.  (London  B.Sc.) 

4.  A  curve  connecting  time  and  velocity  of  a  moving  body  is  drawn  with  a 
horizontal  scale  of  1  inch  =  1  second,  and  a  vertical  scale  of  1  inch  =  1  foot  per 
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second.  It  is  a  semicircle  of  3  inches  radius  with  its  centre  at  the  3  seconds 
point  on  the  horizontal  line.  Find  the  total  space  traversed  and  the  accelera- 
tion at  the  end  of  the  first  second.  (I.C.E.) 

5.  A  train  runs  between  two  stations  7*1  miles  apart  in  15  minutes.     The 
distances  covered  from  rest  at  the  end  of  each  minute  are  0*08,  02,  0*5,  0'85,  1*35, 
1-9,  2-7,  3-5,  4-6,  5'5,  6-1,  6'6,  6-9,  7-05,  and  7'1  miles  taken  in  order.     Sketch 
the  velocity  and  acceleration  curves  on  a  time  base.     What  is  the  maximum 
velocity  in  miles  per  hour,  and  the  acceleration  at  the  end  of  the  third  minute  ? 

6.  In  a  direct-acting  steam  engine  the  axis  of  the  crank  shaft  is  at  a  perpen- 
dicular distance  of  4  inches  from  the  line  of  stroke  of  the  piston.     The  radius  of 
the  crank  is  9  inches,  the  connecting  rod  is  36  inches  long,  and  the  crank  pin 
has  a  uniform  velocity  of  10  feet  per  second.     Find  the  length  of  the  piston 
stroke,  and  on  the  stroke  of  the  piston  as  base,  construct  the  piston  velocity 
diagram  for  both  the  forward  and  return  strokes,  and  determine  the  times  of 
these  strokes.     Give  the  scales  to  which  your  velocity  diagram  is  drawn. 

(London  B.Sc.  1908.) 

7.  The  piston  of  a  steam  engine  has  harmonic  motion.     The  initial  pressure 
of  the  steam  on  the  piston  is  80  pounds  per  square  inch  absolute.    The  cut-off  is 
at  quarter  stroke.     There  is  no  back  pressure,  and  the  expansion  line  on  a 
distance  base  is  a  rectangular  hyperbola  with  its  origin  on  the  base  line  at  the 
beginning  of  the  stroke.    Determine  the  time  average  of  the  steam  pressure  on 
the  piston  during  one  stroke. 

Construct  on  a  time  base,  4  inches  long,  the  piston  effort  diagram,  using  a 
pressure  scale  of  1  inch  to  20  pounds  per  square  inch.    (London  B.Sc.  1910.) 

8.  The  resistance  to  motion  of  a  road  vehicle  can  be  expressed  by  the 
formula  :  — 


where  R  is  the  resistance  in  Ib.  per  ton,  and  V  is  the  velocity  in  miles  per  hour. 

Assuming  a  constant  speed  of  engine,  the  tractive  effort  on  the  level  at 
velocities  5,  10,  20,  30,  and  40  miles  per  hour  are  255,  265,  254,  230,  and  180  Ib. 
per  ton  respectively.  Determine  (1)  the  maximum  velocity,  (2)  the  maximum 
acceleration  when  the  speed  is  25  miles  per  hour,  and  (3)  the  maximum  velocity 
when  the  vehicle  is  climbing  an  incline  of  1  in  12. 

9.  A  train  weighing  350  tons  starts  from  rest,  and  the  speed  at  the  end  of 
every  second  mile  is  26,  39,  47,  53,  56f,  58|,  59J-,  and  60  miles  per  hour. 
Draw  a  velocity  diagram  on  a  distance  base,  and  determine  the  acceleration 
when  the  velocity  is  47  miles  per  hour.     Find  also  the  draw-bar  pull  at  this 
velocity,  assuming  the  total  resistance  of  the  train  to  be  20  Ib.  per  ton. 

(  V$\ 

10.  The  total  resistance  of  a  train  may  be  assumed  to  be  l|Wl  2'5  +"73"  )> 

where  W  is  the  total  weight  of  the  vehicles  in  tons,  and  V  is  the  velocity  in  miles 
per  hour.  If  the  I.H.P.  be  constant  and  equal  to  1200,  and  the  weight  of  the  train 
be  400  tons,  determine  (a)  the  maximum  speed  and  (&)  the  acceleration  when 
the  speed  is  20  miles  per  hour,  when  the  train  is  (1)  on  the  level,  and  (2)  climb- 
ing a  gradient  of  1  in  500. 
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11.  Having  given  for  an  electric  locomotive  the  curve  connecting  tractive 
effort  with  velocity,  and  all  data  regarding  weights,  etc.,  and  frictional  resistance 
for  the  locomotive  and  train,  explain  how  you  would  deduce  graphically  the 
curves  connecting  velocity  and  time,  and  space  and  time.  Assume  the  train  to 
start  from  rest.  Given  the  distance  between  two  stations  and  the  point  in 
advance  of  the  second  station  at  which  coasting  begins,  show  how  to  find  the 
energy  expended  per  ton-mile  between  the  stations.  (London  B.Sc.  1914.) 


CHAPTER  VI 
INTRODUCTION   TO   STATICS 

73.  For  the  complete  specification  of  a  force,  three  factors  are 
required :  (1)  the  point  of  application ;  (2)  the  direction ;  and 
(3)  the  magnitude.  Hence  a  force,  like  a  velocity  or  acceleration, 
may  be  represented  by  a  vector,  and,  as  such,  is  subject  to 
vectorial  treatment.  In  the  following  chapter,  only  co-planar 
forces  will  be  considered. 

74.  Composition  of  Forces. — The  process  of  finding  the  resultant 
of  two  or  more  co-planar  forces  acting  on  a  body  is  known  as  the 
composition   of  forces.     One   of  three  laws   may  be   used,  the 
parallelogram,  the  triangle,  or  the  polygon  of  forces. 

75.  The  Parallelogram  of  Forces. — The  parallelogram  of  forces 
is   a  natural  deduction  from  the  parallelogram  of  velocities.     It 
may  be  thus  stated :    If  two  forces   be  represented  in  direction 
and  magnitude  by  two  lines  OA,  OB  (Fig.  35),  their  resultant  is 


FIG.  35.  FIG.  35A. 

represented  in  magnitude  and  direction  by  the  diagonal  OC  of  the 
parallelogram  OACB  determined  by  these  lines.  For  practical 
purposes  this  proposition  may  be  more  simply  stated  in  the 
following  way  :  The  resultant  of  two  forces  acting  on  a  particle 
is  the  vector  sum  of  those  forces.  That  is,  the  resultant  of  the 
PQ  and  QE  is  PR  (Fig.  35A). 
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76.  The  Triangle  of  Forces. — If  three  forces  acting  at  a  point 
can  be  represented  by  the  sides  of  a  triangle  taken  in  order,  they 
are  in  equilibrium.     Since  PE  is  the  resultant  of  PQ  and  QR 
(Fig.  35A),  the  three  forces  PQ,  QR,  and  RP  are  in  equilibrium. 
The  triangle  of  forces  is  a  most  useful  proposition,  as  it  is  in  effect 
a  statement  of  the  vectorial  composition  of  forces,  and  is  therefore 
most  generally  used  in  the  graphical  solution  of  problems. 

The  converse  of  the  triangle  of  forces  is  likewise  true,  viz. : 
If  three  forces  acting  at  a  point  are  in  equilibrium  they  may  be 
represented  in  direction  and  magnitude  by  the  three  sides  of 
a  triangle  taken  in  order. 

77.  The  Polygon  of  Forces. — By  an  extension  of  the  triangle  of 
forces  to   the  case  when  several   forces  act   on   a   particle,  the 
polygon  of  forces  is  obtained.      The   polygon  of  forces  may  be 
thus  stated :  If  a  number  of  forces  be  simultaneously  impressed 
upon  a  particle,  the  resultant  force  will  be  represented  in  direction 
and  magnitude  by  the  closing  side  of  the  polygon,  of  which  the 
remaining  sides,  taken  in  order,  represent  the  original  forces  in 
direction  and  magnitude.     Hence,  if  any  number  of  forces  acting 
at  a  point  be  represented  in  direction  and  magnitude  by  the  sides 
of  a  polygon  taken  in  order,  the  forces  will  be  in  equilibrium. 

78.  Resolution   of    Forces. — The   converse    operation    to    the 
composition  of  forces  is  known  as  the  resolution  of  forces.     The 

single  force  OC  (Fig.  36)  is  said  to  be 
equal  to  the  two  component  forces  OA 
and  OB.  A  force  may  have  an  infinite 
number  of  components  according  to 
the  directions  chosen  for  the  axes.  In 
general,  two  axes  at  right  angles  are 
found  to  be  the  most  useful,  and  each 


FIG.  36.  component  is  called  the  resolved  part 

of  the  force  in  the  corresponding  direc- 
tion. In  Fig.  36  the  resolved  force  along  the  axis  OX  is  P  cos  0, 
and  that  along  the  axis  OY  is  P  sin  6. 

79.  Determination  of  Line  of  Action. — In  the  preceding  para- 
graphs, forces  have  been  assumed  to  act  on  a  particle,  that  is, 
the  lines  of  action  of  the  forces  have  been  assumed  concurrent. 

An  important  case  arises  when  the  forces  acting  on  a  body, 
though  still  co-planar,  are  not  concurrent.  The  direction  and 
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magnitude  of  the  resultant  force  may  be  found  by  any  of  the 
constructions  previously  given,  but  the  line  of  action  must  be 
found  from  a  separate  construction.  Let  P,  Q,  E  (Fig.  37)  be 


FIG.  37. 

three  forces,  not  concurrent,  acting  on  a  body.  Let  the  lines  of 
action  of  P  and  Q  intersect  at  0^  Drawing  the  parallelogram 
of  force  OiACB,  0^,  the  resultant  of  P  and  Q,  is  found.  Pro- 
duce C0l  to  meet  the  line  of  action  of  E  in  02,  and  make 
02D  =  OiC.  Drawing  the  parallelogram  of  force  02DFE,  O2F, 
the  resultant  of  02D  and  E,  is  found.  The  line  02F  not  merely 
gives  the  direction  and  magnitude  of  the  resultant  of  P,  Q,  and  E, 
but  represents  also  the  line  of  action.  The  vector  sum  of  P,  Q, 
and  E  (Fig.  38)  gives  the  resultant  force  in  magnitude  and 
direction,  but  does  not  give  the  line  of  action. 


FIG.  38. 


The  line  of  action  may  also  be  found  by  means  of  the  funicular 
polygon,  which,  however,  it  is  not  proposed  to  describe  in  this 
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book.     Eeference  should  be  made  to  any  text-book  on  the  Theory 
of  Structures  for  a  description  of  its  construction  and  properties. 

80.  Conditions  of  Equilibrium  of  a  Rigid  Body. — When  a  rigid 
body  is  acted  upon  by  a  system  of  co-planar  forces,  this  system  is 
reducible  to  either  a  single  force  or  a  couple.     The  necessary  and 
sufficient  conditions  of  equilibrium  must  ensure  that  neither  force 
nor  couple  have  any  magnitude.     One  of  two  sets  of  conditions 
may  be  utilized : — 

(a)  The  algebraic  sum  of  the  resolved  parts  of  the  forces  in 

each  of  any  two  directions  must  be  zero,  and  also  the 

algebraic  sum  of  their  moments  about  any  point  must 

be  zero. 

(j8)  The  algebraic  sum  of  the  moments  of  the  forces  about  any 

three  points,  not  in  a  straight  line,  must  be  zero. 
It  should  be  noted  that  the  conditions  expressed  in  (a)  and 
(j3),  though   necessary  for  the  equilibrium  of  forces   applied   to 
a    deformable    system,   are    not    sufficient.      The    statics   of    a 
deformable  system  are  considered  in  Chap.  XXVI. 

A  special  case  arises  when  a  rigid  body  is  under  the  action  of 
three  co-planar  forces.  The  condition  of  equilibrium  is  a  corollary 
deducible  from  the  triangle  of  forces,  and  may  be  thus  stated :  If 
three  forces  maintain  a  body  in  equilibrium,  their  lines  of  action 
must  meet  in  a  point  or  be  parallel.  The  importance  of  this 
proposition  cannot  be  over-stated,  for  it  is  a  ready  means  of 
finding  the  solution  of  many  statical  problems  in  which  the  forces 
acting  are  reducible  to  three. 

81.  Analytical  Conditions  of  Equilibrium. — If  several  forces,  Pj, 
P2,  P3,  .  .  .  act  on  a  particle,  each  of  them  may  be  replaced  by  its 
two  components,  one  along  the  axis  of  X  and  the  other  along  the 
axis  of  Y,  assumed  perpendicular  to  the  former  axis.    If  the  angle  of 
inclination  of  each  force  be  01?  02,  03,  .  .  .  respectively,  measured 
from  the  axis  of  X  in  a  counter-clockwise  direction,  the  component 
forces  along  the  axis  of  X  are  Pj  cos  0lf  P2  cos  02,  P3  cos  03,  .  .  . 
and  those  along  the  axis  of  Y  are  PL  sin  0X,  P2  sin  02,  P3  sin  03,  .  .  . 


/.  resultant  K  =  T/(2P  cos  0)2  +  (27P  sin  0)2 
inclined  at  an  angle  a  to  the  axis  of  X,  where 

ZT  sin  0 


tan  a  = 


27P  cos  0 
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For  the  equilibrium  of  the  forces  it  is  necessary  and  sufficient 


that  K  =  0. 


.'.  (27P  cos  0)2  +  (27P  sin  0)2  =  0 


If  HP  cos  6  or  27P  sin  6  are  real  quantities,  this  equation 
cannot  be  satisfied  unless  both  be  equal  to  zero.  The  analytical 
conditions  of  equilibrium  are  therefore  — 


COS  61  +  P£  cos  #2  +  PS  cos  #3 

sin  0j  +  P2  sin  02  +  PS  sin  ^3 


=  0 
=  0 


82.  Action  of  a  Pin-joint  or  Hinge. — Amongst  the  internal 
forces  of  a  system  the  action  of  a  pin-joint  or  hinge  is  of  frequent 
occurrence.  The  surface  of  the  circular  pin  which  is  the  basis  of 
the  joint,  is  in  contact  with  a  bearing  throughout  the  whole  or 
part  of  the  circumference.  Neglecting  the  effect  of  friction,  the 
reaction  of  each  point  of  contact  must  be  normal,  and  as  all  the 
normals  pass  through  the  centre  "of  the  circle,  it  follows  that 
the  total  reaction  at  the  joint  is  a  single  force  acting  through 
the  centre  of  the  pin. 

EXAMPLE  1. — A  uniform  rod  PQ  of  weight  W,  connected  to  a  wall  by  a 
pin-joint  at  P,  is  kept  in  equilibrium  by  a  horizontal  string  connected  to  Q  as 
shown  in  Fig.  39.  Find  the  tension  in  the  string  and  the  reaction  at  the  joint. 


FIG.  39. 


FIG.  40. 


The  forces  acting  on  the  rod  are  the  tension  T  in  the  string,  the  known 
weight  W  acting  vertically  at  the  mid-point  of  PQ,  and  the  reaction  R  at  the 
joint,  direction  unknown.  Let  the  lines  of  action  of  W  and  T  intersect  at  0. 
Join  OP.  Since  the  three  forces  W,  T,  and  R  are  in  equilibrium,  their  lines 
of  action  are  concurrent,  that  is,  PO  represents  the  direction  of  R.  Knowing  the 
directions  of  the  three  forces  and  the  magnitude  of  W,  the  triangle  of  forces 
(Fig.  40)  may  be  constructed,  and  the  magnitudes  of  T  and  R  are  found. 

EXAMPLE  2. — A  vertical  sliding  door  weighing  100  Ib.  is  supported  on  two 
wheels  at  the  upper  edge  (Fig.  41).  The  wheels  are  6  feet  apart,  and  run  on  a 
horizontal  rail.  Assuming  that  the  leading  wheel  rolls  but  the  other  skids,  find 
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the  magnitude  of  a  force  P  applied  horizontally  5  feet  below  the  level  of  the  rail 
which  will  be  sufficient  to  move  the  door.    ju,  =  0'15. 

Let  R!  be  the  reaction  at  the  rolling  wheel, 
and  R2  that  at  the  skidding  wheel. 

/.  R!  +  R2  =  W  =  100  Ib.    .     .     .     (1) 
The  frictional  force  is  //,R2  (see  par.  289). 

A   third    equation    is    obtained   by    taking 
moments  of  all  the  forces  about  a  point  A  on 
£1   the  rail  midway  between  the  wheels. 

/.  P  x  5  =  3(R2  -  RJ    .    .     .     .     (3) 
/.    P  =  0-6(R2  -  Rx)  =  0-15R2 
.-.  R,  =  JR,  =  f W 
/.    P  =  0-15  x  ±W  =  8-6  Ib. 


vw 


FIG.  41. 


EXERCISES    VI 

1.  ABCDEF  is  a  regular  hexagon,  and  at  A  forces  act,  represented  in 
direction  and  magnitude  by  AB,  2AC,  SAD,  4AE,  5AF :  determine  the  length 
of  the  line,  in  terms  of  AB,  which  represents  the  resultant  force. 

2.  A  uniform  heavy  bar  is  5  feet  long  and  weighs  20  Ib.     Two  strings  3  and 
4  feet  long  are  attached  to  the  ends,  the  other  extremities  of  the  strings  being 
fixed  to  a  peg.     Determine  the  position  of  equilibrium  and  the  tensions  in  the 
strings.  (I.C.E.) 

3.  A  uniform  plank  AB  is  pivoted  smoothly  at  the  end  A,  and  has  a  rope 
attached  to  the  end  B.    The  plank  is  10  feet  from  A  to  B  and  weighs  100  Ib. 
The  rope  is  8  feet  long  and  is  fixed  to  a  point  C,  such  that  C  is  at  the  same 
height  as  A,  and  the  angle  ABC  is  a  right  angle.    Determine  the  tension  in  the 
rope  and  the  pressure  on  the  pivot.  (I.C.E.) 

4.  ABCD  is  a  square  of  2  inch  side,  BD  being  a  diagonal.     A  force  of  50  Ib. 


85° 


FIG.  42. 


acts  along  BC  from  B  towards  C  ;  a  force  of  80  Ib.  acts  along  CD  from  C  towards 
D ;  a  force  of  60  Ib.  acts  along  DB  from  D  towards  B.    Replace  these  forces  by 
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two  equivalent  forces,  one  of  which  acts  at  A  along  the  line  AD.  Find  the 
magnitude  of  both  these  forces  and  the  line  of  action  and  direction  of  the 
second.  (I.C.E.) 

5.  OABC  is  a  line  drawn  on  a  rigid  lamina.     At  A,  B,  C,  forces  act  as 
shown  in  Fig.  42.     Find  the  magnitude,  direction,  and  line  of  action  of  a  force 
which  will  maintain  equilibrium  with  the  given  forces.  (I.C.E.) 

6.  A  triangle  ABC  is  cut  out  of  a  thick  board ;  the  side  AB  is  10  inches  long 
and  the  angle  ABC  is  30°.    Find  the  lengths  of  the  other  sides  if  the  triangle  is 
just  stable  when  standing  on  the  side  AB  on  a  horizontal  plane.          (I.C.E.) 

7.  A  heavy  uniform  beam  of  weight  W  rests  against  a  smooth  horizontal 
plane  and  a  vertical  wall,  equilibrium  being  maintained  by  a  cord  attached 
to  the  lower  extremity  which  passes  over  a  pulley  and  carries  a  weight  P. 
Determine  the  position  of  equilibrium. 

8.  A  drawbridge  of  15  feet  span  is  hinged  at  one  end.    It  is  raised  by  a 
chain  fastened  to  the  other  end  of  the  bridge,  which  chain  passes  over  a  pulley 
25  feet  vertically  above  the  hinged  end.    The  weight  of  the  bridge  may  be 
assumed  to  act  at  the  middle  of  the  span.    If  the  bridge  weighs  5  tons,  calculate 
the  tension  in  the  chain  when  the  bridge  is  just  beginning  to  lift.        (I.C.E.) 

9.  A  horizontal  platform  is  supported  on  three  piers  ABC,  forming  a  triangle 
in  plan.    AB  =  6  feet ;  AC  =  8  feet ;  BC  =  8  feet.    The  C.G.  of  the  platform 
and  load  carried  is  distant  5  feet  from  A  and  4  feet  from  B.     Find  the  propor- 
tion of  the  load  carried  by  each  of  the  three  piers.     Show  that  if  there  were  four 
piers  instead  of  three  the  reactions  could  not  be  determined  without  further 
information.  (I.C.E.) 

10.  A  uniform  heavy  rod  of  length  2a  is  placed  across  a  smooth  horizontal 
rail  and  rests  with  one  end  against  a  smooth  vertical  wall,  the  distance  of  which 
from  the  rail  is  h :  show  that  the  angle  the  rod  makes  with  the  horizontal  is 

M\ir 
cos-il  -  )3 

W  ' 

11.  A  wagon  weighing  5  tons  has  two  axles  8  feet  apart,  and  its  C.G.  lies 
midway  between  the  axles  and  6  feet  above  the  level  of  the  rails.    It  rests  on  an 
incline  of  1  in  40.     Determine  the  reactions  at  the  wheels  (a)  when  the  lower 
axle  alone  is  braked ;  (6)  when  the  upper  axle  alone  is  braked  ;  and  (c)  when  both 
axles  are  braked. 

12.  A  bar  AB  6  feet  long,  supporting  a  load  of  1000  lb.,  is  in  equilibrium  in 

a  horizontal   position  when  held  by   two     '_ 

ropes  as  shown  in  Fig.  43.    Find  the  posi- 
tion of  the  load,  (a)  neglecting  the  weight  of 

the  beam ;  (6)  assuming  the  beam  weighs 
500  lb.  Find  also  the  tensions  in  the  rope 
in  the  two  cases.  (I.C.E.)  . 

13.  A  rope  is  passed  round  a  circular  FIG.  43. 
post  and  the  tensions  in  the  free  end  are 

800  and  450  lb.  respectively.  The  contact  between  rope  and  post  subtends 
an  angle  of  165°  at  the  centre  of  the  post.  Find  the  resultant  force  on  the 
post. 
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14.  A  steam-engine  cylinder  is  20  inches  diameter.     The  stroke  is  27  inches 
and  the  connecting  rod  is  54  inches  long.     Assuming  that  the  boiler  pressure  is 
180  Ib.  per  square  inch,  determine  the  maximum  possible  pressure  on  the  guides. 

15.  Find  in  direction  and  magnitude  the  force  required  to  compel  a  body 
weighing  10  Ib.  to  move  in  a  curved  path,  the  radius  of  curvature  at  the  point 
considered  being  20  feet,  the  velocity  of  the  body  40  feet  per  second,  and  the 
acceleration  in  its  path  48  feet  per  second  per  second.  (I.C.E.) 


PAKT  II 
KINEMATICS   OF  MACHINES 

CHAPTER  VII 
ANALYSIS   OF   MOTION 

83.  In  the  analysis  given  in  Chap.  I.,  par.  6,  an  outline  was  given 
of  the  position  and  scope  of  the  kinematics  of  machines  in  relation 
to  the  greater  subject,  the  theory  of  machines.  It  was  seen  that 
the  kinematics  of  machines,  as  the  name  implies,  is  limited  to 
the  study  of  the  modification  of  motion  in  machinery,  and  does 
not  take  into  account  the  forces  producing  and  produced  by  that 
motion.  Before  commencing  this  study,  however,  it  is  desirable 
to  consider  the  simpler  subjects  of  the  kinematics  of  a  particle 
and  of  a  body.  The  theorems  so  studied  may  afterwards  be 
applied  and  extended  to  the  case  of  machines.  Dealing  first  with 
the  analysis  of  motion  of  a  particle,  there  are  three  cases  to  be 
considered,  viz.  (1)  plane  motion,  (2)  spheric  motion,  and  (3) 
twist  motion. 

84.  Plane  Motion  of  a  Particle. — When  a  particle  moves  so  that 
it  always  lies  within  the  same  plane,  it  is  said  to  have  plane 
motion.     As  Chaps.  II.  and  V.  have  already  been  devoted  to  the 
study  of  this  motion,  further  treatment  need  not  be  given. 

85.  Spheric  Motion  of  a  Particle. — When  a  particle  moves  in 
different  planes  so  that  it  is  always  a  fixed  distance  from  a  given 
point,  it  is  said  to  have  spheric  motion. 

If  the  radius  of  the  sphere  be  indefinitely  increased,  the  motion 
of  the  particle  becomes  plane.  Although  plane  motion  may 
therefore  be  regarded  as  a  particular  form  of  spheric  motion,  it  is 
preferably  treated  in  a  class  by  itself. 

86.  Conical    Pendulum. — A    conical    pendulum    is   a   simple 
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instance  of  spheric  motion.     Let  a  mass  of  weight  W  be  attached 
by  a  string  of  length  I  to  a  fixed  point  0  (Fig.  44).     If  the  mass 

be  given  a  uniform  speed  of  n 
revolutions  per  second,  it  will  move 
over  a  horizontal  circle,  the  distance 
of  whose  centre  from  0  varies  in- 
versely as  n2.  For  various  values 
of  n,  therefore,  the  motion  of  the 
mass  is  spheric. 

To  prove  the  foregoing,  let  the 
inclination  of  the  string  to  the 
vertical  be  6  for  a  given  speed  n. 
Since  the  motion  is  uniform,  the 
forces  acting  on  the  mass  are  in 
equilibrium.  These  forces  are  W 
the  weight  acting  downwards,  T  the  tension  in  the  string,  and 

W 

—  o>2r  the  centrifugal  force  acting  outwards.    By  components, 


C.F. 


FIG.  44. 


and 


T  cos  6  =  W 

W  W 

T  sin  6  =  —  a>2r  =  —  4 A2/  sin  6 


(1) 
(2) 


W 

— 

9 


9 


9 

_      W 
cos  0  =  -      and 


h  =  I  cos  6  = 


Spheric  motion  is  not  very  common  in  machines.  Two 
examples  may  here  be  instanced,  viz.  the  balls  of  a  governor  and 
Hooke's  joint,  a  coupling  used  to  connect  two  shafts  whose  axes 
are  co-planar  but  slightly  out  of  alignment.  The  principle  of  the 
conical  pendulum  is  used  in  governors  of  the  Watt  and  Porter 
type.  The  consideration  of  linkwork  with  spheric  motion,  of 
which  Hooke's  joint  is  one  example,  is  reserved  for  Chap.  XXIII. 

87.  Twist  Motion  of  a  Particle.— If  a  particle  move  so  that  its 
motion  is  neither  planar  nor  spheric,  its  tortuous  path  through 
space  is  called  a  twist  motion. 

This  general  twist  motion  is  of  no  great  importance  to 
engineers,  but  the  particular  case  of  screw  motion  is  very  fre- 
quently employed.  In  screw  motion  the  amount  of  the  trans- 
lational  displacement  of  a  particle  along  a  given  axis  varies  as  the 
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amount  of  rotation  about  that  axis.  This  motion  is  best  exempli- 
fied by  considering  the  case  of  a  particle  rotating  uniformly  over 
the  surface  of  a  cylinder  and  advancing  along  the  axis  at  a 
uniform  rate.  The  path  traced  by  a  particle  under  these  con- 
ditions is  called  a  helix.  Very  occasionally  the  translational 
movement  of  a  particle  is  variable  for  a  constant  rotary  movement. 

88.  Properties  of  the  Helix. — Let  Fig.  45  represent  a  helix 
drawn  on  the  cylinder  whose  diameter  is  d. 
The  angle  of  inclination  of  the  helix  or 
angle  of  slope  a  is  the  angle  between  the 
tangent  to  the  helix  at  any  point  and 
the  direction  perpendicular  to  the  axis  of 
the  cylinder.  The  pitch  p,  or,  as  it  shall 
be  later  designated,  the  lead  I  (Chap. 
XXIV.),  is  equal  to  the  distance  traversed 
by  the  particle  longitudinally  whilst  making 
one  complete  revolution  circumferentially. 
That  is,  for  a  given  diameter,  the  pitch 
expresses  the  comparative  rotary  and  trans- 
latory  motions.  Suppose  a  helix  be  drawn  upon  a  paper  that  is 
wrapped  about  a  cylinder  and  that  this  paper  be  afterwards 
unrolled.  The  curve  will  then  appear  as  a  straight  line,  inclined 
at  a  to  the  base  (Fig.  46).  Hence  the  relationship  between  d,  a, 

and  Us  tan  a  =  — -, . 
nd 

A  helix  may  be  right-handed  or  left-handed.     Fig.  45  repre- 


FIG.  45. 


FIG.  46. 

sents  a  right-handed  helix,  that  is,  the  particle  advances  along  the 
cylinder  whilst  rotating  clockwise  about  the  axis.  If  it  advances 
for  an  an  ti- clock  wise  rotation,  the  helix  is  left-handed.  Another 
method  of  differentiation  is  by  noticing  the  direction  of  the  slope 
of  the  helix.  If  it  slope  upwards  to  the  right,  it  is  right-handed ; 
if  upwards  to  the  left,  left-handed.  Screw  motion  will  be  further 
considered  in  Chap.  XXIV. 

89.  Plane  Motion  of  a  Body. — The  remainder  of  this  chapter 
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will  deal  more  fully  with  the  plane  motion  of  a  body.  This  may 
be  either — 

(a)  purely  translational,  the  particles  moving  along  parallel 
paths ; 

(6)  purely  rotational,  the  particles  moving   along   concentric 
paths;  or 

(c)  compounded  of  (a)  and  (&). 

In  the  case  of  (a)  and  (b)  the  motion  of  a  body  obeys  the  same 
laws  as  that  of  a  particle,  but  the  general  case  (c)  must  be  specially 
considered. 

90.  Instantaneous  Centre  of  Rotation. — Suppose  a  link  AjBj 
moves  into  the  position  A2B2  (Fig.  47).  The  displacement  may 

be  effected  in  three  direct  ways, 
viz.  (1)  a  translatory  movement 
from  AjBj  to  A2B3  and  a  rotary 
movement  about  A2  to  A2B2 ; 
(2)  a  rotary  movement  about  A^ 
to  AjB4  and  a  translatory  move- 
ment to  A2B2;  or  (3)  a  purely 
rotary  movement  about  some 
point.  This  point  may  be  found 
as  follows : — 

Join  AXA2  and  BXB2  and  bi- 
sect these  lines  at  C  and  D 
respectively. 

Draw  lines  at  C  and  D  per- 
pendicular  to  AjA2  and  BjBg  respectively,  and  let  these  lines 
intersect  at  0.     Then  0  is  the  centre  of  rotation  of  the  link  AB. 
This  may  be  readily  proved. 
Join  AX0,  BjO,  A20,  B20. 

Since  AX0  =  A20,  BjO  =  B20,  and  A^  =  A2B2 
/.  angle  A1OB1  =  angle  A2OB2 

.*.  adding  angle  'B1OA2  to  each,  angle  A1OA2  =  angle  BjOB^ 
That  is,  the  angular  rotation  of  A  about  0  is  equal  to  the  angular 
rotation  of  B  about  0. 

Hence,  any  motion  of  a  body  in  a  plane  is  equivalent  to  a 
simple  rotation  about  some  actual  or  virtual  centre,  and  the  linear 
velocity  of  that  point  is  zero.  At  any  one  instant  the  point  0  is 
called  the  instantaneous  centre  of  rotation. 

If  the  motion  is  completely  rotary,  the  centre  of  rotation  is 
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a  definite  fixed  point ;  if  rectilinear,  the  centre  is  at  infinity ;  if 
otherwise,  the  centre  is  virtual,  i.e.  instantaneously  definite,  but 
alters  its  position  after  each  small  increment  of  time. 

91.  Centrode. — If  the  link  AB  have  any  general  motion  as  in 
the  last  case,  let  AjBj,  A2B2,  A3B3,  A4B4  (Fig.  48)  be  successive 


A,' 


FIG.  48. 

positions  after  small  increments  of  time.  By  the  previous  con- 
struction, the  various  centres  of  rotation — O1  for  the  positions 
A1B1  and  A2B2,  02  for  the  positions  A2B2  and  A3B3,  03  for  the 
positions  A3B3  and  A4B4,  .  .  .  may  be  found.  The  locus  of  these 
instantaneous  centres  of  rotation  is  a  curve  to  which  the  name 
"  centrode  "  is  given. 

This  locus  is  seldom  of  a  simple  geometrical  shape.  For 
a  disc  rolling  over  the  ground  it  is  a  straight  line,  being  the  line 
of  contact  between  disc  and  ground.  For  two  wheels  moving  by 
rolling  contact  the  centrode  is  a  circle  (see  par.  100).  In  general, 
however,  the  centrode  of  one  link  relative  to  another  is  best  found 
graphically,  treating  it  as  the  locus  of  a  number  of  points 
separately  found.  Part  of  the  centrode  is  shown  dotted  in  Fig.  48. 

92.  Axode. — In  the  case  of  a  solid  body  having  plane  motion 
the  equivalent  rotation  occurs  about  an  axis  and  not   a  point. 
This   axis   is   called   the   instantaneous   axis   of   rotation.      The 
locus  of  the  instantaneous  axes  of  rotation  is  a  surface  to  which 
the  name  axode  is  given. 

93.  Determination  of  the  Instantaneous  Centre  of  Rotation. — 

The  construction  already  given  for  the  determination  of  the  point 

G 
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0  can  only  be  used  when  the  increment  of  time  between  the 
displacements  of  the  link  is  very  small.  For  this  reason  it 
cannot  be  used  in  practical  cases.  There  remain  two  other 
methods  of  determination,  the  choice  of  which  depends  upon  the 
specification  of  the  motion  of  a  body.  The  motion  of  a  body  may 
be  completely  specified  by  giving  (1)  the  velocity  of  one  point 
together  with  the  direction  of  motion  of  another  point  on  the 
body,  or  (2)  the  velocity  of  one  point  together  with  the  angular 
velocity  of  the  body.  Of  these  (1)  is  the  more  general  in  the 
case  of  linkwork. 

Let  AB  (Fig.  49)  be  the  position  of  a  link  on  which  the 
point  A  is  constrained  to  move  in  the  direction  cc  at  a  given 
velocity  v  at  the  same  instant  that  the  point  B  is  constrained  to 
move  in  the  direction  dd.  At  A  erect  a  perpendicular  to  the 
direction  of  motion  cc,  and  at  B  erect  a  perpendicular  to  the 
direction  of  motion  dd.  Let  these  perpendiculars  meet  at  0. 


a 


FIG.  50. 


Since  the  motion  of  A  is  perpendicular  to  AO,  and  the  motion 
of  B  perpendicular  to  OB,  the  motion  of  the  whole  link  is  purely 
rotational  about  0.  Hence  O  is  the  instantaneous  centre  of 
rotation. 

Eegarding  (2),  let  AB  (Fig.  50)  be  the  instantaneous  position 
of  a  link  in  which  Aa  is  the  direction  and  v  the  magnitude  of  the 
velocity  of  A  and  AB  has  at  the  same  instant  an  angular  velocity 
co  about  A. 

Draw  AO  perpendicular  to  Aa  and  make  it  equal  to  — .     AO 

must  be  drawn  upwards  for  a  counter-clockwise  rotation  and  down- 
wards for  a  clockwise  rotation  of  AB.  Since  the  angular  velocity 
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Of 

of  AB  about  0  is  aj,  and  the  linear  velocity  of  A  is  — .  o>  =  v,  0 

is  the  instantaneous  centre  of  rotation. 

The  usefulness  of  the  conception  of  the  instantaneous  centre 
of  rotation  not  only  lies  in  the  fact  that  it  shows  very  simply  the 
most  complex  kind  of  plane  motion  of  a  body,  but  also  because  it 
readily  gives  the  velocity  of  any  point  on  the  body.  The  direction 
of  motion  of  any  point  is  perpendicular  to  the  line  joining  that 
point  to  the  instantaneous  centre,  and  the  magnitude  is  pro- 
portional to  the  length  of  that  line.  Thus  the  velocity  of  C 
(Figs.  49  and  50)  is  perpendicular  and  proportional  to  CO.  The 
magnitude  of  the  velocity  is  indeed  equal  to  w  .  CO,  as  will  be 
proved  later. 

94.  The  Relative  Motion  between  two  bodies  is  equivalent  to 
the  Motion  that  results  when  one  Centrode  rolls  over  the  other. — 

It  must  not  be  forgotten  that  the  instantaneous  centre  of  rotation 
0  of  a  body  A  can  only  be  found  relative  to  another  body,  say  B, 
and  is  in  effect  a  double  point.  It  represents  a  point  0A  on  A  about 
which  B  is  rotating,  and  it  likewise  represents  a  point  OB  on  B 
about  which  A  is  rotating.  If  A  be  fixed,  the  point  0A  traces  a 
path  which  is  called  the  centrode  of  B  relative  to  A.  This  centrode 
is  in  effect  permanently  attached  to  the  body  A,  and  hence,  if  A 
moves,  this  centrode  moves  with  it.  Keeping  the  same  relative 
motion  between  the  bodies,  but  fixing  B,  the  point  0B  traces  a 
path  which  is  called  the  centrode  of  A  relative  to  B.  This 
centrode,  similarly,  is  in  effect  permanently  attached  to  B  and 
moves  if  B  moves.  These  two  centrodes  are  not  necessarily 
the  same  curve,  though  at  any  instant  they  must  have  one  point 
in  common.  When  relative  motion  occurs  between  the  bodies, 
the  curves  always  touch  at  one  point.  They  do  not  slip  at  the 
point  of  contact,  since  by  definition,  that  point  is  instantaneously 
at  rest.  If  at  every  instant  the  centrodes  touch  and  do  not  slip, 
it  follows  that  they  must  be  rolling  over  one  another.  Hence  the 
relative  motion  between  two  bodies  is  equivalent  to  the  motion 
that  results  when  one  centrode  rolls  over  the  other. 

95.  The  Instantaneous  Centres  of  Rotation  of  Three  Bodies  lie  on 
a  Straight  Line. — Let  b  and  c  (Fig.  51)  be  two  irregularly  shaped 
plane  figures  moving  in  the  plane  of  the  paper.     The  paper  must 
be  considered  as  the  third  body  a  assumed  fixed.     Let  Oab  be  the 
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instantaneous  centre  of  rotation  of  b  relative  to  a  •  let  Obc  be  the 
instantaneous  centre  of  rotation  of  b  relative  to  c,  and  let  Oac  be 
the  instantaneous  centre  of  rotation  of  c  rela- 
tive to  a.  Let  Obc  cover  the  two  points  06iC 
on  b  and  06c  on  c.  Since  0&  c  is  on  b,  it  is 
moving  perpendicular  to  ObeOab.  Since  06ci  is 
on  c,  it  is  moving  perpendicular  to  ObcOca. 
But  at  06c  there  can  be  but  a  purely  rota- 
tional movement  between  b  and  c,  since  Obc  is 
the  instantaneous  centre  of  rotation.  This  is 
not  possible  unless  the  directions  of  motion  of 
Obc  and  Ofc  are  identical.  The  necessary 
condition  that  this  latter  should  be  true  is  that 
Oa6,  0&c,  and  Oca  lie  on  one  straight  line. 

96.  Centre  of  Acceleration. — Not  only  is 
there  a  point  of  zero  velocity  on,  or  virtually 
connected  to,  a  body  having  plane  motion,  but 
there  is  similarly  a  point  of  zero  acceleration.  This  point  is 
called  the  Centre  of  Acceleration,  and  is  in  general  distinct  from 
the  centre  of  rotation.  Let  co  and  a  be  the  angular  velocity  and 
acceleration  respectively  at  any  instant  of  a  body  having  plane 
motion.  Since  all  points  on  the  body  are  rigidly  connected 
together,  their  angular  velocity  and  acceleration  at  any  instant 
are  the  same.  Let  A  be  a  point  on  the  body,  0  the  centre  of 
rotation,  and  P  the  centre  of  acceleration  at  any  instant.  The 
velocity  of  A  is  co  .  OA  perpendicular  to  OA.  The  acceleration  of 
A  is  the  vector  sum  of  o>2 .  AP  from  A  towards  P,  and  a .  AP 
perpendicular  to  AP,  i.e.  the  acceleration  of  A  is  AP^y/co4  +  a2 

inclined  at  an  angle  6  to  AP,  where  tan  0  =  ~. 


O) 


Hence  the  acceleration  of  any  point  on  a  body  is  proportional 
to  its  distance  from  the  centre  of  acceleration,  and  the  angle  made 
by  the  acceleration  with  the  direction  of  .the  line  joining  the  point 
to  the  centre  of  acceleration  is  constant  for  all  points  on  the  body. 

The  graphical  determination  of  the  inertia  forces  of  moving 
bodies  is  considerably  simplified  by  the  utilization  of  the  pro- 
perties of  the  centre  of  acceleration.  Further  reference  on  the 
subject  should  be  made  to  a  useful  paper,  contributed  by  Mr.  W.  J. 
Duncan  to  the  Institution  of  Mechanical  Engineers,  and  published 
in  their  Proceedings,  1915. 


CHAPTEE   VIII 

THE   SYNTHESIS   OF   A   MACHINE 

97.  Free  and  Constrained  Motion. — In  the  problems  of  ordinary 
mechanics  hitherto  considered,  the  particles  involved  have  been 
assumed  to  move  freely  under  the  action  only  of  the  impressed 
force,  in  which  case  the  conditions  of  motion  are  determined  by 
the  magnitude  and  direction  of  the  impressed  force,  and  alter  with 
that  force.  But  it  is  clearly  necessary  that  the  motion  of  the 
component  parts  of  machines  should  be  constrained,  that  is,  each 
part  must  be  so  placed  in  relation  to  others  that  only  forces  acting 
in  specified  directions  have  any  influence  upon  its  displacement. 
If,  for  example,  the  motion  of  the  connecting  rod  of  an  engine  were 
free,  so  that  any  side-thrust  caused  a  corresponding  displacement, 
kinematical  chaos  would  ensue.  The  extremities  of  the  connecting 
rod  are,  however,  so  attached  to  the  adjoining  elements  that  only 
forces  acting  in  the  plane  of  the  crank  have  any  influence  upon 
the  motion  of  the  rod.  Similarly,  all  the  resistant  parts  of  a 
machine  must  be  so  placed  and  connected  to  adjacent  members 
that  the  relative  motion  between  any  two  is  of  a  definite  character. 
As  expressed  in  the  definition  of  a  machine,  the  relative  motion  of 
the  resistant  parts  must  be  successfully  constrained  to  do  special 
kind  of  work.  It  is  now  desired  to  discuss  the  methods  whereby 
one  element  may  constrain  the  motion  of  another.  Two  elements 
so  considered  constitute  what  is  called  a  "  pair,"  and  the  method 
of  connection  between  the  two  is  called  "  pairing." 

All  forms  of  constrained  motion  between  two  elements  may  be 
grouped  into  three  classes,  viz.  sliding,  rolling,  and  a  combination 
of  sliding  and  rolling.  The  method  of  connection  in  the  first  class 
is  termed  "  lower  pairing,"  and  in  the  second,  "  higher  pairing."  It 
will  be  seen  presently  that  the  third  class  is  not  of  great  practical 
utility. 

98.  Lower   Pairing. — Lower  pairing  may   be   exemplified   in 
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three  different  ways,  viz.  a  crosshead  moving  in  guides,  a  shaft 
rotating  in  bearings,  and  a  nut  screwing  on  a  bolt.  The  first  is 
known  as  a  sliding  pair,  the  second  as  a  turning  pair,  and  the 
last  as  a  screw  pair.  In  each  case  it  will  be  noted  that  the 
contact  between  the  elements  is  over  a  surface.  Moreover,  within 
the  limits  of  workshop  production  and  skill,  the  two  working 
surfaces  are  identical  in  shape. 

The  forms  of  the  working  surfaces  for  lower  pairing  are 
decided  largely  by  the  possible  processes  of  manufacture  in  the 
workshop.  A  plane  surface  may  be  readily  produced  by  a  planing 
machine,  slotting  machine,  etc.,  a  surface  of  revolution  by  a  lathe, 
boring  machine,  etc.,  a  screw  surface  in  a  lathe  or  bolt-making 
machine.  These  surfaces  are,  therefore,  largely  used  to  constrain 
the  motion  between  two  elements.  From  a  practical  standpoint 
it  is  very  undesirable  to  have  lower  pairing  with  a  line  contact 
between  the  elements.  Since  the  area  of  contact  is  infinitesimally 
small,  the  amount  of  wear  of  the  surface  is  necessarily  great,  and 
the  parts  must  frequently  be  renewed. 

99.  Higher   Pairing. — Higher  pairing  receives  its  name,  not 
because  of  any  superiority  over  the  lower  pairing,  but  because  the 
relative  displacement  of  any  two  particles  on  the  elements  is  more 
complex  than  in  the  previous  cases.     As  stated  previously,  the 
relative  motion  between  the  two  elements  is  equivalent  to  rolling. 
In  this  case  the  contact  between  the  elements  must  be  over  a  line. 

If  the  constrained  motion  between  two  bodies  be  rolling,  the 
velocities  of  the  particles  at  the  point  of  contact  must  be  the  same, 
both  in  magnitude  and  direction.  That  is,  either  one  or  both 
pieces  must  rotate.  A  rolling  pair  is,  therefore,  more  important 
than  would  appear  at  first  sight,  because  it  represents  the  virtual 
nature  of  the  connection  between  two  bodies  when  rotary  motion 
is  transmitted.  This,  on  examination,  is  found  to  be  a  very 
common  necessity  in  machinery.  It  will  be  advisable  to  note 
more  closely  the  relative  motion  between  the  elements  in  these 
cases,  taking  two  friction  wheels  as  a  typical  example  of  higher 
pairing. 

100.  Transmission  of  Rotary  Motion. — Let  A  and  B  (Fig.  52)  be 
two  friction  wheels  rotating  about  the  centres  C  and  D  respectively, 
and  touching  at  E.     Assuming  no  slipping  between  the  discs,  the 
uniform  rotation  of  A  will  produce  a  uniform  rotation  of  B. 
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Let  -j-  a)i  be  the  angular  velocity  of  A  and  TI  its  radius. 

Let  —  a)2  be  the  angular  velocity  of  B  and  r2  its  radius. 
(The  angular  velocities  of  A  and  B  are  opposite  in  sign,  since  they 
rotate  in  opposite  directions.) 

The  relative    motion   of   A    to    B   will    be   unaltered   if    a 
rotation  +  w2  is  imparted  to  each. 
The  angular  velocity  of  A  is  then 
a>i  +  <^2>  and  the  angular  velocity 
of  B  —  a)2  +  o)2,  i.e.  B  is  at  rest. 

Therefore  the  relative  motion  of 
A  to  B  is  (aji  -|-  MS),  that  is  to  say, 
assuming  B  to  be  at  rest,  A  rolls 
over  B  with  angular  velocity 
(a)i  -{-  o)2)«  Hence  in  the  transfer  FIG.  52. 

of  circular  motion  the  relative  move- 
ment between  the  elements  is  virtually  rolling. 

Kinematically  considered,  friction  wheels,  toothed  gearing,  and 
belting  are  identical,  since  each  is  merely  a  method  of  transferring 
rotary  motion  from  one  axis  to  another.  In  this  connection  it 
should  be  pointed  out  that  a  belt  must  not  be  considered  as  a 
kinematical  element  of  a  machine,  but  rather  as  a  convenient 
method  of  causing  two  pulleys  to  rotate.  An  element  has  been 
previously  defined  as  that  part  of  a  machine  which  has  motion 
relative  to  any  other  part.  In  the  case  of  the  belt,  it  is  true  that 
on  account  of  the  creep  and  slip  of  the  belt  there  is  always  a  little 
relative  movement  between  the  belt  and  the  pulleys,  but  the  drive 
would  be  more  efficient  if  that  relative  motion  were  zero.  In  this 
latter  case  the  belt  would  not  constitute  an  element  within  our 
definition.  Though,  kinematically,  slip  of  belting  is  to  be  depre- 
cated, it  will  be  found  of  practical  value  for  other  reasons. 

101.  Differentiation  between  Higher  and  Lower  Pairing. — The 

best  method  of  differentiating  between  higher  and  lower  pairs  is 
by  the  consideration  of  the  constrained  motion  between  the  two 
elements.  Another  method  often  adopted  is  to  consider  the 
nature  of  the  contact  between  adjacent  elements.  A  lower  pair  is 
then  defined  as  two  elements  so  connected  that  contact  is  over  a 
surface  ;  in  a  higher  pair  the  contact  is  over  a  line  or  at  a  point. 
Although  this  distinction  is  a  useful  one  to  remember,  it  must  be 
used  with  caution.  Take  a  case  already  considered,  a  pulley 
driven  by  a  belt.  At  first  sight  there  appears  to  be  surface 
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contact  between  pulley  and  belt,  and  yet,  as  we  have  seen,  belt 
gearing  is  classified  amongst  the  higher  pairs. 

102.  Combined  Sliding  and  Rolling  Motion. — The  third  class  of 
constrained  motion  between  two  elements  is  a  combination  of 
sliding  and  rolling.  Consider  the  case  when  the  flat  bearing 
surface  of  a  crosshead  is  replaced  by  a  circular  end  to  the  connect- 
ing rod  (Fig.  53).  As  the  crank  rotates,  this  end  has  a  translatory 


n, 


FIG.  ;53. 

and  likewise  a  small  rotary  motion  in  the  guides  aa,  so  that  the 
contact  between  the  connecting  rod  and  guides  can  only  be  over 
a  straight  line.  Kinematically  this  is  quite  sufficient,  but  even 
a  tyro  in  machine  design  will  recognize  that  practically  it  is  quite 
useless.  It  may  be  taken  for  granted  that,  from  an  engineering 
standpoint,  that  contact  between  elements  is  best  which  is  least 
disturbed  by  the  wearing  away  of  the  working  surfaces.  If  the 
forces  transmitted  by  the  mechanism  are  small,  as  in  the  case  of 
recording  instruments,  or  if  the  amount  of  sliding  is  small,  as  in 
the  case  of  the  fork  which  actuates  a  small  cone  clutch,  illustrated 
in  Fig.  54,  unnecessary  complication  may  be  saved  by  having 
combined  sliding  and  rolling  motion.  But  the  fact  remains  that 
this  type  of  constrained  motion  is  not  of  great  practical  utility  in 
machines. 

It  should,  however,  be  pointed  out  that  the  combined  sliding 
and  rolling  motion  between  two  elements  may  be  usefully  modified 
in  a  machine  by  the  addition  of  another  element.  For  example,  the 
cylindrical  end  of  the  connecting  rod  'of  Fig.  53  may  be  usefully 
replaced  by  the  usual  gudgeon  pin  and  crosshead.  The  connecting 
rod  and  crosshead  then  form  a  turning  pair,  and  the  crosshead  and 
guides  a  sliding  pair.  Consider  again  a  reciprocating  rod  actuated 
by  a  cam  (Fig.  55).  In  practice,  the  contact  is  modified  by  a 
roller  placed  at  the  extremity  of  the  rod  (Fig.  56).  The  roller  and 
cam  form  a  rolling  pair,  the  roller  and  rod  a  turning  pair.  The 
introduction  of  a  rolling  pair  in  a  mechanism  sometimes  gives  a 
desired  motion  which  can  only  otherwise  be  obtained  by  a  complex 
combination  of  lower  pairs. 


THE   SYNTHESIS   OF  A   MACHINE 


89 


Although  line  contact  is  undesirable  both  in  the  above  un- 
modified cases  and  in  lower  pairing,  the  same  restrictions  do  not 
apply  to  the  line  contact  of  higher  pairing.  It  is  indeed  obvious 


FIG.  54. 


that  if  the  relative  motion  between  two  elements  be  pure  rolling,  the 
contact  cannot  be  over  a  surface,  neither  can  there  be  any  wear. 
It  should  be  noted,  however,  that  in  practice  there  is  always  a 


FIG.  55. 


Fia.  56. 


certain  amount  of  sliding  associated  with  rolling  in  higher  pairs. 
In  the  later  chapters  devoted  to  their  study  it  will  be  pointed  out 
that  with  skew-bevel  and  screw  wheels  there  is  a  certain  amount 
of  sliding  action  between  the  elements  at  every  point  of  contact, 
that  sliding  takes  place  between  the  teeth  of  ordinary  toothed 
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gearing  except  when  contact  is  at  the  pitch  point,  and  that  with 
friction  wheels  slip  may  occur.  However,  in  these  cases  the 
sliding  motion  is  but  secondary,  and  the  amount  of  wear  caused 
in  this  way  is  in  most  cases  negligible.  Hence  rolling  pairs  are 
both  kinematically  and  practically  useful. 

A  rolling  pair  and  a  combined  sliding  and  rolling  pair  may 
be  further  differentiated  by  the  fact  that  the  former  cannot  be 
usefully  modified  by  an  additional  element,  whereas  the  latter  can. 

103.  Complete  and  Incomplete  Constraints. — Complete  constraint 
may  be  defined  as  that  constraint  which  fixes  in  a  definite  direc- 
tion the  relative  displacement  between  two  elements  indepen- 
dently of  the  direction  of  the  impressed  force.  In  an  incomplete 
constraint  a  difference  in  the  direction  of  the  impressed  force 
may  alter  likewise  the  direction  of  the  relative  displacement. 
A  square  bar  sliding  in  a  square  hole  is  an  example  of  a  complete 
constraint.  A  plain  circular  bar  in  a  circular  hole  is  an  example 


FIG.  57. 

of  an  incomplete  constraint,  since  turning  as  well  as  sliding  may 
take  place,  and  the  one  bears  no  relationship  to  the  other.  In 
other  words,  in  complete  constraint  there  is  only  one  degree  of 
freedom  between  two  bodies. 

It  is  in  most  cases  necessary  that  there  should  be  complete 
constraint  between  the  elements  of  a  machine,  and  the  surfaces  of 
contact  must  be  so  formed  as  to  achieve  this  end.  In  a  sliding 
pair,  for  example  (Fig.  57),  one  element  should  so  encase  the  other 
that  all  lateral  motion  is  impossible.  In  a  turning  pair,  e.g.  a 
shaft  and  bearing  (Fig.  58),  the  shaft  must  be  provided  with 
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collars  at  the  extremities  of  the  bearing  to  prevent  any  side 
motion.  In  a  screw  pair  the  motion  is  already  completely 
constrained. 


Y////////S 


FIG.   58. 

104.  Successful  Constraint. — It  must  not  be  overlooked  that 
complete  constraint  may  be  obtained  otherwise  than  by  the 
method  of  connection  between  the  two  elements.  What  Keuleaux 
has  called  force-closure  may  be  adopted.  An  external  force,  due 
perhaps  to  the  force  of  gravitation,  or  to  a  compressed  spring,  or 
to  fluid  pressure,  may  be  impressed  upon  an  element  to  prevent 
other  than  the  desired  relative  motion  within  the  limits  of  the 
displacement.  The  valves  of  internal  combustion  engines  are,  for 
example,  generally  kept  upon  their  seat  by  the  action  of  a  spring. 
Or  a  footstep  bearing  (Fig.  59)  illustrates  how  unnecessary  it  is  to 


FIG.  59. 


provide  complete ,  constraint  between  shaft  and  bearing  by  means 
of  the  working  surfaces,  if  in  this  case  the  downward  force  W  is 
always  greater  than  the  possible  upward  forces. 

Many  other  cases  of  incomplete  constraint  may  be  brought  to 
mind,  as,  for  example,  slide  valves  (which  are  frequently  laterally 
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free  upon  the  valve  spindle),  safety  valves,  relief  valves,  etc.  These 
incomplete  constraints  do  not  militate  anti-kinematically,  but  are 
of  importance  from  a  practical  standpoint.  Since  "  complete " 
constraint  is  therefore  not  a  condition  for  the  constraint  between 
two  elements  in  a  machine,  it  has  been  thought  advisable  to  use 
the  term  "  successful "  constraint  in  the  definition  of  a  machine 
(par.  2),  since  this  kind  of  constraint  will  cover  all  practical  cases. 

105.  Kinematic  Chains. — It  has  been  seen  that  in  the  study  of 
the  kinematics  of  machines  the  component  parts  of  a  machine  may 
be  replaced  by  skeleton  links  (par.  6).     Since  it  is  an  essential 
condition  in  any  machine  that  the  displacement  of  one  part  should 
cause  a  definite  and  calculable  displacement  of  all  the  others, 
this  condition  is  necessarily  true  of  the  combination  of  elements 
which   synthetically  form   the   skeleton    outline   of   a   machine. 
Such  a   combination  is  called  a  kinematic  chain.     A  kinematic 
chain  may,  therefore,  be  defined  as  a.  combination  of  elements 
kinematically  paired   so   that   the   motion   transmitted   through 
them  is  quite  definite.     The  relationship  between  the  numbers 
of  elements   and   pairs   to   form  the  correct  combination  for  a 
kinematic  chain  is  l  =  2p  —  4,  where  I  is  the  number   of  links 
and  p  the  number  of   pairs.      If  I  =  2p  —  3,  the  framework  is 
rigid  and  forms  a  structural  part ;  if  I  =  2p  —  2,  the  framework 
is  redundant ;  whilst  if  I  =  2p  —  5,  the  framework  is  incompletely 
constrained. 

106.  Kinematic  Chain — Mechanism — Machine. — Before  dealing 
more  closely  with  the  preceding  conception  of  a  kinematic  chain, 
it  is  advisable  to  show  immediately  its  connection  to  a  machine. 
When  one  of  the  links  of  the  kinematic  chain  is  fixed,  the  chain 
is  called  a  mechanism.    When  the  mechanism  transmits  force,  and 
therefore  modifies  or  transforms  energy,  it  is  called  a  machine. 
This  relationship  may  be  seen   at  a  glance  from  the  following 
table  :— 

Kinematic 

pairs      —  when  coupled 
together 
as  above 

II 

Kinematic  chain  —  when  one 
link  is 
fixed 

Mechanism   —  when  force  is 
transmitted 

II 
Machine. 
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107.  Distinction  between  a  Machine  and  a  Mechanism. — The 

reasons  for  the  above  distinctions  are  most  clearly  seen  by  work- 
ing backwards  from  machines  to  mechanisms  and  so  to  kinematic 
chains.  It  will  be  remembered  that  in  an  earlier  chapter  machines 
were  initially  classified  either  by  their  modification  of  motion  or 
by  their  modification  of  force ;  it  was  also  pointed  out  that  in  the 
study  of  the  theory  of  machines,  it  was  advisable  to  deal  with  the 
former  first,  i.e.  to  treat  the  subject  kinematically.  In  this  case 
it  is  obvious  that  a  machine  and  a  mechanism  are  identical. 

Though  kinematically  all  machines  are  mechanisms,  it  does 
not  follow  that  all  mechanisms  may  become  actual  machines. 
There  are  many  geometrical  combinations  of  linkwork  which  will 
correctly  modify  motion  but  which  are  useful  only  as  models. 
As  many  inventors  have  found  to  their  sorrow,  the  step  between 
perfection  in  a  model  and  perfection  in  a  machine  is  sometimes 
very  great.  The  practical  difficulties  of  manufacture  and  upkeep 
have  often  prevented  kinematically  correct  models  from  being 
useful  in  transmitting  force  and  transforming  energy. 

Though  kinematic  perfection  is  all  that  we  are  concerned  with 
at  the  moment,  it  is  desirable  later  to  distinguish  between  the 
skeleton  outline  of  the  theoretical  machine  and  the  actual  machine 
which  is  constructed  and  used  by  the  engineer.  The  word 
"mechanism"  will  on  all  future  occasions  have  the  distinctive 
meaning  outlined  above. 

108.  Distinction  between  a  Mechanism  and  a  Kinematic  Chain. 
— The  distinction  between  a  mechanism  and  a  kinematic  chain 
is  likewise  of  importance.      A  kinematic  chain  differs   from   a 
mechanism  inasmuch  as   one  link  is  not  fixed,  but   the  whole 
must  be  imagined  as  being  in  space.     A  kinematic  chain  is,  in 
fact,  merely  a  geometrical  appellation,  and  can  exist  only  in  our 
imagination,  being  made  tangible  by  having  one  link  fixed  and 
becoming  a  mechanism.      Supposing  there  are  n  links  in  a  kine- 
matic chain,  it  follows  that  n  mechanisms  may  be  obtained  by 
fixing  in  turn  each  link,  although  of  course  it  may  happen  that 
two  or  more  of  these  mechanisms  are  identical.     All  mechanisms 
derived  from  one  kinematic  chain  are  said  to  be  inversions  of  that 
chain.     These  inversions  sometimes  differ  very  widely  in  general 
appearance  and  in  purpose.     For  example,  a  direct-acting  steam 
engine  and  a  quick-return   motion   are   kinematically  identical, 
though  their  general  appearance  would  not  suggest  such  a  con- 
nection.     After  all,  the  appearance  of  a  machine  depends  upon 
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the  shape  of  its  component  parts,  and  there  are  many  machine 
parts  of  very  diverse  shapes,  a  crank  and  eccentric,  for  example, 
which  are  kinematically  identical  in  purpose.  In  consequence 
the  general  appearance  of  a  machine  may  be  very  different  to  its 
skeleton  outline.  Compare,  for  example,  the  skeleton  outline  of 
a  Whitworth  Quick  Eeturn  Motion  (Fig.  78)  with  an  actual 
machine  depicted  in  Fig.  79. 

In  the  study  of  the  modification  of  motion  it  is  therefore 
necessary  to  eliminate  from  our  thoughts  problems  of  the  design 
and  manufacture  of  parts  and  to  confine  our  attention  to  the 
skeleton  outlines  of  the  moving  parts.  Once  the  kinematical 
relationships  between  the  links  of  a  kinematic  chain  are  known, 
those  for  all  mechanisms  obtained  by  inversion  are  likewise  known. 
This  fact  is  of  supreme  importance ;  no  matter  which  link  is  fixed 
to  earth  the  relative  angular  motion  of  the  constituent  elements 
of  a  kinematic  chain  is  always  the  same.  The  subject  of  the 
kinematics  of  machines  is  therefore  considerably  simplified  and 
needless  repetition  averted  if  the  fundamental  kinematic  chains 
are  studied  in  place  of  the  diverse  mechanisms  which  are  kine- 
matically identical. 

109.  Classification  of  Machines. — Although  many  attempts 
have  been  made  to  obtain  a  scientific  classification  of  machines, 
none  so  far  have  met  with  unqualified  approval.  As  a  whole  the 
methods  of  classification  may  be  divided  into  two  groups,  one 
following  the  conceptions  of  "Willis,  and  the  other  those  of 
Eeuleaux.  On  the  one  hand,  Willis  and  his  followers  consider  the 
nature  of  the  relative  motion  transmitted  by  machines,  whilst  on 
the  other,  Keuleaux  and  those  developing  his  ideas  consider  first 
the  nature  of  the  working  surfaces  of  a  machine,  and  so  deduce 
the  various  kinds  of  constrained  motion  between  the  elements. 
There  is  a  wide  divergence  in  the  analysis  and  arrangement  of  the 
subject  when  examined  from  these  two  standpoints.  Willis 
classified  machines  according  to  the  method  of  transmitting 
motion,  as  shown  in  Table  IV. 

TABLE  IV. 


Division. 

Connection  by 

Exemplified  by 

1 
2 
3 
4 
5 

Boiling  contact 
Sliding  contact 
Wrapping  connections 
Linkwork 
Reduplication 

Toothed  gearing 
Screw  wheels 
Belts 
Parallel  motions 
Differential  pulley 
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The  machines  in  these  classes  are  further  sub-divided  accord- 
ing to  the  nature  of  the  motion  transmitted,  viz. — 

(A)  Directional  relation  constant ;  velocity  ratio  constant. 

(B)  Directional  relation  constant ;  velocity  ratio  variable. 

(C)  Directional  relation  changing  periodically;  velocity  ratio 

constant  or  variable. 

Keuleaux,  on  the  other  hand,  conceived  a  machine  as  a  chain 
built  up  of  several  links  of  which  any  one  might  be  fixed. 
He  thus  showed  that  many  mechanisms,  diverse  in  both  appear- 
ance and  service,  are  kinematically  identical,  being  derived  from 
the  same  kinematic  chain  by  inversion.  This  is  an  interesting 
conception  when  applied  to  the  simpler  kinematic  chains,  but  is  not 
very  helpful  when  applied  to  the  more  complex.  The  study  of 
Joy's  valve  gear,  for  example,  is  not  in  any  way  assisted  by 
Eeuleaux' s  conception. 

Both  methods  of  classification  are,  however,  incomplete  and 
somewhat  imperfect,  as  they  fail  to  show  synthetically  all  the 
possible  forms  of  mechanical  contrivances.  It  is,  for  example, 
not  yet  possible  to  obtain  formulae  directly  and  mathematically 
which  will  represent  all  the  possible  forms  of  machines  applicable 
for  a  given  purpose.  This  clearly  must  be  the  goal  of  the  efforts 
of  those  who  desire  to  analyze  and  classify  machines.  As  it  does 
not  seem  possible  to  devise  some  such  classification  on  purely 
kinematical  grounds,  no  attempt  is  here  made  to  develop  the 
subject  with  this  aim  in  view. 


CHAPTER  IX 

LOWER   PAIRING— EXAMPLES   OF   MECHANISMS   OBTAINED 
BY   INVERSION 

110.  Preliminary  Remarks, — Before  passing  on  to  the  problems 
involved  in  the  study  of  kinematic  chains,  it  is  desirable  to 
illustrate  the  process  of  obtaining  mechanisms  by  inversion. 
The  purpose  of  this  chapter  is  not  to  magnify  the  value  of 
inversion,  but  to  show  that  many  mechanisms,  diverse  in  both 
appearance  and  service,  are  kinematically  identical,  being  derived 
from  the  same  kinematic  chain  by  inversion,  i.e.  by  fixing  a  different 
element  to  earth. 

The  number  of  possible  kinematic  chains  is  infinite,  but 
fortunately  it  is  neither  necessary  nor  expedient  to  study  all.  A 
few  typical  examples  will  be  chosen  by  limiting  our  consideration 
in  this  chapter  to  those  chains  which  contain  four  turning  or 
sliding  pairs,  and  in  which  there  are  ipso  facto  four  elements. 
Such  chains  are  of  great  importance,  not  only  because  of  the 
actual  mechanisms  derived  from  them,  but  also  because  they  form 
the  basis  of  a  large  number  of  more  complicated  and  compound 
mechanisms. 

111.  Chains  containing  Four  Lower  Pairs.— Ignoring  for  the 
present  the  possibility  of  screw  pairs — mechanisms  containing 
screw  pairs  must  be  treated  in  a  class  by  themselves — there  are 
three  combinations  of  turning  and  sliding  pairs  which  can  form  a 
chain  containing  four  lower  pairs,  viz.  (1)  four  turning  pairs ; 
(2)  three  turning  pairs  and  one  sliding  pair ;  and  (3)  two  turning 
and  two  sliding  pairs. 

The  first  of  these  combinations  is  termed  a  "  quadric  cycle 
chain,"  and  is  shown  symbolically  in  Fig.  60,  the  letters  a,  I,  c, 
and  d  standing  for  the  elements  and  0  for  the  turning  pair. 
The  second  is  termed  a  "  slider  crank  chain,"  and  is  shown  symboli- 
cally in  Fig.  61,  ©  standing  for  the  sliding  pair.  When  the 
third  is  shown  symbolically,  it  is  evident  that  two  different  chains 
are  formed,  viz.  (a)  that  termed  a  "  double-slider  crank  chain," 
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the  turning  and  sliding  pairs  being  adjacent,  as  shown  in  Fig.  62, 
or  (£)  that  termed  a  "  crossed-slide  crank  chain,"  the  turning  and 


FIG.  60. 


FIG.  63. 


sliding  pairs  being  alternate,  as  shown  in  Fig.  63.     These  four 
chains  will  now  be  considered  seriatim. 

112.  Quadric  Cycle  Chain.  —  The  quadric  cycle  chain  is  of  basic 
importance,  for  it  will  be  shown  that  the  other  three  chains  may 
be  derived  from  it  by  modifying  the  various  links.  It  may  be 
represented  graphically  by  Fig.  64,  the  connections  at  P,  Q,  R,  and 
S  being  pin  joints,  and  the  letters  a,  b,  c,  and  d  representing  the 
elements  as  before. 


FIG.  64. 


FIG.  65. 


It  is  not  difficult  to  see  that  four  is  the  least  number  of  elements 
that  can  be  combined  kinematically.  In  a  chain  of  five  or  more 
links  (Fig.  65),  or  in  an  unclosed  chain  of  three  or  more  links 
(Fig.  66),  motion  may  be  transmitted  through  the  links,  but  this 


FIG.  66. 


FIG.  67. 


motion  is  not  successfully  constrained,  that  is,  the  displacement  of 
one  link  does  not  involve  a  definite  and  determinable  displacement 
of  all  the  others.  On  the  other  hand,  a  chain  of  three  links  with 
pin  joints  (Fig.  67)  can  transmit  no  motion  whatever ;  this  link- 
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work  will  indeed  be  recognized  as  the  form  of  a  structural  part. 
Link  work  composed  of  four  elements  connected  by  pin  joints  does 
transmit  definite  motion  and  so  constitutes  a  kinematic  chain. 

Considering  the  link  a  (Fig.  64)  to  be  fixed,  "b  and  d  have  a 
turning  motion  about  a.  If  either  link  can  execute  a  complete 
rotary  movement,  it  is  called  a  crank;  if  but  an  oscillation  or 
partial  rotary  movement,  a  lever.  It  is  not  very  difficult,  though 
perhaps  not  very  valuable,  to  find  the  relative  lengths  of  the  four 
links  which  determine  whether  b  and  d  shall  be  cranks  or  levers. 

113.  Inversions  of  the  Quadric  Cycle  Chain. — Since  there  are 
four  elements  in  this  chain,  four  mechanisms  may  be  obtained  by 
inversion.  Ee verting  to  Fig.  60,  it  is  seen  that  there  are  only 
turning  pairs  in  the  chain.  Hence  no  matter  which  element  is 
fixed,  the  arrangement  is  always  symmetrically  placed  with 
regard  to  the  elements  and  ©.  The  four  possible  mechanisms 
are  therefore  identical. 

In  practice  the  mechanisms  have  different  names  according 
to  the  relative  lengths  of  the  links.  Three  variations  are 
possible,  viz.  (1)  a  lever  crank  mechanism,  when  one  link 
oscillates  and  the  other  rotates  about  the  fixed  link ;  (2)  a  double 
crank  mechanism  when  both  links  rotate  about  the  fixed  link ; 

and  (3)  a  double  lever  mechanism 
when  both  links  can  only  oscillate 
about  the  fixed  link.  It  is  possible 
to  derive  these  three  mechanisms 
from  one  kinematic  chain.  Consider 
FlG  68  a  kinematic  chain  when  a  =  2  units, 

5=6  units,  c  =  7  units,  and  d  =  3 

units  (Fig.  68).  When  a  is  fixed,  b  and  d  can  both  rotate ;  this 
is  a  double-crank  mechanism.  When  b  is  fixed,  a  can  rotate,  but  c 
only  oscillate ;  this  is  a  lever-crank  mechanism.  When  c  is  fixed, 
b  and  d  can  only  oscillate;  this  is  a  double-lever  mechanism. 
Lastly,  when  d  is  fixed,  a  can  rotate  and  c  only  oscillate ;  this  is 
again  a  lever-crank  mechanism. 

Practical  examples  of  these  types  of  mechanisms  are  so 
abundant  that  it  is  not  desirable  to  attempt  to  specify  all.  The 
reader  is  advised  to  study  the  various  machines  which  come  under 
his  notice,  and  recognize  for  himself  the  various  guises  under 
which  the  quadric  cycle  chain  may  show  itself.  For  his  guidance 
one  of  each  type  will  here  be  illustrated. 
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A  good  example  of  the  lever  crank  chain  is  the  main  part  of 
the  mechanism  of  a  beam  engine,  shown  diagrammatically  in 
Fig.  69.  The  framework  of 
the  engine  corresponds  to  the 
fixed  link  a,  the  crank  to  the 
link  &,  the  connecting  rod 
to  the  link  c,  and  the  beam 
to  the  link  d.  A  complete 
rotation  of  the  crank  b  occurs 
with  but  a  partial  rotational 
movement  of  the  beam  d. 
It  need  scarcely  be  added 
that  kinematically  a  beam 
engine  is  for  the  purpose 
of  turning  reciprocating  to 
rotary  motion.  A  further 
illustration  and  description 
of  a  beam  engine  is  given  in  par.  163. 

An  example  of  the  double  crank  chain  occurs  in  the  draglinks 
of  a  steam  engine,  or  a  more  familiar  instance  is  the  method 
whereby  the  driving  wheels  of  locomotives  are  coupled  (Fig.  70). 


FIG. 


FIG.  70. 

The  framework  of  the  engine  corresponds  to  the  fixed  link  a, 
the  two  cranks  become  the  links  &  and  d,  and  the  coupling  rod 
the  link  c.  This  mechanism  is  the  special  case  of  the  double 
crank  chain  when  a  =  c  and  5  =  d,  and  is  obviously  for  the 
purpose  of  transferring  rotary  motion  from  the  axis  P  to  the 
axis  S. 

An  example  of  a  double  lever  chain  occurs  in  the  mechanism 
known  as  the  Watt  parallel  motion.  This  mechanism  will  be 
described  more  fully  in  a  later  chapter  (Chap.  XIII.).  Briefly,  its 
purpose  is  to  constrain  a  point  on  a  link  to  move  on  an  approxi- 
mately straight  line  path  when  the  link  is  constrained  by  turning 
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pairs  only.  In  Fig.  71,  the  beam  b  and  the  link  d  are  levers 
pivoted  to  the  base  a  and  capable  of  partial  movements.  The 

extremities  of  "b  and  d  are  con- 
nected by  the  link  c.  It  will 
be  shown  later  that  a  point  X 
can  be  found  on  the  link  c  which 
moves  approximately  on  a  straight 
line  path  for  small  angular  move- 
ments of  b  and  d. 

114.  Slider  Crank  Chain.— The 
slider  crank  chain  has  one  sliding 
pair  and  three  turning  pairs,  and 
may  be  derived  by  a  modification 

of  the  quadric  cycle  chain.  Consider  the  latter  when  it  is  of 
the  crank-lever  form  with  the  lever  d  long  in  comparison  to 
the  crank  b  (Fig.  72).  The  path  of  the  point  E  is  the  arc  of 
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FIG.  72. 


a  circle  struck  with  S  as  centre,  and  for  the  given  proportions  of 
a,  b,  c,  and  d  may  be  kept  within  the  limits  AB  shown.     But  the 


FIG.  73. 


points  Q  and  B  have  identically  the  same  motion  if  the  link  d 
is  replaced  by  a  block  d  (Fig.  73),  which  is  constrained  to  move 
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over  the  same  circular  path.  The  mechanisms  shown  in  Figs.  72 
and  73  are  therefore  kinematically  identical.  As  the  length  of  d 
is  further  increased,  the  arc  AB  becomes  flatter,  until  eventually 
it  becomes  straight.  This  gives  us  the  fai^lkr  form  of  th6  slider 
crank  chain  (Fig.  74). 


FIG.  74. 

115.  Inversions  of  the  Slider  Crank  Chain. — Ee verting  to 
Fig.  61,  it  is  seen  that  only  two  different  types  of  mechanism  can 
be  obtained  by  inversion,  viz.  those  when  the  fixed  link  lies 
between  ©  and  ©,  and  ©  and  ©  respectively.  However,  as  in 
the  previous  case,  different  names  are  assigned  to  the  mechanisms 
according  to  the  relative  lengths  of  the  various  links.  The  effect 
of  fixing  the  various  elements  in  Fig.  74  will  be  considered. 

(1)  Link  a  fixed. — This  is  the  well-known  form  of  mechanism 
for  turning  reciprocating  into  rotary  motion  or  vice  versa.     It  is 
best  exemplified  by  the  steam  engine.     The  base  plate,  cylinder, 
etc.,  of  the  engine  represents  link  a,  the  crank,  b,  the  connect- 
ing-rod, c,  and   the   crosshead,  piston-rod,  and  piston,  d.     This 
mechanism  need  not  here  be  further  described,  as  a  later  chapter 
will  be  devoted  to  its  kinematical  study. 

(2)  Link  c  fixed. — This  mechanism  is  a  different  type  from 
the  preceding,  as  the  fixed  link  lies  between  two  turning  pairs. 
With  links  of  the  relative  proportions  shown   in   Fig.  74,  this 
mechanism  may  be  used  as  two  different  machines,  viz.  an  oscil- 
latory cylinder  engine  (Fig.  75),  or  a  quick-return  motion  (Fig.  76). 
In  these  figures  the  elements  which  are  kinematically  identical 
are  denoted  by  the  same  letters,  and  it  will  be  seen  that  the 
relative  motion  between  the  links  is  the  same  in  both  cases. 

The  oscillatory  cylinder  engine  is  seen  in  many  paddle 
steamers,  and  is  kinematically  for  the  purpose  of  converting 
reciprocatory  to  rotary  motion.  The  quick-return  motion,  on  the 
other  hand,  is  used  on  slotting  machines,  etc.  The  crank  b  is  the 
driver,  and  gives  d  an  oscillatory  motion.  The  ram  to  which 
the  tool  is  attached  receives  its  motion  by  a  rod  attached  to  the 
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point  B  in  d.  The  direction  of  motion  of  the  cutting- tool  is 
perpendicular  to  the  line  of  centres  of  c.  As  b  rotates,  the  cutting 
tool  is  at  the  end  of  the  stroke  when  d  is  tangential  to  the  crank 
at  C  and  D  respectively.  Hence  the  two  strokes  of  the  tool 
are  made  whilst  the  crank  moves  over  the  arcs  DFC  and  CED 
respectively. ,  The  time  taken  is  greater,  i.e.  the  average  velocity 
of  the 'tool 'is  less  in  the  first  case.  In  slotting  machines,  etc., 
this  is  an  advantage.  The  maximum  velocity  of  the  tool  during 


FIG.  75. 


FIG.  76. 


cutting  is  limited.  Since  these  machines  generally  cut  in  one 
direction  only,  an  economy  of  time  is  effected  when  the  return 
stroke  is  made  more  quickly  than  the  cutting  stroke.  In  the 
above  case  the  cutting  stroke  occurs  as  the  crank  moves  over  the 
arc  CFD. 

.     time  of  cutting  stroke  __  arc  DFG 
D  time  of  return  stroke   ~arc  CED 

(3)  Link  I  fixed.— This  mechanism,  of  the  same  type  as  (2), 
may  also  be  utilized  as  two  different  machines,  viz.  the  Gnome 
engine  (Fig.  77),  used  for  driving  aeroplanes,  or  the  Whitworth 
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quick  return  motion,  shown  diagrammatically  in  Fig.  78.  In 
the  Gnome  engine  the  crank  is  fixed  to  the  framework  whilst 
the  cylinders  revolve  and  drive  the  air  propellers.  The  Gnome 
engine  is,  therefore,  clearly  an  inversion  of  the  ordinary  type  of 
reciprocating  engine.  For  dynamical  purposes  there  are  usually 
seven  cylinders  arranged  symmetrically  in  one  plane.  For  practi- 
cal convenience  one  of  the  connecting  rods,  called  the  master 
connecting  rod,  alone  embraces  the  fixed  crank  pin,  but  its  big 
end  is  enlarged  to  carry  six  pins  which  pass  through  bushes  in 
the  remaining  six  connecting  rods.  Hence  these  connecting  rods 


FIG.  78. 

can  move  relatively  to  the  master  connecting  rod,  and  the  various 
pistons  have  a  definite  motion  as  the  cylinder  rotates.  A  further 
description  of  this  type  of  engine  need  not  be  given  here,  neither 
need  its  advantages  or  disadvantages  be  discussed. 

In  the  Whitworth  quick  return  motion,  c  is  a  rotating  piece 
which  acts  as  a  driver.  A  block  d  is  connected  to  a  pin  projecting 
from  c,  and  also  slides  in  a  groove  in  the  arm  a.  The  plane  of 
the  crank  is  of  course  different  from  that  of  the  block  d  and 
arm  a. 

As  the  pin  K  rotates  counter-clockwise  about  the  centre  Q,  the 
the  arm  a  rotates  about  the  centre  P,  and  the  path  of  the  pin  B  is 
a  circle  of  centre  P.  The  motion  of  the  cutting  tool  is  derived 
from  the  motion  of  the  point  B.  The  tool  is  at  the  top  of  the 
stroke  when  E  is  at  C.  Whilst  E  is  passing  over  the  arc  CFD, 
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therefore,  the  tool  is  making  its  cutting  stroke,  and  whilst  passing 
over  the  arc  DEC  the  return  stroke. 

time  of  cutting  stroke  .     ,,       f  arc  CFD 

The  ratio  — -. ^—  — ; —  is  therefore  =  - 


time  of  return  stroke 


arc  DEC 


It  will  be  seen  that  there  is  a  greater  possibility  of  increasing 
this  ratio  in  this  type  than  in  the  ordinary  quick  return  motion 
previously  described.  The  Whitworth  quick  return  motion  is 
therefore  the  more  time-efficient  of  the  two,  since  for  a  given 
maximum  cutting  speed,  the  mean  speed  of  the  tool  on  the  return 
stroke  is  greater. 

The  form  of  this  mechanism  as  applied  in  practice  in  one  of 
the  latest  designs  of  slotting  machines  is  illustrated  in  Fig.  79. 


FIG.  79. 


The  pinion  A  drives  the  spur  wheel  B,  which  thus  causes  the 
arm  C  to  oscillate  through  an  angle  of  60°  at  the  maximum 
stroke.  The  connecting-rod  D  gives  a  reciprocating  motion  to  the 
tool.  It  will  be  noticed  in  this  particular  example  that  the  plate 
E  is  driven  by  the  wheel  B  through  a  bolt  and  slider,  but  is 
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eccentric  to  it.     This  has  the  effect  of  accentuating  the  variability 

P       , .  ,  .  ,,         , .     time  of  cutting  stroke 

of  motion  and  increases  the  ratio  — —  — = —  , — 

time  or  return  stroke 

The  two  machines  illustrated  in  Figs.  77  and  79  are  an 
admirable  contention  of  the  statement  in  par.  108  that  machines 
may  be  kinematically  identical  yet  differ  very  widely  in  appear- 
ance and  purpose. 

(4)  Link  d  fixed. — This  mechanism,  of  the  same  type  as  (1), 
has  been  used  in  practice  in  the  form  known  as  Stannah's  Pump. 
As  it  is  of  very  limited  practical  utility,  no  space  need  be  given 
to  its  description. 

116.  Double-Slider  Crank  Chain. — The  double  slider  crank  chain 
has  two  turning  and  two  sliding  pairs,  the  two  similar  pairs  being 
adjacent.  It  may  be  readily  evolved  from  the  slider  crank  chain. 
In  the  latter  the  point  Q  (Fig.  72)  is  always  a  fixed  distance  from 
the  point  E.  That  is,  relatively  to  E,  Q  moves  on  a  circular  arc 
whose  radius  equals  QE.  The  connecting  rod  c  and  block  d  of 
Fig.  74,  may  therefore  be  replaced  by  the  block  c  and  the  sector- 
shaped  piece  d  of  Fig.  80,  the  block  c  sliding  in  the  piece  d  and 


PIG.  80. 


FIG.  81. 


the  piece  d  sliding  on  a.  Increasing  indefinitely  the  radius  of 
the  slot,  the  block  c  will  slide  in  a  vertical  direction  as  the 
piece  d  slides  horizontally.  This  gives  us  one  form  of  the  double- 
slider  crank  mechanism  (Fig.  81). 

117.  Inversions  of  the  Double-Slider  Crank  Chain. — As  before, 
four  mechanisms  may  be  obtained  by  inversion,  but  referring  to 
Fig.  62,  it  is  clear  that  the  relative  positions  of  the  pairs  are 
identical  when  a  and  c  are  fixed.  The  two  resulting  mechanisms 
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are  therefore  identical,  and  only  three  different  mechanisms  may 
be  obtained  from  this  chain. 

(1)  Link  a  fixed. — This  is  the  mechanism 
of  the  donkey  pump  (Fig.  82).   The  cylinders 
and  base-plate  of  the  pump  represent  a,  the 
crank  I,  the  block  c,  and  the  reciprocating 
parts,  the  steam  piston  and  pump  plunger, 
the  link  d. 

The  length  of  the  stroke  is  limited  by 
the  radius  of  the  crank  6,  and  since  there 
is  no  connecting  rod,  the  arrangement  is 
very  compact.  Instead  of  being  directly 
driven  by  steam,  the  pump  may  be  worked 
by  the  rotation  of  the  crank  I. 

(2)  Link   I  fixed. — This    mechanism    is 
used   in   the    Oldham    coupling    (Fig.   83), 
whereby  rotary  motion  may  be  transmitted 
between  two  shafts  which  are  parallel  but 
not  co-axial,     a  and  c  are  two  shafts  whose 
flanges   have  a  groove  cut   over  the  faces. 
These   grooves  are   perpendicular    to    each 
other.     The  connecting  disc  d  has  two  pro- 
jections, one  on  either  face,  which  fit  into  the 
grooves  on  a  and  c.      If  a  be  the  driver, 

d  is  free  to  slide  in  a  and  c,  and  it  will  be  seen  in  a  later 
chapter  that  at  every  instant  c  has  the  same  angular  velocity 
as  a. 


FIG.  82. 


FIG.  83. 
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The  shape  of  the  links  of  this  mechanism  may  be  modified  to 
become  a  chuck  whereby  an  elliptic  surface  may  be  turned 
in  a  lathe.  In  this  case  a  and  c  are  on  the  same  side  of  the 
connecting  disc  instead  of  being  on  opposite  sides  as  in  the 
Oldham  coupling. 

(3)  Link  d  fixed. — This  mechanism  is  used  as  a  pair  of  elliptic 
trammels  (Fig.  84).  The  blocks  a  and  c  move  in  perpendicular  grooves 


FIG.  84. 


in  the  base-piece  d,  and  a  point  B  on  the  link  I  describes  the  elliptic 
path  shown.  Let  the  length  PB  be  p  and  QB  be  q.  Taking  0  as  the 
origin,  and  the  axes  OX  and  OY  horizontal  and  vertical  respec- 
tively, let  PB  be  inclined  at  6  to  OX.  The  co-ordinates  of  the 

point  B  are  therefore  x  =  p  cos  6  and  y  =  q  sin  6.     Since  -  =  cos  6 

and  -  =  sin  d, 
9. 

.-.  ^  +  ?^=:cos20-{-sin20=l 

which  is  the  equation  to  an  ellipse.  The  path  of  the  point  B  is 
therefore  an  ellipse  whose  major  and  minor  axes  are  2p  and  2q 
respectively. 

118.  Crossed  Slide  Crank  Chain. — The  term  "crossed  chain"  is 
applied  to  any  slider  chain  in  which  the  direction  of  motion  of 
the  sliding  block  does  not  pass  through  the  centre  of  rotation  of 
the  crank  in  the  chain.  In  a  crossed  slider  crank  chain,  for 
example  (Fig.  85),  the  line  of  motion  of  the  block  d  does  not  pass 
through  -P,  the  result  being  a  mechanism  which  has  several 
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characteristics  that  distinguish  it  from  the  ordinary  slider  crank 
chain. 


FIG,  85. 


The  crossed  slide  crank  chain,  the  fourth  of  the  kinematic 
chains  with  four  lower  pairs,  has  two  turning  and  two  sliding 
pairs,  each  pair  of  one  type  being  alternate  with  the  other  type. 
It  may  be  evolved  from  the 
crossed  slider  crank  chain  just 
described.  Let  Fig.  86  represent 
such  a  chain  when  the  direction 
of  motion  of  the  block  d  is  per- 
pendicular to  the  direction  in  the 
slider  crank  chain.  Eeducing  the 
length  of  c  until  it  is  in  fact  a 
block,  constrained  to  rotate  about 
the  block  d  and  formed  so  that  it 
can  slide  along  5,  a  crossed  slide 
crank  chain  is  obtained.  The 
rotary  motion  of  "b  is  then  reduced 
to  an  oscillatory  motion,  so  that 
this  chain  is  of  limited  service. 


FlG  86 


119.  Inversions  of  Crossed  Slide  Chain.  —  Eeferring  to  Fig.  63,  it 
will  be  seen  that  the  mechanisms  obtained  by  fixing  any  one  link  are 
identical.  The  crossed  slide  chain  is  therefore  another  case  where 
only  one  mechanism  is  obtained  by  inversion.  As  in  the  previous 
case  of  the  quadric  cycle  chain,  this  mechanism  may  take  different 
forms  depending  on  the  shape  and  form  of  the  various  links.  In 
one  of  its  forms  it  is  occasionally  used  in  working  the  rudder  of 
large  ships,  and  is  known  as  Kapson's  Slide  (Fig.  87).  It  is  a 
desirable  feature  in  any  steering  apparatus  that  by  the  action  of 
a  constant  force,  an  increasing  turning  moment  should  be  exerted 
on  the  tiller  as  the  helm  is  put  over,  in  order  to  overcome  the 
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external  resistance  of  the  rudder  which  naturally  increases  under 

such  circumstances.  In  Eapson's  slide  the  element  a  represents 

the  framework  of  the  ship,  I  repre- 
sents the  tiller  and  rudder-head, 
and  d  is  a  block  actuated  by  the 
steering  gear  and  sliding  in  a, 
whilst  c  is  a  block  turning  on  d 
and  sliding  in  b.  Assuming  a 
constant  force  acting  on  d  in  the 
direction  of  an  arrow,  the  com- 
ponent force  acting  perpendicular 
to  the  centre  line  of  b  is  increased, 
and  the  arm  at  which  that  force 
acts  likewise  increases  as  the  helm 
FIGt  87.  is  Puk  over.  Hence  the  condition 

is  fulfilled  that  as  the  helm  is 

put  over,  the  turning  moment  should  increase  for  a  constant  force 

exerted  by  the  steering  gear. 


EXERCISES  IX 

1.  What  is  a  kinematic  chain?    Define  the  terms  "virtual  centre,"  "per- 
manent centre,"  "centrode,"  and  "  inversion."    Prove  that  the  virtual  centres 
for  the  relative  plane  motion  of  three  bodies  lie  in  a  straight  line.    Find  the 
lines  on  which  the  centres  lie  in  the  case  of  the  slider  crank  chain. 

(Lond.  B.Sc.) 

2.  Define  the  terms  "  virtual  centre  "  and  "  centrode."    Draw  a  lever-crank 
mechanism ;  put  in  the  six  virtual  centres  for  the  position  of  the  mechanism  as 
drawn,  and  show  clearly  how  you  would  proceed  to  draw  the  centrodes  for  the 
relative  motions  of  two  opposite  links  in  this  mechanism.     Sketch  the  complete 
shapes  of  these  centrodes.  (Lond.  B.Sc.) 

3.  Explain  the  meaning  of  the  terms :  (1)  "  kinematic  pair,"  (2)  "  kinematic 
chain,"  and  (3)  "mechanism."    Distinguish  between  Lower  and  Higher  Pairs. 
For  a  kinematic  chain  deduce  an  expression  which  connects  the  number  of  links 
with  the  number  of  pairs  of  elements  in  the  chain. 

Sketch  diagrammatically  the  mechanism  of  Joy's  Valve  Gear,  and  state  the 
number  of  links,  and  also  the  number  of  pairs,  in  the  mechanism,  and  show  that 
the  expression  you  have  deduced  above  is  true  for  this  gear. 

(Loud.  B.Sc.  1911.) 

4.  Draw  the  complete  centrodes  for  the  links  A  and  B  of  Fig.  88. 

5.  Copy  the  sketch  of  the  mechanism  of  Fig.  89,  and  mark  the  position 
of  the  virtual  centres  of  the  links  relative  to  the  fixed  link/. 
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6.  Show  that  if  three  bodies,  X,  Y,  and  Z,  have  plane  motion,  their  three 
virtual  centres,  0XY,  0YZ,  and  Ozx,  all  lie  on  a  straight  line. 

(Lond.  B.Sc.  1912.) 

7.  What  is  meant  by  the  inversion  of  a  chain?     Sketch  and  describe 
mechanisms  obtainable  from  the  inversions  of  the  slider  crank  chain. 

(Lond.  B.Sc.  1907.) 

8.  Find  dimensions  of  a  trammel  to  describe  an  ellipse  of  which  the  major 
axis  is  2J  times  as  long  as  the  minor  axis. 


a 


FIG.  83. 


FIG.  89. 


9.  Define  the  following  terms:   "Closed  kinematic   chain,"  "lower  pair," 
"slider  crank  chain."      Describe  one  example  of  each  taken  from  ordinary 
machinery,  illustrating  your  description  with  hand-sketches.  (I.C.E.) 

10.  If  in  a  four-link  mechanism  link  a  is  2  feet  long,  &  the  fixed  link  4  feet, 
c  1|  feet,  and  d  3  feet,  sketch  the  mechanism  to  scale,  and  show  what  would 
be  the  path  of  the  join  of  a  and  d  while  c  made  one  revolution.     Sketch  the 
arrangement,  and  find  graphically  the  path  of  the  virtual  centre  between  b  and  d. 

(I.C.E.) 

11.  In  a  reciprocating  engine  show  the  direction  of  motion  of  a  point,  one- 
third  the  length  of  the  connecting  rod  from  the  crosshead,  at  any  three  points 
between  dead  centres,  if  the  length  of  the  connecting  rod  is  five  times  that 
of  the  crank.  (I.C.E.) 

12.  In  a  compound  wheel  train  a  is  3  inches  in  diameter,  gearing  with  6 
10  inches  in  diameter,  and  c  on  the  same  axle  as  &  is  3  inches  in  diameter, 
gearing  with  d  12  inches  in  diameter ;    show  how  to  find  all  the  virtual  centres. 
How  could  this  train  be  replaced  by  a  link  mechanism  so  as  to  give  the  same 
relative  velocity  between  two  of  the  links  as  between  wheels  a  and  d  ? 

(I.C.E.) 

13.  In  the  mechanism  shown  in  Fig.  107,  determine  the  positions  of  the 
instantaneous  centres  of  rotation  of  the  elements  relative  to  the  base. 


CHAPTER  X 

RELATIVE   LINEAR   VELOCITY  AND   ACCELERATION 

120.  THE  problems  to  be  solved  in  connection  with  the  kine- 
matic chains  which  contain  lower  pairs  may  be  deduced  and 
illustrated  from  the  machines  described  in  the  preceding  chapter. 
They  may  be  divided  into  three  main  classes,  viz.  (1)  the  deter- 
mination of  linear  displacement,  velocity  and  acceleration,  as,  say, 
those  of  the  piston  or  valve  of  a  steam  engine ;  (2)  the  determina- 
tion \)f  angular  displacement,  velocity  and  acceleration,  as,  say, 
those  of  the  connecting  rod  of  a  Gnome  engine ;  and  (3)  the  study 
of  those  combinations  of  linkwork  within  whose  range  of  move- 
ment the  path  traced  by  a  specified  point  is  of  definite  shape,  as 
in  the  elliptic  trammels.  These  problems  will  now  be  considered 
in  this  and  the  three  succeeding  chapters. 

121.  Vector  Diagrams. — Before  commencing  the  problem  of 
the  determination  of  the  linear  velocity  and  acceleration  of  link 
work,  it  is  most  important  that  the  conception  of  relative  motion, 
outlined  in  Chap.  II.,  par.  15,  be  fully  grasped.     The  principles 
underlying    the    construction    of    vector    velocity   diagrams    as 
explained  in  the  succeeding  paragraphs  (pars.  16-22)  should  also 
be  thoroughly  studied  before  commencing  the  remainder  of  this 
chapter.     The  application  of  vector  diagrams  to  the  determina- 
tion  of  the  relative  velocity  and  acceleration  of  linkwork  was 
first   communicated    by   Prof.   Robert   H.   Smith   to   the   Royal 
Society  of   Edinburgh,  and   published  in   their   Proceedings   in 
January,  1885. 

122.  Relative  Motion   of  the  Extremities  of  an  Inextensible 
Link. — To  assist  in  the  construction  of  the  velocity  diagrams  for 
linkwork,  an  important   proposition   must  be  proved  regarding 
the  direction  of  the  relative   motion   of   the  extremities  of  an 
inextensible  link.     It  has  been  seen  that  a  useful  conception  in 
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determining  relative  motion  is  to  place  one's  self  at  one  point 
and  regard  the  motion  of  the  other.  Doing  this  in  regard  to  an 
inextensible  link  AB  (Fig.  90),  it  is  seen 
at  once  that  relatively  to  A,  B  can  only 
rotate,  and  hence  the  direction  of  the 
relative  motion  of  B  to  A  is  perpendicular 
to  AB.  This  proposition  is  of  great  utility 
in  determining  the  relative  velocities  of 
points  on  linkwork,  and  will  be  con- 
tinually used  in  the  construction  of  velocity 
diagrams  of  linkwork. 

123.  Rules  for  the  Construction  of  Velocity  Diagrams. — In  the 

specification  of  velocity  there  are  two  variables,  magnitude  and 
direction.  Hence,  in  using  the  fundamental  equation  of  par.  21, 
velocity  of  C  relative  to  A  =  velocity  of  C  relative  to  B 

+  velocity  of  B  relative  to  A, 

it  must  be  remembered  that  there  are  six  possible  variants. 
Four  out  of  these  six  variants  must  be  given  before  the  remaining 
two  can  be  found.  The  solution  of  a  vector  equation  is  therefore 
analogous  to  the  solution  of  a  triangle.  The  conditions  governing 
the  solution  of  triangles  govern  likewise  the  solution  of  the  vector 
velocity  equation. 

In  the  case  of  a  mechanism  containing  several  elements,  it  is 
not  always  possible  to  obtain  directly  the  velocity  of  the  driven 
point  in  terms  of  that  of  the  driver.  But  by  finding  progressively 
the  velocities  of  the  constrained  points  of  the  links,  commencing 
with  the  one  contiguous  to  the  driver,  the  velocity  of  the  driven 
point  can  be  eventually  found.  For  example,  in  the  mechanism 
of  Fig.  107,  suppose  it  is  desired  to  find  the  velocity  of  the  point 
P,  the  crank  AB  being  the  driver.  The  velocity  of  C  is  first 
found,  and  the  velocity  of  D  deduced  by  a  method  to  be  described 
presently.  The  velocity  of  E  can  then  be  found  and  the  velocity 
of  F  similarly  deduced.  By  the  repetition  of  this  process  the 
velocity  of  P  is  eventually  found.  The  velocity  diagrams  of  the 
various  links  may  be  combined  into  one  diagram. 

124.  Vector  Velocity  Diagram  for  the  Quadric  Cycle  Chain. — 
Let  PiQRPg  (Fig.  91)  be  a  four-bar  chain,  having  the  link  P^g 
fixed.     It  is  required  to  determine  the  velocity  of  E  for  the  given 
configuration,  when  6  rotates  with  constant  angular  velocity  o^. 

I 
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Now,  the  velocity  of  E  relative  to  P  =  velocity  of  E  relative 
to  Q  +  velocity  of  Q  relative  to  P.  Of  the  six  variants  it  will  be 
seen  that  four  are  known,  the  direction  and  magnitude  of  the 
velocity  of  Q  relative  to  P,  the  direction  of  the  velocity  of  E 
relative  to  P,  and  the  direction  of  the  velocity  of  E  relative  to  Q 
(see  par.  122). 

The  velocity  of  Q  relative  to  P  =  Wl .  PXQ  and  is  perpendicular 
to  QPX ;  dr&wpq  to  represent  this  velocity  (Fig.  92).  The  velocity 


FIG.  91.  FIG.  92. 

of  E  relative  to  P  is  perpendicular  to  EP2 ;  draw  pr  perpendicular 
to  EP2.  Also  the  velocity  of  E  relative  to  Q  is  perpendicular 
to  QE ;  draw  qr  perpendicular  to  QE.  The  intersection  of  these 
lines  obviously  fixes  the  point  r,  and  so  determines  the  magnitudes 
of  the  two  unknown  velocities. 

It  must  be  noticed  that  the  determination  of  the  relative 
velocities  of  Q  and  E  fixes  simply  and  quickly  the  relative  velo- 
cities of  any  points  S,  T,  and  U  on  the  links. 

The  velocity  of  S  relative  to  Pl  is  o^  .  SPX  =  ps. 

Therefore  —  =  ^\.   That  is,  the  point  s  divides  pa  in  the  same 
pq     PiQ 

ratio  that  S  divides  PQ. 

Similarly  ^  =  ^  and  ^  =  *f^.  The  velocity  of  T  relative 
to  the  base  is  pt. 

125.  Vector  Acceleration  Diagrams. — The  introductory  con- 
siderations in  the  study  of  vector  velocity  diagrams  are  similar  to 
those  for  vector  acceleration  diagrams.  As  in  the  previous  case 
we  must  start  with  the  vector  equation — 

Acceleration  of  C  relative  to  A  =  acceleration  of  C  relative  to 
B  +  acceleration  of  B  relative  to  A. 
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Tn  the  application  of  this  equation  there  are,  however,  differ- 
ences in  treatment  that  make  the  determination  of  relative  accele- 
ration more  difficult  and  intricate  than  that  of  relative  velocity. 
These  differences  are  due  to  the  fact  that  the  acceleration  of  one 
body  relative  to  another  is  itself  a  vector  sum,  viz.  the  sum  of 
the  tangential  and  centripetal  accelerations.  The  differences  in 
these  types  of  acceleration  have  been  considered  previously  (see 
Chap.  II.,  par.  26). 

The  fact  that  the  actual  acceleration  of  a  particle  may  be 
considered  as  the  resultant  of  its  centripetal  and  tangential 
accelerations  can  be  remembered  in  the  form  of  a  vector  equation — 

Total  acceleration  of  B  relative  to  A  =  centripetal  acceleration 
of  B  relative  to  A  +  tangential  acceleration  of  B  relative  to  A. 

In  connection  with  the  two  latter  quantities  it  is  important  to 
note  that  the  direction  of  the  centripetal  acceleration  is  per- 
pendicular to  the  line  of  motion  and  that  the  magnitude  can  be 

v2 
readily  calculated,  being  equal  to  — ;  the  direction  of  the  tangential 

acceleration  is  along  the  line  of  motion,  but  the  magnitude  cannot 
be  expressed  in  terms  of  v. 

The  equation  for  acceleration  with  which  we  started  is  there- 
fore preferably  to  be  remembered  in  its  fundamental  form — 

Centripetal    j  acceleration  of  c  relative  to  A  =  (centripetal 
+  tangential  $  (+  tangential 

acceleration  of  C  relative  to  B  +  5  c_f  ntripetal     >  acceleration  of  B 

\  +  tangential  j      relative  to  A. 

126.  Rules  for  the  Construction  of  Acceleration  Diagrams. — In 
the  specification  of  acceleration,  as  with  velocity,  there  are  two 
variables,  magnitude  and  direction.  Hence  in  the  above  equation 
there  are  twelve  variants,  but  these  reduce  to  nine  since  it  is  known 
that  the  directions  of  the  centripetal  and  tangential  accelerations 
are  mutually  perpendicular.  To  draw  the  acceleration  diagram, 
therefore,  seven  of  these  must  be  known.  In  the  most  common 
case  three,  the  directions  of  the  accelerations,  are  specified  on  the 
configuration  diagram ;  other  three,  the  magnitudes  of  the  centri- 
petal accelerations,  can  be  calculated ;  of  the  remaining  three,  the 
magnitudes  of  the  tangential  accelerations,  one  must  be  specified. 
The  procedure  for  the  construction  of  the  acceleration  diagram  is 
then  as  follows  : — 

(1)  Draw  the  velocity  diagram. 
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(2)  Calculate  the  centripetal  accelerations,  and  also  the  tan- 
gential accelerations  when  possible. 

(3)  Draw  the  acceleration  diagram. 

127.  Lettering  Notation  of  Acceleration  Diagrams.  —  The  letter- 
ing notation  for  acceleration  diagrams  will  be  related  to  those  of 
the  configuration   and  velocity  diagrams.     Small  letters  with  a 
distinguishing  mark,  as  oly  \,  refer  to  the  points  o,  &  in  the  velocity 
diagram   and   to  the  points  0,  B  in  the  configuration  diagram. 
As  before,  the  sense  of  the  line  in  the  acceleration  diagram  must 
have  a  definite  interpretation.      o^blt  that  is,  the  line  drawn  from 
QI  to  Jj,  represents  in  magnitude  and  direction  the  total  accele- 
ration of  B  relative  to  O.     On  the  other  hand,  \0i  represents  the 
total  acceleration  of  0  relative  to  B. 

The  great  difference  between  the  notations  of  velocity  and 
acceleration  diagrams  lies  in  the  necessity  in  the  latter  of 
lettering  the  point  which  is  the  junction  of  the  centripetal  and 
tangential  accelerations.  The  notation  to  be  adopted  in  this  book 
and  a  notation  which  will,  it  is  thought,  clarify  considerably  these 
diagrams,  is  to  letter  this  junction  point  by  the  combination  of  the 
two  small  letters  concerned,  one  being  a  suffix  to  the  other.  For 
example,  o&  or  b0  represents  the  junction  point  of  the  centripetal 
and  tangential  accelerations  of  either  0  relative  to  B  or  B  relative 
toO. 

128.  Vector  Acceleration  Diagram  for  the  Quadric  Cycle  Chain. 
—  Let  P1QKP2  represent  a  four-bar  motion  with  the  link  P1P2 
fixed  (Fig.  91). 

At  the  instant  of  configuration  let  PxQ  clockwise  be  rotating 
with  angular  velocity  MI  and  angular  acceleration  04.  It  is  re- 
quired to  find  the  accelerations  of  the  points  Q  and  E  on  the  links. 

Following  the  procedure  given  in  par.  126  — 

1.  Draw   the    velocity   diagram  pqr  (Fig.   92)  in   the   way 
previously  explained  (par.  124). 

2.  Calculate  the  various  centripetal  accelerations  — 

=  centripetal  acceleration  of  Q  relative  to  Px 
p    =  centripetal  acceleration  of  E  relative  to  P2 


_  __  centripetal  acceleration  of  E  relative  to  Q 
QE 
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Calculate  the  tangential  acceleration  of  Q  relative  to  Pj.  This 
from  the  data  supplied  —  PLQ  .  av 

3.  Draw  vectors  representing  the  known  quantities  of  the 
fundamental  equation  of  par.  125  (Fig.  93). 

Let  ptfp  =  centripetal  acceleration  of  Q  relative  to  P! 
and  qpq±  —  tangential  acceleration  of  Q  relative  to  P! 

.*.  pl ql  =  total  acceleration  of  Q  relative  to  P! 

Let  qlrq  —  centripetal  acceleration  of  E  relative  to  Q 
and  Virn  =  centripetal  acceleration  of  E  relative  to  P2 


u 


FIG.  93. 


FIG.  94. 


At  rq  draw  a  line  perpendicular  to  QE.  This  line  represents 
the  direction  of  the  tangential  acceleration  of  E  relative  to  Q. 
At  rp  draw  a  line  perpendicular  to  EP2.  This  line  represents  the 
direction  of  the  tangential  acceleration  of  E  relative  to  P2.  The 
intersection  of  these  lines  is  obviously  the  point  rx. 

The  lengths  showing  the  total  accelerations  of  the  points  Q 
and  E  relative  to  P  are  shown  by  the  lines  joining  pi  to  q±  and  r±. 
It  will  be  seen  that  each  of  these  lines  is  the  hypotenuse  of  a 
right-angled  triangle  where  the  remaining  two  sides  represent 
the  centripetal  and  tangential  accelerations.  For  clearness  these 
lines  are  shown  separately  in  Fig.  94.  These  are,  of  course,  the 
essential  points  in  the  diagram. 

It  will  be  noticed  that  if  the  crank  5  revolves  uniformly,  the 
length  qppl  is  zero.  The  directions  and  lengths  of  the  other 
vectors  in  Fig.  93  are  unaltered.  It  may  be  noted  in  passing  that 
since  r^  is  the  tangential  acceleration  of  E  relative  to  Q  the 
angular  acceleration  of  c  about  Q  is  a2  where  a2QE  =  rqrv 
Similarly  since  rpr±  is  the  tangential  acceleration  of  E  relative 
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to  P2,  the  angular  acceleration  of  d  about  P2  is  a3  where 
a3KP2  =  w 

The  determination  of  the  accelerations  of  other  points,  S,  U, 
and  T,  on  the  links  follows  the  rules  already  given  for  their 
velocity  determination. 

Consider  the  point  s  on  PjQ. 


The  centripetal  acceleration  =  o>12  .  PXS  =  ~^- 


The  tangential  acceleration  =  ax  . 


and  the  point  s1  lies  on  the  line  p1q1  since 
Pj8  _  ^Sp  _  spsl 


The  vector  sum  is  therefore  p^i  where 


In  precisely  the  same  way  it  can  be  shown  that  the  acceleration 
of  the   point  T  is  obtained   by  dividing   the  vector  q^  in  the 

ratio  ^^  =  —^  and  of  the  point  U  by  dividing  the  vector  p^i  in  the 


ratio  -        =          (Fig.  94).     The  total  acceleration  of  T  relative 
to  the  base  is  pi  t\  in  direction  and  magnitude. 

129.  Velocity  and  Acceleration  Diagrams  for  the  Slider  Crank 
Chain.  —  As  a  further  illustration  of  the  principles  just  outlined, 
consider  the  case  of  a  slider  crank  chain  of  the  configuration 


FIG.  95. 


shown  in  Fig.  95.  It  is  desired  to  find  the  velocity  and  acclera- 
tion  of  the  point  D  on  the  connecting  rod  when  the  crank  rotates 
with  constant  angular  velocity  o>. 
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Construct  first  the  velocity  diagram.  The  velocity  of  the 
block  relative  to  the  base  =  the  velocity  of  the  block  relative 
to  the  crank  pin  +  the  velocity  of  the  crank  pin  relative  to  the 
base.  Let  cb  (Fig.  96)  represent  o> .  BC,  the  linear  velocity  of 
the  crank  pin  relative  to  the  base.  The  direction  of  the  velocity 
of  the  block  A  relative  to  the  base  is  along  CO,  and  the  direction 
of  the  velocity  of  the  gudgeon  pin  at  A  relative  to  B  is  per- 
pendicular to  AB.  Hence  drawing  ca  parallel  to  CO,  and  la 
perpendicular  to  AB,  the  vector  velocity  diagram  for  the  given 
configuration  is  completed. 


c—  —a, 

FIG.  96.  FIG.  97. 

As  before,  the  velocity  of  the  point  D  on  the  connecting  rod  is 
determined  by  finding  the  point  d  in  ab,  such  that  —r  =  -r^.  The 

line  cd  then  represents  in  direction  and  magnitude  the  velocity 
of  D  relative  to  the  base. 

The  total  acceleration  of  the  block  relative  to  the  base  =  the 
total  acceleration  of  the  block  relative  to  the  crank  pin  +  the 
total  acceleration  of  the  crank  pin  relative  to  the  base.  The  total 
acceleration  in  each  case  is  the  vector  sum  of  the  centripetal  and 
tangential  accelerations. 

Considering  these  accelerations  in  the  order  given,  the  centri- 
petal acceleration  of  the  block  relative  to  the  base  is  zero,  since 
it  moves  in  a  straight  line  ;  the  tangential  acceleration  is  unknown 
in  magnitude,  but  in  direction  lies  along  CC.  The  centripetal 

acceleration  of  A  relative  to  B  is  WTJ-  directed  from  A  towards  B  ; 


the  magnitude  of  the  tangential  acceleration  is  unknown,  but  the 
direction  is  perpendicular  to  AB.     The  centripetal  acceleration 

(be}2 

of  B  relative  to  C  is  ^-Z.  directed  from  B  towards  C  ;  the  tan- 
ijO 

gential  acceleration  is  zero,  since  the  crank  has  been  assumed  to 
have  a  uniform  rotation. 

In  the  acceleration  diagram  (Fig.  97),  let  cfa  represent  the 
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centripetal  acceleration  of  B  relative  to  C,  and  b^  that  of  A 
relative  to  B.  Draw  c^  parallel  to  CC  and  a^  perpendicular 
to  AB  to  represent  the  tangential  acceleration  of  A  relative  to  the 
base,  and  of  A  relative  to  B  respectively.  The  junction  of  the  two 
latter  lines  gives  the  point  ait  and  the  line  l^  represents  the 
total  acceleration  of  A  relative  to  B. 

The  total  acceleration  of  the  point  D  is  determined  by  finding 

the  point  d^  on  afa  such  that  —  1v-  =  -.     The  line  c        then 


represents  the  total  acceleration  of  D  relative  to  the  base. 

EXAMPLE  1.  —  The  link  AB  of  a  machine  has  plane  motion.  With  reference  to 
a  pole  0,  the  instantaneous  positions  and  accelerations  of  the  two  extremities  A 
and  B  are  7'336<>,  15*047°  inches,  and  43'841.5°,  31-6107°  inches  per  second  per 
second  respectively.  Determine  (1)  the  acceleration  of  C  the  mid-point  of  AB  ; 
(2)  the  tangential  acceleration  of  B  relative  to  A  ;  and  (3)  the  position  of  the 
point  D  whose  acceleration  is  zero. 

(1)  Draw  the  configuration  diagram,  Fig.  98,  and  the  acceleration  image, 
Fig.  99,  from  the  data  given.  Bisect  a1bl  at  cx  and  join  to  0.  Then  Ocj  =  31'668<> 
represents  the  acceleration  of  C. 


(2)  Draw  ajba  parallel  to  BA  to  meet  b^  perpendicular  to  AB  at  ba.    Then 
labl  =  35'6147°  represents  the  tangential  acceleration  of  B  relative  to  A. 

(3)  Join  ajO  and  Z^O.     Make  the  triangle  ABD  similar  to  the  triangle  a^O. 
Then  D,  whose  instantaneous  position  is  9'3576.6°,  is  the  point  required. 

EXAMPLE  2. — Given  the  angular  velocity  of  the  driving  crank  of  a  quick 
return  motion,  determine  the  velocity  and  acceleration  of  cutting  for  the  given 
configuration  (Fig.  100). 

Let  at  be  the  angular  velocity  of  the  crank  A2B.  Let  C  be  the  point  on  the 
lever  AjD  which  is  immediately  under  the  pin  B.  Before  the  motion  of  E  can 
be  determined  it  is  necessary  to  find  the  motion  of  C  and  D. 

Now,  the  velocity  of  C  relative  to  A  =  velocity  of  C  relative  to  B  +  velocity 
of  B  relative  to  A. 
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In  the  velocity  diagram  (Fig.  101)  draw  db  to  represent  the  velocity  of  B 
relative  to  A.  The  velocity  of  C  relative  to  A  is  perpendicular  to  CA15  that  is,  lies 
along  the  line  ac ;  the  velocity  of  0  relative  to  B  is  along  CAX,  since  the  block 
is  constrained  to  move  in  this  direction.  Draw  lc  parallel  to  AXC  cutting  ac 
in  c.  Hence  ac  represents  the  velocity  of  C,  and  cb  represents  the  velocity  of 
sliding. 


FIG.  100. 

Produce  ac  to  d,  making  —  =  -~-^ .    Clearly  ad  represents  the  velocity  of 
ac      AjO 

D  relative  to  A  in  magnitude  and  direction.     But  velocity  of  D  relative  to  A 
=  velocity  of  D  relative  to  E  +  velocity  of  E  relative  to  A. 

The  velocity  of  D  relative  to  E  is  perpendicular  to  DE ;  the  velocity  of  E 


FIG.  101. 


FIG.  102. 

relative  to  A  is  along  the  line  A3A3.  Draw  de  perpendicular  to  DE  and  ae 
parallel  to  A3A3,  meeting  in  e.  Then  ae  represents  the  velocity  of  cutting  at 
E  to  the  same  scale  that  ab  represents  the  linear  velocity  of  the  pin  B. 

To  find  the  acceleration  of  E,  it  is  similarly  necessary  to  determine  the 
accelerations  of  C  and  D. 
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(Centripetal  +  tangential)  acceleration  of  C  relative  to  A  —  (centripetal 
+  tangential)  acceleration  of  C  relative  to  B  +  (centripetal  +  tangential)  accelera- 
tion of  B  relative  to  A. 

The  centripetal  acceleration  of  C  relative  to  B  and  the  tangential  acceleration 
of  B  relative  to  A  are  zero ;  the  centripetal  acceleration  of  B  relative  to  A  is 

•7 — ™  and  the  centripetal  acceleration  of  C  relative  to  A  is  -r— ~ .  In  the 
A2r>  AjO 

acceleration  image  (Fig.  102)  let  a^bl  represent  the  centripetal  acceleration  ol 
B  relative  to  A2,  and  a^ca  the  centripetal  acceleration  of  C  relative  to  A^  The 
tangential  acceleration  of  C  relative  to  A  is  perpendicular  to  CAj,  and  the 
tangential  acceleration  of  C  relative  to  B  is  along  AjC.  Draw  c^  perpendicular 
to  CAj  to  meet  b^  drawn  parallel  to  AtC.  Join  a^.  Then  a^  represents  the 
total  acceleration  of  C  relative  to  A. 

Produce  c^q  to  di  making   — -  =  -pTv     Then  a^  represents  the  total 

aici       AjO 
acceleration  of  D  relative  to  A. 

But  total  acceleration  of  D  relative  to  A  =  (centripetal  +  tangential)  accele- 
ration of  D  relative  to  E  +  (centripetal  +  tangential)  acceleration  of  E  relative 
to  A. 

(de)2 
The  centripetal  acceleration  of  D  relative  to  E  is  -^  ;   the  centripetal 

acceleration  of  E  relative  to  A  is  zero.  Draw  d±ed  parallel  to  DE  and  equal  to 
Tygj-  Draw  etft  perpendicular  to  DE  to  meet  aft  drawn  parallel  to  A3A3. 

Then  a^  represents  the  linear  acceleration  of  the  cutting  tool  for  the  given 
configuration. 

EXERCISES  X 

1.  In  a  four-bar  chain  ABCD,  AB  is  the  driving,  CD  the  driven  crank,  and 
BC  the  coupler,  DA  being  fixed.     BC  produced  if  necessary  cuts  AD  in  P. 
Show  that  the  ratio  of  the  angular  velocity  of  CD  to  that  of  AB  is  PA  :  PD. 
Draw  the  velocity  diagram  for  this  chain  when  AB,  BC,  CD,  and    DA  are 
1,  6,  3,  and  7  feet  respectively,  the  angle  BAD  being  90°,  and  AB  and  CD 
being  on  the  same  side  of  AD.     If  the  velocity  of  B  is  one  foot  per  second, 
find  the  velocity  of  C,  and  check  by  using  the  ratio  given  above. 

(Lond.  B.Sc.  1912.) 

2.  In  a  direct-acting  steam  engine  mechanism  the  connecting  rod  is  3  cranks 
long ;  the  crank  revolves  uniformly  at  the  rate  of  200  revolutions  per  minute, 
and  is  15  inches  in  length  :  find,  by  means  of  velocity  and  acceleration  diagrams, 
the  velocity  and  acceleration  of  the  piston  when  the  crosshead  pin  has  moved 
through  3  inches  from  a  dead  centre,  and  when  it  is  exactly  at  half-stroke. 

(Lond.  B.Sc.) 

3.  The  connecting  rod  of  a  gas  engine  is  4  feet  long,  and  the  stroke  of  the 
piston  is  15  inches.     The  crank  shaft  makes  150  revolutions  per  minute.     Find 
the  velocity  and  acceleration  of  a  point  on  the  connecting  rod  1  foot  from  the 
crank  pin,  when  the  crank  has  turned  through  45  degrees  from  the  "  in  "  dead 
centre.  (Lond.  B.Sc.  1909.) 
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4.  For  the  mechanism  of  Question  2,  and  the  positions  there  specified,  find 
the  point  on  the  connecting  rod  of  least  velocity  relative  to  the  base  plate. 

5.  The  crank  pin  a  in  the  mechanism  of  Fig.  103  is  revolving  at  the  rate 
of  100  revolutions  per  minute.     Find  the  velocity  and  acceleration  of  the  point 
6  for  the  given  configuration. 

6.  A  rod  AB,  18  inches  long,  is  constrained  to  move  so  that  the  end  A 
travels  along  a  straight  line,  and  the  end 

B  travels  along  another  straight  line  at 
right  angles  to  the  first.  Find  the  velocity 
of  sliding  of  the  end  A  when  the  rod  AB 
rotates  uniformly  at  20  revolutions  per 
minute,  and  the  line  AB  makes  angles 
of  45°  with  the  directions  of  sliding. 
Find  also  the  acceleration  of  the  point  A 
in  this  position. 

7.  In  a  quick   return  motion   for  a 
shaping   machine  the  travel  of  the   tool 
is  9  inches,  and  the  maximum  return 
velocity  is  twice  the  maximum  cutting 
velocity.  The  crank  makes  14  revolutions 
per  minute.    Neglecting  the  obliquity  of 

the  connecting  rod,  compare  the  times  of  cutting  and  returning,  and  find  the 
maximum  cutting  speed  of  the  tool.  Set  out  velocity  curves  for  the  tool  for 
both  the  forward  and  backward  strokes.  (Lond.  B.Sc.  1912.) 

8.  Fig.  104  shows  the  outlines  for  a  quick  return  motion  for  a  shaping 
machine  which  has  to  satisfy  the  following  conditions : — Travel  of  cutting  ram  C, 


FIG.  103. 


CUTTING 


FIG.  104. 

12  inches ;  duration  of  cutting  stroke,  three  times  that  of  the  return  stroke  when 
DE  is  rotating  with  uniform  angular  velocity;  speed  of  cutting,  40  feet  per 
minute  when  AB  is  vertical.  Determine  the  velocity  and  acceleration  of  C 
when  6  =  180°.  (Lond.  B.Sc.  1909.) 

9.  Draw  on  a  stroke  base  velocity  curves  for  the  forward  and  return  strokes 
of  the  tool  of  Question  8. 

10.  The  crank  AB,  Fig.  105,  is  4  inches  long,  and  rotates  uniformly  at 
150  revolutions  per  minute.     The  rod  BD  is  16  inches  long,  and  the  end  D 
is  constrained  to  move  in  the  straight  line  GKE.     DC  is  8  inches.    The  rod  CE 
is  20  inches  long,  and  the  point  E  moves  on  the  straight  line  EK.     Determine 
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the  velocity  of  the  point  E  for  the  given  position  of  the  mechanism,  and  explain 
how  you  would  determine  the  acceleration  of  the  point  E. 

(Lond.  B.Sc.  1906.) 

11.  In  a  steam  engine  mechanism  the  lengths  of  the  crank  and  connecting 
rod  are  1£  and  6  feet  respectively.    When  the  crank  is  60  degrees  from  the 
inner  dead  centre,  its  instantaneous  speed  is  200  revolutions  per  minute,  and 
it  is  being  accelerated  at  the   rate  of   100   radians   per   second  per  second. 
Determine  the  acceleration  of  a  point  D  on  the  connecting  rod  situated  1£ 
feet  from  the  crosshead. 

12.  In  a  horizontal  steam  engine,  the  indicator  reducing  gear  consists  of  a 
radial  arm  AB,  suspended  from  a  fixed  centre  A  above  the  line  of  stroke ;    the 


FIG.  105. 


FIG.  106. 


end  B  of  the  radial  arm  is  connected  to  the  crosshead  by  a  link  BC,  and  the 
cord  passes  off  from  a  sector  fixed  to  the  arm  AB,  its  centre  being  A,  and 
the  radius  AD.  If,  for  any  position  of  the  gear,  a  vertical  line  drawn  through  A 
cuts  the  link  BC  in  N,  show  that  AN  :  AD  gives  the  ratio  of  the  piston  speed 
to  the  cord  speed.  (Lond.  B.Sc.  1906.) 

13.  A  and  B,  Fig.  106,  are  fixed  centres,  3  inches  apart.    The  crank  BC  is 
4£  inches  long,  and  revolves  uniformly  with  an  angular  velocity  of  10  radians 
per  second  about  the  centre  B.     The  end  C  is  pivoted  to  a  block  which  can 
slide  along  AD.    AD  revolves  about  the  fixed  centre  A,  and  is  10  inches  long. 
The  point  E  moves  along  EA,  and  the  connecting  DE  is  20  inches  long. 
Determine  the  velocity  of  sliding  at  both  C  and  E  when  BC  is  at  right  angles 
to  AB,  and  find  also  the  maximum  velocity  of  E. 

Show  how  the  mechanism  can  be  applied  as  a  quick  return  motion  for  a 
shaping  machine,  and  determine  the  ratio  between  the  times  of  cutting  and 
return.  (Lond.  B.Sc.  1906.) 

14.  The  crank  AB  of  the  mechanism  shown  in  Fig.  107  revolves  at  200 
revolutions  per  minute.      The  blocks  C,  P,  and  E  move  in  straight  lines,  the 
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motions  of  C  and  P  being  horizontal,  and  E  vertical, 
and  acceleration  of  P  when  Q  is  60  degrees. 


Determine  the  velocity 
(Lond.  B.Sc.  1907.) 


w  ////ssffi7_^  —~~~~ 
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FIG.  107. 


15.  Fig.  108  shows  a  diagram  of  a  stone  crusher.  A,  D,  and  H  are  centres 
about  which  the  levers  AB,  CE,  and  HF  swing.  These  levers  are  coupled 
together  by  the  links  BC  and  EF. 

The  lever  FH  presses  against  the  lower  end  of  the  crushing  arm  KG,  which 
is  hinged  at  K.  When  the  crank  AB  is  rotating  uniformly  at  65  revolutions 
per  minute,  draw  the  velocity  diagram  for  the  mechanism  in  the  position  shown, 
and  find  the  acceleration  of  the  point  E.  KL  —  2LG,  and  the  distance  of  K 
from  the  vertical  centre  line  through  A  is  16  inches.  (Lond.  B.Sc.  1913.) 


FIG.  108. 

BG  =  24  inches :  CD  =  15  inches 
DE  =•    6      „     ;  EF  =    4      „ 
FH  =  18      „     ;  KG  =  20      „ 


109. 


16.  Part  of  a  valve  gear  is  shown  diagrammatically  in  Fig.  109.  AC  is  fixed, 
and  the  crank  AB  oscillates  about  A.  A  sliding  block  is  pivoted  ;at  C,  and  BP 
oscillates.  AB  =  2  inches,  AC  =  3  inches,  and  BP  =  12  inches.  When  the 
crank  makes  an  angle  CAB  =  135°,  AB  is  moving  with  an  angular  velocity  of 
12  radians  per  second,  and  an  angular  acceleration  of  100  radians  per  second  per 
second,  both  anti-clockwise.  Draw  the  acceleration  diagram.  Find  the  accelera- 
tion of  the  point  P,  and  show  how  to  find  the  resultant  inertia  force  on  the 
link  BP.  (Lond.  B.Sc.  1914.) 


OHAPTEE  XI 
THE  DETERMINATION  OF  THE  ANGULAR  MOTION  OF  LINKS 

130.  Centre  of  Rotation  Method.  —  The  simplest  and  most 
obvious  method  of  determining  the  angular  velocity  of  a  link  is 
by  the  centre  of  rotation  method.  The  centre  of  rotation  of  a 
body  has  been  defined  (Chap.  VII.,  par.  90)  as  the  point  about 
which  an  angular  displacement  is  equivalent 
to  any  combined  translational  and  rotational 
motions.  Given  this  centre  of  rotation  and 
the  linear  velocity  of  a  point  on  the  body, 
its  angular  velocity  can  be  readily  deter- 
mined. For  example,  in  Fig.  110,  let  0  be 
the  instantaneous  centre  of  rotation  of  the 
FIG.  no.  ^nk  AB,  and  let  v  be  the  linear  velocity  of 

the  point  A.     If  o>  be  the  angular  velocity 
of  AB  about  0,  v  =  to  .  OA  =  linear  velocity  of  A. 


~OA 

No  matter  how  complex  a  mechanism  may  be  the  angular 
velocities  of  the  various  links  may  be  readily  determined  in 
this  way. 

EXAMPLE  1. — To  determine  the  angular  velocity  of  the  beam  of  a  beam 
engine  for  a  given  position  of  the  crank. 

Let  the  crank  PQ  have  constant  angular  velocity  a>1,  and  let  the  instantaneous 
angular  velocity  of  the  beam  SR  be  w.2  for  the  given  configuration  of  the 
mechanism  (Fig.  111). 

S  is  the  centre  of  rotation  of  the  beam,  and  hence  for  the  determination  of 
ct>2  it  is  necessary  to  find  the  linear  velocity  of  the  point  R.  This  can  be  done 
by  finding  the  instantaneous  centre  of  rotation  0  of  the  connecting  rod.  0  lies 
at  the  intersection  of  PQ  and  SR  produced. 

Then  the  linear  velocity  of  Q  =  o^ .  PQ 

where  ft  is  the  angular  velocity  of  the  connecting  rod. 
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But  the  linear  velocity  of  R  =  n .  OR 

PQ 
=  a"'Q6 


FIG.  111. 


Therefore  the  angular  velocity  of  the  beam  =  ^ear  velocity  of  R 


SR 
PQ  OR 

QO'SR 


That  is,  o>2  may  be  expressed  in  terms  of 


131.  Vector  Diagram  Methods. — Useful  though  the  previous 
method  may  prove  for  the  determination  of  the  angular  velocity 
of  a  link,  its  value  is  limited  since  it  cannot  readily  be  adapted 
for  the  determination  of  angular  acceleration.  A  further  practical 
difficulty  about  the  method  is  that  in  many  cases  in  mechanisms 
the  instantaneous  centre  of  rotation  is  found  by  the  intersection 
of  two  lines  inclined  at  a  very  small  angle  to  one  another,  and 
hence  the  exact  point  of  intersection  is  difficult  of  location.  The 
use  of  the  centres  of  rotation  undoubtedly  gives  a  clear  concept, 
and  hence  a  ready  solution  of  many  problems  of  kinematics,  but 
the  fact  must  be  emphasized  that  it  is  but  an  alternative  to  the 
vector  diagram  method,  by  which  both  angular  velocities  and 
accelerations  may  be  found.  It  will  be  found  that  from  the 
diagrams  drawn  to  determine  relative  linear  velocity  and  accelera- 
tion, the  angular  velocity  and  acceleration  of  links  may  also  be 
obtained. 
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132.  (1)  Determination  of  Angular  Velocity  from  the  Vector 
Velocity  Diagram.  —  The  determination  of  angular  velocity  by  this 
method  is  dependent  upon  the  simple  theorem  that  the  angular 
velocity  of  a  link  about  its  centre  of  rotation  is  equal  to  the 
angular  velocity  of  the  link  about  one  extremity. 

Let  AB  (Fig.  110)  be  a  link  rotating  with  instantaneous  angular 
velocity  a)  about  0.     Drawing  the  vector  velocity  diagram  oab 
.      (Fig.  112),  oa  =  a)  .  OA,  and  is  perpendicular 
to  OA  ;   ob  =  CD  .  OB,  and  is  perpendicular  to 
OB  ;  hence  db  =  CD  .  AB,  and  is  perpendicular 
to  AB.      That  is,  the  angular  velocity  of  B 
about  A  is  the  same  as  that  of  the  link  AB 

FIG.  112.  aboufc  0. 

The  general  rule  for  the  determination  of 
angular  velocity  from  the  vector  velocity  diagram  may  be  deduced 

from   the   preceding   investigation.     Since  a)  =  -r-^,  the  angular 


velocity  of  a  link  is,  in  general,  equal  to  the  relative  linear 
velocity  of  its  extremities  divided  by  the  length  of  the  link. 

133.  (2)  Determination  of  Angular  Velocity  from  the  Vector 
Acceleration  Diagram.  —  The  fact  that  the  centripetal  acceleration 

v2 
of  one  particle  relatively  to  another  is  —  or  co2r  has  already  been 

used  in  the  construction  of  the  vector  acceleration  diagram. 
Conversely,  given  the  configuration  and  vector  acceleration 
diagrams,  the  angular  velocity  of  a  link  is  obtained  by  dividing 
the  centripetal  acceleration  by  the  length  of  the  link  and  ex- 
tracting the  square  root. 

134.  (3)    Determination    of    Angular   Acceleration    from   the 
Vector  Acceleration   Diagram.  —  By   a  similar  method  to  that  of 
par.  132,  it  may  be  proved  that  the  angular  acceleration  of  a  link 
about  its  centre  of  rotation  is  equal  to  the  angular  acceleration  of 
one  extremity   of  the   link   about  the   other.     But   this    latter 
angular  acceleration  multiplied  by  the  length  of  the  link  equals 
the  relative  linear  tangential  acceleration  of  the  two  extremities. 
Hence,  conversely,  the  angular  acceleration  of  a  link  is  equal  to 
the  relative  tangential  acceleration  of  the  two  extremities  divided 
by  the  length  of  the  link. 

EXAMPLE  2.—  In  the  mechanism  shown  in  Fig.  113,  the  oscillating  lever  A.2D 
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is  driven  by  the  uniformly  rotating  crank  AjB.     Determine  the  angular  velocity 
and  acceleration  of  the  lever  A2D  at  the  moment  of  configuration. 


FIG.  113. 

The  vector  velocity  and  acceleration  diagrams  must  first  be  drawn. 

The  velocity  of  C  relative  to  A  =  velocity  of  C  relative  to  B  +  velocity  of  B 
relative  to  A. 

Draw  the  velocity  diagram  ale  (Fig.  114)  from  the  data  supplied.  Since 
ac  represents  the  velocity  of  C  relative  to  A,  the  angular  velocity  of  A2D  is 
ac 

The  angular  acceleration  of  the  lever  may  be  obtained  by  determining  the 
tangential  acceleration  of  the  point  C.  Draw  the  acceleration  image  of  the 
mechanism  (Fig.  115). 

(Centripetal  +  tangential)  acceleration  of  C  relative  to  A  =  (centripetal 
+  tangential)  acceleration  of  C  relative  to  B  +  (centripetal  +  tangential)  accele- 
ration of  B  relative  to  A. 

The  tangential  acceleration  of  B  relative  to  A  is  zero ;  the  centripetal  accelera- 
tion of  B  relative  to  A  is  -7—5  ;  the  centripetal  acceleration  of  C  relative  to  B2  is 

•A.  1  D 

(be)2  .   (™W 

— —  ;  the  centripetal  acceleration  of  C  relative  to  A  is 

(ab}z 
Draw  alll  proportional  to  ~r~^  and  parallel  to  BAr 

AjO 

Draw  bjbc  proportional  to  -^p-  and  parallel  to  CB. 
Draw  «!««.  proportional  to  p-r-  and  parallel  to  CA2. 


At  &c  draw  6^  perpendicular  to  BC  to  meet  acCj  drawn  perpendicular  to  CA2. 
Then  acCj  represents  the  tangential  acceleration  of  C  relative  to  A. 

Therefore  angular  acceleration  of  the  lever  A2D  is  -r^. 


EXAMPLE  3.—  The  velocity  of  the  extremity  A  of  the  link  AB  (see  Example 
1,  p.  120)  is.   19'148°  inches  per  second.      Determine   (1)  the  instantaneous 

K 
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angular  velocity  and  acceleration  of  the  link ;  (2)  the  velocity  of  the  extremity 
B  ;  and  (3)  the  position  of  the  instantaneous  centre  of  rotation  of  AB. 

(1)  From  the  vector  acceleration  diagram  the  tangential  acceleration  of  B  to 
A  =  la\  =  35-6  (Fig.  99). 

.*.  at.  AB  =  35'6.     /.  angular  acceleration  =  d>  =  4'5  radians  per  sec.  per  sec. 
The  centripetal  acceleration  of  B  to  A  =  aj)a  =  24'0  (Fig.  99). 

.*.  et>2 .  AB  =  24.     .*.  angular  velocity  =  <o  =  1  '74  radians  per  sec. 


FIG.  114. 


FIG.  115. 


FIG.  116. 


(2)  From  any  pole  0  draw  Oa  to  represent  the  given  velocity  of  A  (Fig. 
116).    The  relative  velocity  of  B  to  A  =  w  .  AB  =  1'74  x  7'9  =  14-7  in  magni- 
tude, and  the  direction  is  perpendicular  to  AB.    Draw  db  perpendicular  to  AB 
and  make  it  proportional  to  14*7.    Join  06.    Then  Ob  =  22*289<>  is  the  velocity 
of  the  extremity  B. 

(3)  On  AB  (Fig.  98)  draw  the  triangle  ABE  proportional  to  the  triangle  a&O 
in  such  a  way  that  the  sides  AE,  BE  are  perpendicular  to  aO,  10  respectively. 
As  the  velocity  of  E  is  zero,  E  must  be  the  instantaneous  centre  of  rotation  of 
the  link  AB. 

135.  Relative  Angular  Velocities.  —  So  far  the  angular  velocities 
of  the  links  of  a  mechanism  have  been  determined  relatively  to 
the  fixed  link.  The  greater  problem,  the  angular  velocity  of  one 
link  relative  to  any  other,  may  be  readily  solved  by  a  method 
similar  to  that  of  the  deduction  of  relative  linear  velocity.  The 
equation  given  in  par.  21  is  as  true  for  angular  as  for  linear 
velocities.  That  is,  the  angular  velocity  of  C  relative  to  A  =  angular 
velocity  of  C  relative  to  B  +  angular  velocity  of  B  relative  to  A. 

Consider,  for  example,  a  four-bar  chain,  Fig.  91  (p.  114). 
When  the  link  a  is  fixed  and  b  rotates  with  angular  velocity  o)l} 
the  angular  velocities  of  c  and  d  have  been  found  to  be  —  fit  and 
o>2  (Example  1,  p.  126). 

That  is,  the  relative  velocity  of  a  to  a  =  0 


I  to  a 
c  to  a 
d  to  a 
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The  angular  velocities  of  the  links  relative  to  any  other  link,  say 
d,  is  obtained  from  the  above  table  by  impressing  the  same 
velocity  to  each  that  causes  the  link  d  to  come  to  rest.  This 
velocity  is  — co2. 

/.  relative  motion  of  a  to  d  =  —co2 

„  „          I  to  d  =  MI  —  a>2 

,,          ,,       c  to  d  =  — (a  +  ^2) 

d  to  d  =  O 

Similarly  the  relative  velocity  of  each  link  to  b  and  c  may  be 
obtained. 

136.  Velocity  of  Rubbing  at  the  Pin  of  a  Turning  Pair. — Let 
a  and  I  (Fig.  117)  be  two  links  connected  by  a  pin  joint,  and  let 
the  radius  of  the  pin  be  r.     If  &  rotate 

about   a    with    angular    velocity    co,    the 
velocity  of  rubbing  at  the  wearing  surfaces 

is  obviously  cu .  r.  £L_ 

When  either  a  or  &  is  fixed  to  earth,  FIG< 

the  above  conception  of  the   velocity  of 

rubbing  will  be  clear.  When  both  are  moving,  the  problem 
appears  more  difficult.  If,  however,  the  conception  of  relative 
motion  explained  in  par.  16  has  been  grasped,  it  will  ,be  seen 
that  the  velocity  of  rubbing  at  any  pin  equals  the  radius  of  the 
pin  multiplied  by  the  relative  angular  velocity  between  the  two 
links  constrained  by  that  pin. 

EXAMPLE  4. — Let  rp,  rQ,  rR,  rs  be  the  radii  of  the  pins  at  Plf  Q,  R,  and  P2 
respectively  in  the  quadric  cycle  chain,  Fig.  91.  If  I  rotate  with  angular  velocity 
a)!  about  a,  determine  the  velocities  of  rubbing  at  Plf  Q,  R,  and  P2  at  the  instant 
of  configuration. 

Let  —  £1  and  +o)2  be  the  angular  velocities  of  c  and  d. 

The  velocities  of  rubbing  at  Px  and  P2  are  o>1rp  and  to^rs  respectively. 

The  relative  angular  velocity  between  6  and  c  is  to^  +  fl. 

Therefore  the  velocity  of  rubbing  at  Q  is  (o>i  +  n)rQ. 

The  relative  angular  velocity  between  d  and  c  is  n  +  o>2. 

Therefore  the  velocity  of  rubbing  at  R  is  (n  4-  a>2)rR* 

137.  Particular  Problems  of  Angular  Velocity  Determinations. — 
It   must   not   be    overlooked   that   a   vector   velocity   or  vector 
acceleration  diagram  is  drawn  for  a  definite  instant  of  time,  and 
that  at  the  next  instant  a  different  diagram  for  the  motion  of  the 
linkwork  must  be  shown.     Useful  though  the  preceding  general 
methods  may  be,  therefore,  the  results  of  particular  problems  may 
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sometimes  be  obtained  more  quickly  by  some  special  analysis  or 
by  some  simple  graphical  construction.  Certain  of  these  problems 
will  now  be  discussed. 

138.  (1)  Determination  of  the  Angular  Velocity  Ratio  between 
Two  Shafts  connected  by  a  Quadric  Cycle  Chain. — It  has  been  seen 
in  Example  1,  p.  126,  that  the  angular  velocity  ratio  between  the 

PQ     OR 


crank  and  the  beam  of  a  beam  engine  is 


QO  '  SR' 


Produce 


RQ  and  SP  (Fig.  Ill)  to  meet  in  U  ;  draw  PW  parallel  to  SR. 


Then        ™  =  — - .—  =  ^ 

1   inii  -    ,  <*i~k        s~\  s~\  n  ~r\ 


OR_PQ   PW      PW      PU 
SR  '  QO      SR  '  PQ    "  SR       SU 


Hence  the  angular  velocities  of  the  two  shafts  at  P  and  S  are 
inversely  as  the  segments  into  which  the  coupler  or  the  coupler 
produced  divides  the  line  of  centres. 

139.  (2)  Determination  of  the  Angular  Velocity  of  the  Connecting 
Rod  in  a  Direct-acting  Steam  Engine. — Let  CB  be  the  crank  and 
BA  the  connecting  rod  of  a  slider  crank  chain  (Fig.  118).  Let  the 


FIG.  118. 

crank  move  with  constant  angular  velocity  to.  0,  the  instantaneous 
centre  of  rotation  of  the  connecting  rod,  lies  at  the  intersection  of 
CB  produced  and  the  vertical  at  A. 

Let  Q  be  the  instantaneous  angular  velocity  of  AB. 

Then  the  linear  velocity  of  B  =  wx .  CB  =  O  .  BO. 

fl  =CB 
*'•  at       BO 
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Draw  CN  parallel  to  AO  to  meet  AB  produced  in 


cu 


CB 
BO 


BN 
AB 


Hence  to  the  same  scale  that  AB  represents  the  angular  velocity 
of  the  crank,  the  length  BN  represents  the  angular  velocity  of  the 
connecting  rod. 

The  connecting  rod  is  therefore  instantaneously  at  rest  when 
the  crank  is  perpendicular  to  the  line  of  centres  and  has  its 
maximum  angular  velocity  when  the  crank  is  at  the  dead  centres. 

140.  (3)  Velocity  Ratio  transmitted  by  the  Oldham  Coupling. — 
A  description  of  this  coupling  has  already  been  given  in  par.  117. 

Examining  the  constraint  between  a  and  d,  Fig.  83,  it  is  clear 
that  the  only  possible  relative  motion  between  these  parts  is 
sliding.  Hence  as  a  rotates,  the  angular  displacements  of  a  and  d 
must  be  the  same.  Similarly,  the  only  possible  relative  motion 
between  d  and  c  is  sliding,  so  that  d  and  c  must  have  the  same 
angular  displacements.  Hence  the  velocity  ratio  transmitted 
between  the  two  shafts  a  and  c  at  any  instant  is  unity. 

The  same  result  may  be  obtained  by  determining  the  velocity 
ratio  between  a  and  c  in  the 
original  kinematic  chain  or  in 
one  of  the  mechanisms  derived 
from  it.  Choose  for  preference 
the  elliptic  trammels  (Fig.  119). 
Let  the  link  P^  in  one  position 
be  inclined  at  an  angle  6  to  the 
axis  of  X ;  its  inclination  to  the 
axis  of  Y  will  be  90°  —  6.  After 
a  small  displacement,  let  P2Q2 
be  inclined  at  an  angle  (f>  to  the 
axis  of  X,  and  90°  —  0  to  the  axis 
of  Y.  During  this  displacement 
the  relative  movement  between 

I  and  c  has  been  <f>  —  d,  and  between  b  and  a,  (90°  —  6)  —  (90°  —  </>), 
that  is,  (/>  —  S.  Hence  the  relative  angular  velocity  between  ~b 
and  a  and  b  and  c  is  the  same. 

This  velocity  ratio  must  be  the  same  no  matter  which  link  be 
fixed.  Hence  when  b  is  fixed,  as  in  the  Oldham  coupling,  the 
velocity  ratio  between  the  shafts  is  unity. 


FIG.  119. 
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EXERCISES  XI 

1.  ABCD  is  a  four-link  chain  in  which  the  distance  AD  is  fixed  at  6  inches. 
The  links  AB,  BC,  CD  are  2,  5,  and  4  inches  respectively.    If  the  crank  AB 
revolves  about  A  at  a  uniform  speed  of  80  revolutions  per  minute,  find  :  (1)  the 
angular  speed  of  the  link  BC  when  the  linear  speed  of  the  point  C  is  zero ; 
(2)  the  angular  speed  of  the  link  DC  when  the  angular  speed  of  the  link  BC  is 
zero  ;  (3)  the  linear  speeds  of  the  point  C  when  the  link  BC  is  at  right  angles  to 
thilink  AB. 

2.  A  four-bar  mechanism  is  composed  of  a  driving  crank  AB,  1  foot  long' 
rotating  uniformly  at  30  revolutions  per  minute ;  a  coupling  rod  BC,  3  feet 
long;  an  oscillating  lever  CD,  2  feet  long ;  and  a  fixed  link  DA,  3£  feet  long. 
Find  the  angular  velocity  of  the  coupling  rod  BC  when  the  crank  AB  makes  an 
angle  of  60°  with  the  link  AD. 

3.  Sketch  a  quick  return  motion  which  is  an  inversion  of  the  slider  crank 
chain  made  by  fixing  the  crank.     In  a  motion  of  this  type  the  length  of  stroke 
at  the  end  of  the  oscillating  lever  is  to  be  20  inches  measured  along  the  chord, 
and  the  length  of  the  link  corresponding  to  the  crank  is  to  be  10  inches.     The 
average  speed  of  return  is  to  be  1*8  times  that  of  the  forward  stroke.    Find 
suitable  dimensions  for  the  rotating  arm  and  the  oscillating  lever.     Show  the 
arrangement  at  one  end  of  the  stroke,  and  find  the  ratio  of  the  maximum  angular 
velocities  of  the  oscillating  lever  during  the  two  strokes.     (Lond.  B.Sc.  1911.) 

4.  In  a  four-bar  motion,  the  lengths  of  the 
links  a,  6,  c,  and  d  are  4,  3,  7,  and  6  inches 
respectively.     Assuming  that  a  is  fixed  and  5 
is  rotating  at  the  speed  of  2  revolutions  per 
second,  determine  the  instantaneous  angular 
accelerations   of  c  and  of  d  for  the  given 
position  of  the  chain  (Fig.  120). 

(Lond.  B.Sc.  1913.) 

5.  The  connecting  rod  of  a  steam  engine 
is  52  inches  long,  and  the  crank  radius  is  13 

FIG.  120.  inches.      Find  the   angular   velocity  of  the 

crank  shaft  relative  to  the  main  bearing,  the 

angular  velocity  of  the  crank  pin  relative  to  the  connecting  rod  bearing,  and 
the  angular  velocity  of  the  connecting  rod  relative  to  the  crosshead  pin,  when 
the  crank  has  turned  through  30°  from  the  inner  dead  centre,  and  the  revolu- 
tions are  200  per  minute.  The  angular  velocities  are  to  be  expressed  in 
radians  per  second.  (I.C.E.) 

6.  In  an  ordinary  steam  engine  the  stroke  is  18  inches,  the  connecting  rod 
is  36  inches  long,  and  the  revolutions  are  400  per  minute.  The  outside  diameters 
of  the  crank  shaft  journal,  the  crank  pin,  and  the  crosshead  pin  are  7£,  7f ,  and 
5£  inches  respectively.  Find  the  velocity  of  the  piston  and  the  velocity  of 
rubbing  of  each  journal  in  feet  per  minute  in  the  position  of  the  mechanism  for 
which  the  crank  arm  has  turned  through  an  angle  of  30  degrees  from  the  inner 
dead  centre.  (Lond.  B.Sc.  1905.) 
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7.  Determine  the  maximum  velocity  of  rubbing  of  each  journal  for  the 
mechanism  of  the  previous  question. 

8.  A  Gnome  engine  (Fig.  120A)  has  seven  cylinders,  equally  spaced  in  one 
plane,  which  rotate  about  a  fixed  crank  shaft.     The  length  of  the  crank  (fixed 
also)  is  2  inches,  and  the  connecting  rods,  which  act  on  a  common  crank  pin, 
are  each  8  inches  long.     If  the  speed  of  the  engine  is  1500  revolutions  per 
minute,  find  the  velocity  of  each  piston  relative  to  its  cylinder  for  the  position 
in  which  one  of  the  connecting  rods  is  at  right  angles  to  the  crank. 

9.  A  rotary  cylinder  of  the  Gnome  type  shown  in  Fig.  120 A  has  a  stroke  of 
4£  inches,  and  connecting  rods  9  inches  long.     Determine  the  instantaneous 


FIG.  120A. 

speeds  of  rubbing  at  the  crank  and  gudgeon  pins  of  the  master  connecting  rod 
when  the  latter  is  inclined  at  45  degrees  to  the  crank,  and  the  cylinders  are 
rotating  at  a  constant  speed  of  1200  revolutions  per  minute.  The  diameters  of 
the  crank  pin  and  gudgeon  pin  are  If  and  1  inch  respectively. 

(Lond.  B.Sc.  1914.) 

10.  Two  shafts  have  their  axes  parallel  and  1  inch  apart.  The  one  shaft 
drives  the  other  through  an  Oldham  coupling.  Sketch  the  arrangement,  and 
prove  that  the  angular  velocity  ratio  of  the  shafts  is  unity.  If  the  speed  of  the 
shafts  is  100  revolutions  per  minute,  what  is  the  maximum  velocity  of  sliding  in 
feet  per  minute  of  the  intermediate  disc  on  either  of  the  other  discs  ? 

(Lond.  B.Sc.  1910.) 


CHAPTER  XII 
THE   RECIPROCATING  MOTION    OF   THE   SLIDER  CRANK   CHAIN 

141.  The  claim  of  reciprocating  motion  for  special  consideration 
does  not  rest  simply  upon  the  fact  that  it  occurs  very  frequently 
in  all  classes  of  machines,  and  is,  therefore,  of  great  kinematical 
importance,  but  also  upon  the  fact  that  the  results  of  its  study 
are  required  for  the  solution  of  numerous  dynamical  problems 
and  eventually  for  design  purposes.  It  must  not  be  overlooked 
that  the  speeding  up  of  machinery,  which  is  such  a  marked  feature 
of  modern  industrialism,  necessitates  a  close  study  of  all  the  forces 
due  to  the  acceleration  of  the  component  parts  of  machines.  The 
problems  intensified  by  the  acceleration  of  the  reciprocating  parts, 
viz.  balancing,  variation  in  the  turning  movement,  etc.,  occupy  a 
very  prominent  position  in  such  considerations,  and  are  especially 
important  in  the  machines  obtained  by  inversion  from  the  slider 
crank  chain.  These  machines,  such  as  the  direct-acting  engine, 
the  rotary  cylinder  engine,  etc.,  meet  one  of  the  most  common 
demands  for  the  convenient  utilization  of  the  natural  sources  of 
energy  for  power  purposes,  namely,  the  conversion  of  reciprocating 
into  rotary  motion.  It  is  desirable,  therefore,  to  examine  the 
reciprocating  motion  of  these  cases  in  detail.  Although  the 
methods  for  the  determination  of  linear  motion  given  in  Chap.  X. 
are  as  applicable  to  this  as  to  others,  reciprocating  motion  is  par- 
ticularly well  adapted  for  either  geometrical  or  analytical 
investigation.  As  explained  previously,  the  relative  angular 
motion  between  the  links  of  any  kinematic  chain  is  constant 
no  matter  which  link  is  fixed,  but  it  must  be  borne  in  mind 
that  relative  linear  motion  cannot  be  determined  by  this  process 
of  inversion.  There  is,  therefore,  all  the  more  necessity  to  study 
separately  the  reciprocating  motion  of  some  of  the  more  im- 
portant mechanisms  obtained  by  inversion  from  the  slider  crank 
chain. 
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A.  DIRECT- ACTING  ENGINE.    GEOMETRICAL  METHODS 

142.  (1)  Displacement  of  the  Reciprocating  Parts. — Let  r  be  the 
radius  of  the  crank,  I  the  length  of  the  connecting  rod,  co  the 
constant  angular  velocity  of  the  crank,  6  the  angle  of  displace- 
ment of  the  crank  from  the  inner  dead  centre,  and  <f>  the  inclination 
of  the  connecting  rod  to  the  centre  line  of  the  engine. 

Let  DE  (Fig.  121)  be  the  range  of  displacement  of  the  cross- 
head  and  therefore  of  the  whole  of  the  reciprocating  parts.  DE  is 
therefore  equal  to  2r.  For  any  crank  angle  displacement  BOA, 
(0),  the  position  A  of  the  crosshead  is  obtained  by  striking  with 


FIG.  121. 


centre  B  a  circular  arc  of  radius  I  which  cuts  the  line  of  stroke 
in  A, 

The  displacement  DA  may  be  shown  upon  this  figure  by 
drawing  an  arc  with  centre  A  and  radius  AB  cutting  AC  in  F. 
Then  obviously  LF  =  DA.  In  order  to  obviate  the  necessity  of 
drawing  many  of  these  circular  arcs  for  the  determination  of 
various  displacements,  a  still  more  general  method  of  construction 
may  be  suggested.  From  K,  the  mid-point  of  DE,  draw  a  circular 
arc  of  radius  KG.  Through  B  draw  BG  parallel  to  AC.  Then 
since  AB  =  KC  =  KG,  and  BG  is  parallel  to  AK,  the  figure  ABGK 
in  this  particular  case  is  a  parallelogram,  that  is,  AK  =  BG. 
Hence,  in  general,  the  displacement  of  the  reciprocating  parts 
from  their  mid-position  is  measured  by  the  horizontal  distance 
of  the  crank  pin  from  the  circular  arc  through  C  whose  radius  is 
equal  to  I. 

143.  Continuous  Curves  of  Piston  Displacement. — The  con- 
tinuous curve  obtained  by  plotting  various  values  of  the  displace- 
ment of  the  piston  to  the  corresponding  values  of  the  crank  angle 
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6  is  known  as  a  piston  displacement  curve.  The  curve  may  be 
drawn  either  to  rectangular  co-ordinates,  as  shown  dotted  in  Fig. 
122,  or  to  polar  co-ordinates  as  shown  dotted  in  Fig.  123.  In 
both  cases  the  inner  dead  centre  of  the  engine  is  to  the  left. 


PISTON  DISPLACEMENT 
FIG.  122. 


FIG.  123. 


In  considering  the  relationship  between  the  quantities  so 
plotted,  it  is  very  important  to  trace  the  influence  of  the  length 
of  the  connecting  rod.  "When  the  connecting  rod  is  indefinitely 
long,  the  circular  arc  through  C  (Fig.  121)  becomes  the  vertical 
line  H1CH2.  The  piston  has,  therefore,  simple  harmonic  motion, 
the  piston  displacement  curve  to  rectangular  co-ordinates  being  a 

sine  curve,  and  to  polar  co- 
ordinates two  circles,  as  shown 
by  the  full  lines  in  Figs.  122 
and  123  respectively.  The 
mechanism  itself  becomes  the 
donkey  pump  which  has  been 
previously  described  (par.  117). 

As  the  ratio  -  is  reduced, 
r 

there  is  an  increasing  departure 
of  the  motion  of  the  piston 
from  its  harmonic  character. 
This  may  be  deduced  from  the 
FlG  124  arc  GjCGg  in  Fig.  124,  the 

shorter     the    connecting    rod 
the  greater  being  the  curvature  of  the  arc  GjCGj,.     This  departure 
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from  harmonic  motion  is  said  to  be  due  to  the  "  obliquity  "  of 


the  connecting  rod. 


144,  (2)  Velocity  of  the  Reciprocating  Parts.  —  Let  0  be  the 
instantaneous  centre  of  rotation  of  the  connecting  rod  for  the 
given  configuration  ABC  (Fig.  118).  Draw  the  vertical  line  ON 
cutting  AB  produced  in  N.  Then  — 


Linear  velocity  of  A  _  OA  __ 
Linear  velocity  of  B  ~~  OB  ~~  CB 

That  is,  to  the  same  scale  that  BC  represents  the  linear  velocity 
of  B,  CN  represents  the  velocity  of  the  reciprocating  parts. 

.*.  velocity  of  the  reciprocating  parts  =  co  .  CN  .     .     .     (1) 

Kepeated  for  various  values  of  the  crank  angle,  this  con- 
struction may  be  used  to  determine  the  continuous  curves  of 
piston  velocity.  These  may  either  be  drawn  upon  a  piston  dis- 
placement base  as  shown  dotted  in  Fig.  125,  or  set  out  to  crank 
angle  polar  co-ordinates  as  shown  dotted  in  Fig.  126.  As 


FIG  125. 


before,  the  inner  dead  centre  of  the  engine  is  assumed  to  be  to 
the  left.  It  is  again  interesting  to  notice  the  effect  of  the  ratio 

^ upon  the  shapes  of  these  curves.     If  the  connect- 

crank 

ing  rod  were  indefinitely  long,  the  curve  drawn  to  a  piston  dis- 
placement base  is  a  circle  drawn  upon  the  piston  displacement 
as  diameter.  The  curve  set  out  to  crank  angle  polar  co-ordinates 
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becomes  two  circles  drawn  upon  HjC  and  CH2  as  radii.  The 
shorter  the  length  of  the  connecting  rod,  the  greater  is  the 
departure  from  these  curves. 

145.  (3)  Acceleration  of  the  Reciprocating  Parts. — (a)  Klein's 
Construction. — In  the  given  configuration  (Fig.  127)  produce  AB 
to  meet  the  vertical  at  C  in  N".  On  AB  as  diameter  describe  a 
circle.  With  centre  B  and  radius  BN  describe  another  circle 
cutting  the  previous  one  in  the  points  L  and  M.  Join  LM  cutting 
AB  in  U  and  produce  to  meet  AC  in  K.  Then  is  w2  .  CK  the 
instantaneous  acceleration  of  the  piston. 


FIG.  127. 


Klein's  construction  may  be  readily  proved  analytically.  The 
following  geometrical  proof  is,  however,  interesting : — 

The  acceleration  of  A  relative  to  C  is  equal  to  the  acceleration 
(tangential  +  centripetal) 'of  A  relative  to  B  +  the  centripetal 
acceleration  of  B  relative  to  C.  The  centripetal  acceleration  of  A 
relative  to  B  is  Q2AB,  where  O  is  the  angular  velocity  of  the 
connecting  rod;  the  centripetal  acceleration  of  B- relative  to  C  is 
o>2BC.  Resolve  the  accelerations  of  the  equation  along  AB.  The 
tangential  acceleration  of  A  relative  to  B  is  then  zero,  and  the 
equation  becomes — 

(Acceleration  of  A  relative  to  C)  cos  BAG  , 

=  H2AB  +  o>2 .  BC  .  cos  CBW 


That  is 


x  cos  0  =  a2  .  AB  +  co2BW 
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But 


BN 
AB 


=  w2(BU  +  BW) 

since  BL2  =  AB  .  BU 


/.  x  =  o>2  .  OK    .     .  '  .     .     .     .     .     (2) 

By  comparing  the  figure  CBUK  with  the  acceleration  image 
given  in  Fig.  97  for  the  same  crank  angle  BAG,  it  will  be  noticed 
that  the  lines  CB,  BU,  UK,  and  KG  are  proportional  to  c^, 
\a^  abalt  and  a^  respectively.  That  is,  Klein's  construction  is 
merely  a  geometrical  method  for  determining  the  acceleration  image. 

146.  (6)  Bennett's  Construction.*  —  Bennett's  construction  is  as 
follows  :  Draw  the  crank  CB  perpendicular  to  the  line  of  stroke  and 
draw  CL  perpendicular  to  the  connecting  rod  AB  (Fig.  128). 
This  determines  a  fixed  point  L  upon  the  rod. 


FIG.  128. 


Suppose  now  it  is  desired  to  find  the  acceleration  of  the  piston 
when  the  crank  is  displaced  0  from  the  inner  dead  centre.     Let 


FIG.  129. 
ABC  (Fig.  129)  be  the  configuration  of  the  mechanism  in  the 

*  For  the  proof,  see  Dalby's  "  Valve  Gears." 
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required  position.  At  the  pre-determined  point  L  draw  LM  per- 
pendicular to  AB  meeting  AC  (produced)  in  M.  At  M  draw  MN 
perpendicular  to  AC  meeting  AB  in  N".  At  N  draw  NK  per- 
pendicular to  AB  meeting  AC  (produced)  in  K.  Then  the  accele- 
ration of  the  piston  for  the  given  configuration  is  co2 .  CK. 

147.  (c)  Ritterhaus's  Construction*—^  ABC  (Fig.  130)  be  the 
configuration  of  the  mechanism.  Draw  CN  perpendicular  to  AC 
to  meet  AB  produced  in  1ST.  Draw  NV  parallel  to  CA  to  meet 
CB  produced  in  V.  Draw  VU  parallel  to  NC  meeting  AB  in  U. 


FIG.  130. 

Draw  UK  perpendicular  to  AB  meeting  AC  in  K.  Then  the 
acceleration  of  the  piston  is  oj2 .  CK. 

Of  these  three  geometrical  constructions,  that  of  Eitterhaus 
can  probably  be  made  most  expeditiously. 

148.  Continuous  Curves  of  Piston  Acceleration, — By  plotting 
the  values  of  CK  obtained  by  any  of  the  previous  constructions, 

a  continuous  curve  of  piston  ac- 
celeration may  be  drawn.  This, 
to  a  piston  displacement  base,  is 
shown  dotted  in  Fig.  131.  It 
will  be  noticed  that  the  curve  is 
not  symmetrical,  but  that  the 
acceleration  is  greater  when  the 
FIG.  131.  crank  is  at  the  inner  dead  centre 

than  when  it  is  at  the  outer  dead 

centre.  This  is  entirely  due  to  the  effect  of  the  obliquity  of  the 
connecting  rod.  When  the  piston  has  harmonic  motion,  the 
curve  becomes  a  straight  line  whose  ordinates  at  the  extremities 
of  the  piston  displacement  are  equal.  This  curve  is  shown  in 
Fig.  131  by  the  full  line. 

*  For  the  proof,  see  Un win's  "  Machine  Design,"  Part  II.  p.  121. 
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B.  DIRECT-ACTING  ENGINE.    ANALYTICAL  METHOD 

149.  (1)  Approximate  Analytical  Expression, — A  simple  approxi- 
mate expression  for  the  displacement  of  the  reciprocating  parts 
may  be  obtained  in  terms  of  the  constants  r,  /,  co,  and  the  single 
variable  0,  the  angle  of  displacement  of  the  crank  from  the  inner 
dead  centre.  Let  the  inclination  of  the  connecting  rod  to  the  line 
of  stroke  be  0,  and  let  the  displacement  of  the  crosshead  be 
measured  from  its  mid-position.  Draw  BT  (Fig.  121)  perpen- 
dicular to  LM. 

Then  s  =  AK  =  AC  —  CK 

=  AT  +  TO  —  CK 
=  I  cos  (f>  +  r  cos  0  —  I 

<f>  may  be  eliminated  by  expressing  it  in  terms  of  0,  the 
relationship — 

I  sin  (f>  =  BT  =  r  sin  0 

being  used  for  this  purpose. 

T 

:.  sin  0  =  7  sin  0 

/.  1  —  cos2  <f>  =  p  sin2  0 

i 


.*.  cos  <f>  =  ( 1  —  ^  sii 

Expanding  the  right-hand  side  by  the  binomial  theorem  and 
neglecting  higher  powers  than  the  squares,  an  approximate 
expression  for  cos  </>  is  obtained — 

cos  0  =  1  —  ^  sin2  0 
/.  s  =  r  cos  0  +  I  cos  0  —  I 

=  rcos0-~sin20        .     .     .     .     (3) 

ds 
Since  -r.  =  v,  the   differentiation   of  the  expression  for   the 


displacement  gives  the  velocity  of  the  reciprocating  parts. 

ds  .    Qdd      r2  e  Odd 

v  =  -j-  =  —  T  sm  0-rr  —  o7.  2  sm  0  .  cos  0  — 

at  at       M  at 

=  —  wr(sin  0  +  ~  sin  20)        .     .     .     .     (4) 


dd 

since  a)  =  -j- 
dt 


\ 
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dv 
Since  -=-  =  a,  the   differentiation   of  the   expression  for  the 

OuL 

velocity  gives  the  acceleration  of  the  reciprocating  parts. 

.-.«  =  £=  -co/oos  0%  +  '  .  2  cos  20f) 

dt          ,      \         dt       21  dt/ 

=  — o>2/cos  6  +  j  cos  20)  * (5) 

A  change  in  sign  of  this  expression  infers  a  change  in  the 
direction  of  acceleration,  i.e.  the  retardation  of  the  reciprocating 
parts.  , 

The  differences  in  the  accelerations  when  the  crank  is  at  the 
dead  centres  may  be  quickly  found.  At  the  inner  dead  centre 

0  =  0°,  and  the  expression  becomes  —  oA/1  +  j) ;  at  the  outer 
dead  centre  6  =  180°,  and  the  expression  becomes  +  aPr(l  —  r\ 

If  the  piston  is  assumed  to  have  harmonic  motion,  its  accele- 
ration at  any  point  will  vary  as  its  distance  from  the  mid-position 
of  its  stroke,  and  is  equal  to  —  oj2rcosO  (par.  27).  It  will  be 
noticed  that  this  is  the  first  term  in  the  general  expression,  so 
that  the  effect  of  the  obliquity  of  the  connecting  rod  is  confined 
to  the  second  term.  Differentiation  is  made  by  calling  the  first 
the  primary  term,  and  the  last  the  secondary  term.  The  influence 
of  the  length  of  the  connecting  rod  is  seen  in  the  secondary 
term,  which  becomes  zero  when  /  is  indefinitely  increased.  The 
condition  that  the  secondary  term  of  the  expression  for  the 
acceleration  of  the  reciprocating  parts  may  be  neglected  is  there- 
fore exactly  the  same  as  the  assumption  that  the  piston  has 
harmonic  motion.  In  this  case  the  acceleration  curve  drawn  to 
a  piston  displacement  base  is  a  straight  line  whose  extreme  ordi- 
nates  are  —  o>2r  and  +o>V  respectively. 

150.  (2)  Exact  Analytical  Expression. — As  before — 
s  =  r  cos  0  +  I  cos  <f>  —  I 

*  When    0    is    measured    from    the    outer    dead    centre    this    expression 
becomes — 

a  =  —  a>7r( cos  9  -  ^  cos 29  J 
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and 


I  sin  (f>  =  r  sin  9 

(        r2 
.  cos  cf>  =  (^1  —  ,2 

w  sin  20 


sin2  0Y~ 


where  M  =  - 


=  —cor  sin  0  — 


sin  20/ 


2?i2 


'/ 

v1 


(6) 


=  — o>r  cos 


V1          rz2   /      '        7i2 

gjl  sin  20  co2  sin  0  cos  0/     _  sin2  0\~^ 
2n2  2n2          \        ~n*~) 

n2    )        r        A.n± 


/cos 


=  —a)2r 


COS  0  + 


COS  0  + 


(i.-=S 

V  iv 

cos  20      4  cos  20  sin2  0  —  sin2  201 


71 


COS0  + 


cos  20 
n 


+ 


(l-^ 


(7) 


151.  Position  of  Crank  for  Zero  Acceleration  of  the  Piston. — 

The  position  of  the  crank  when  the  acceleration  of  the  piston  is 
zero  may  be  obtained  by  equating  the  above  expression  to  zero. 
Simplifying — 

J.       sin20\^      cos  20      sin40 

cos  6(1 o—  )  + o-  =  0 

V  n2   /  7i  7i3 

On  further  simplification,  this  expression  may  be  written  in 
the  form — 

sin6  0  —  n2  sin4  0  —  n*  sin2  0  +  ?i4  =  0      .     .     (8) 

This  is  a  cubic  equation  in  sin2  0  and  may  be  solved  as  such. 

L 
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Values  of  6  for  assigned  values  of  n  are  given  in  the  adjoining 
table.  It  will  be  noticed  that  this  angle  is  only  slightly  in  excess 
of  the  angle  of  the  crank  when  the  connecting  rod  is  perpen- 
dicular to  the  crank.  It  may  be  taken  as  a  very  safe  approxima- 
tion, therefore,  that  the  piston  has  zero  acceleration  when  the 
connecting  rod  and  crank  are  at  right  angles.  Within  the 
practical  limits  of  n,  the  position  of  the  piston  is  then  about  0'45 
times  the  stroke  from  the  end  of  its  displacement  furthest  from 
the  crank. 

TABLE  V. 


•4 

Crank  angle  from  inner  dead  centre. 

Zero  acceleration. 

Connecting  rod  at  right 
angles  to  crank. 

Difference. 

4 
5 
.     6 

76°  43'  10" 
79°    6'  20" 
80°  48' 

75°  57'  49" 
78°  41'  24" 
80°  32'  16" 

/ 
45'  21" 

24'  56" 
15'  44" 

C.  KOTARY  CYLINDER  ENGINE.    GEOMETRICAL  METHOD 

152.  During  the  last  few  years,  internal  combustion  engines 
with  rotary  cylinders  have  been  greatly  improved  and  are  now 
frequently  employed  for  aeroplane  work  and  other  purposes.  As 
explained  in  Chap.  IX.,  these  engines  are  an  inversion  of  the 
slider  crank  chain,  the  crank  being  fixed  and  the  cylinders, 
generally  seven  in  number,  rotating  about  one  of  its  extremities. 

Let  abed  (Fig.  118)  be  a  slider  crank  chain,  and  let  +co,  —  Q 
be  the  angular  velocities  of  b  and  c  respectively  relative  to  a. 
ii  may  be  determined  in  terms  of  o>  by  one  of  the  methods  given 
in  Chap.  XI.  The  relative  angular  velocity  of  c  to  &is  —  (O  4-  <*>), 
that  is,  when  the  crank  is  fixed  and  the  cylinders  rotate  at 
constant  speed  a>,  the  angular  velocity  of  the  connecting  rod  in 
the  given  configuration  is  —  (co  +  Q)- 

/.  linear  velocity  of  A  =  AB  .  (angular  velocity  of  AB  about  B) 
=  AB(o>  +  Q) 


But 


AB 


/.  linear  velocity  of  A  =  o> .  AB(1  +  ^\  =  a> .  AN 

The  acceleration  of  A  may  be  determined  by  the  use  of  Klein's 
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construction  (Fig.  127).  It  has  been  seen  previously  (par.  145) 
that  the  figure  CBUK  is  proportional  to  the  acceleration  image 
for  this  configuration  of  the  chain. 

tangential  acceleration  of  A  relative  to  B UK AB .  Q 

centripetal  acceleration  of  B  relative  to  C      BC      o>2.  BC 

where  Q  is  the  angular  acceleration  of  the  connecting  rod. 

But  the  total  acceleration  of  A  relative  to  B  is  the  vector  sum 
of  the  centripetal  and  tangential  accelerations,  that  is,  is  the 
vector  sum  of  (aj  +  Q)2AB  and  O  .  BA. 

UK 
Since  Q  =  aP^-r,  the  acceleration  of  A  is  the  vector  sum  of 


BA' 


OJ' 


,AN2 
BA 


AN2 


-f  to2 .  UK,  that  is,  is  the  vector  sum  of  aj2(— j—  +  UK  j. 


D.  ROTAEY  CYLINDER  ENGINE.     ANALYTICAL  METHOD  * 

153.  It  has  been  seen  in  par.  12  that  the  velocity  and  accelera- 
tion of  a  particle  can  be  expressed  in  terms  of  the  Cartesian 
co-ordinates  for  its  displacement.  In  the  given  configuration  of 


the  rotary  cylinder  engine  (Fig.  132),  choose  as  axes  the  directions 
along  and  perpendicular  to  the  crank. 

*  See    "The    Balance    of    Eotating-cylinder    Engines,"   by    H.    Grinstead, 
Engineering,  Sept.  15,  1911. 
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Since  OA  =  r  cos  6  +  I  cos  </> 

sin2  6 
^  —  approxim 

r2  sin2  6  cos  6 


r2  sin2  6 
=  r  cos  6  +  I  --   —  approximately. 


/.  a?  =  0 A  cos  0  =  7*  cos2  6  +  1  cos  0  — 


and  y  =  OA  sin  6  =  r  sin  0  cos  6  +  I  sin  Q— 


.'.  differentiating  a  =  —  2cor  cos  0  sin  0  —  ajl  sin  6 

tilT 

—  J  -j-(—  sin3  6  +  2  sin  6  cos2  0) 
=  —  <*)\r  sin  20  +  J  sin  0  +  ^(3  sin3  0  —  2  sin  0)1 

and     y  =  wr(cos2  0  —  sin2  0)  +  wl  cos  0  —  |^-  sin2  0  cos  0 

I 

c  r2  } 

=  a)<r  cos  20  +  I  cos  0  +  f  y(cos3  0  —  cos  0H 
/.  i  =  —  o)2<  2r  cos  20  +  I  cos  0  +  ^(9  sin2  0  cos  0  —  2  cos  6)1 

v.  Ait  j 

=  -<*)*$2r  cos  20  +  I  cos  0  -  ^(9  cos*  0  -  7  cos  0)1 
=  -co42r  cos  20  +  ^  cos  0  -  ~(9  cos  30  +  cos  0)| 


expressing  x  in  terms  of  multiple  angles  of  0. 

/.  £  =  -  o>42r  sin  20  +  I  sin  0  +  f  ~(3  cos2  0  sin  0  -  sin  6)1 

=  -o>42r  sin  20  +  I  sin  0  +  f  y(3  sin3  0  -  2  sin  6)1 
—  —  Oi2|2r  sin  20  +  /  sin  0  —  g-(9  sin  30  +  3  sin  6)1 

expressing  y  in  terms  of  multiple  angles  of  0. 

The  actual  acceleration  of  the  reciprocating  parts  is  therefore 
the  vector  sum  of  x  and  y.  This  is  seen  to  be  the  resultant  of 
four  vectors  :  — 

<r2\ 
/  —  g-.  J  inclined  at  (IT  +  6) 

with  OX  ; 

(2)  Secondary  component  of  length  2o>2r  inclined  at  (TT  +  20) 
with  OX; 
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(3)  Tertiary  component  of  length  |  —  y—  inclined  at  (TT  +  30) 

I 

with  OX  ;  and 

(l)     i 

(4)  Projection  upon  OY  of  vector  of  length  —^-  inclined  at 

e  with  OX. 
The  latter  vector  is  negligible  in  practice. 


EXERCISES  XII 

1.  A  steam  engine  mechanism  has  a  crank  2  feet  long  and  a  connecting  rod 
8  feet  long;  its  speed  is  85  revolutions  per  minute.1    Find  : 

(a)  The  angle  of  the  crank  with  the  line  of  centres  when  the  piston  is  at  the 
middle  of  its  stroke  ; 

(6)  The  piston  velocity  in  feet  per  minute  when  the  crank  makes  an  angle  of 
45  degrees  with  the  line  of  centres ; 

(c)  The  distance  of  the  piston  from  the  end  of  the  stroke  when  the  crank  has 
made  £  of  a  revolution  ; 

(d)  The  angles  between  the  crank  and  the  line  of  centres  when  the  velocity 
of  the  piston  equals  that  of  the  crank. 

2.  In  a  steam  engine  mechanism  let  r  be  the  radius  of  the  crank  and  n  the 
ratio  connecting  rod  -r-  crank.     Find  in  terms  of  r,  o>,  and  n,  (1)  the  displace- 
ment, velocity,  and  acceleration  of  the  piston  when  the  crank  is  perpendicular  to 
the  connecting  rod ;  and  (2)  the  displacement,  velocity,  and  acceleration  of  the 
piston  when  the  crank  is  perpendicular  to  the  line  of  stroke. 

3.  If  the  acceleration  of  a  piston  be  72  feet  per  second  per  second  when  it 
has  moved  4  inches  from  the  end  of  the  stroke,  determine  the  speed  of  the  crank 
shaft.    The  length  of  the  stroke  is  18  inches,  and  the  piston  may  be  assumed  to 
have  harmonic  motion. 

4.  Draw  a  diagram  showing  the  velocity  of  the  crosshead  in  the  case  of  an 
ordinary  steam  engine  mechanism  where  the  connecting  rod  is  four  times  the 
length  of  the  crank,  and  the  crank,  which  is  1  foot  radius,  revolves  uniformly  at 
60  revolutions  per  minute.    Determine  from  your  diagram  the  maximum  cross- 
head  velocity  and  the  corres  ponding  crank  angle.  (I.C.E.) 

5.  Give  any  graphical  construction  by  means  of  which  the  acceleration  of 
the  piston  of  a  steam, engine  can  be  found  for  any  assigned  position  of  the  crank 
and  speed  of  rotation. 

Apply  the  construction  to  find  the  acceleration  in  the  case  where  the  crank 
is  1  foot  radius,  the  connecting  rod  3  feet  6  inches  long,  and  the  crank  is  at  45° 
from  the  inner  dead  centre.  Speed  300  revolutions  per  minute.  (I.C.E.) 

6.  Find  the  greatest  and  least  forward  velocity  of  the  piston  of  a  locomotive 
engine,  relative  to  the  rails,  when  the  train  is  running  at  50  miles  per  hour,  the 
diameter  of  the  driving  wheels  being  66  inches,  the  length  of  stroke  27  inches, 
and  the  length  of  the  engine  connecting  rod  54  inches.  (I.C,E,) 
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7.  In  an  oscillating  engine,  the  distance  between  the  axis  of  the  shaft  and 
the  axis  of  the  trunnions  is  8  feet,  and  the  piston  has  a  stroke  of  5  feet.    The 
speed  of  the  shaft  is  40  revolutions  per  minute.    Find  (a)  the  piston  speed  at 
mid-stroke ;  (6)  the  maximum  angular  velocity  of  the  cylinder ;  and  (c)  the 
maximum  acceleration  of  the  piston. 

8.  A  gas  engine  has  a  crank  radius  of  5  inches  and  a  connecting  rod  24 
inches  long.    The  engine  runs  at  336  revolutions  per  minute.     Find  the  angular 
speed  of  the  connecting  rod,  and  the  piston  acceleration,  when  the  piston  is 
coming  out  of  the  cylinder  and  is  at  quarter  stroke. 

9.  Prove  Klein's  construction  for  the  acceleration  of  any  point  on  the  con- 
necting rod  of  a  steam  engine.     Apply  it  to  find  the  acceleration  of  the  piston 
in  an  engine — length  of  stroke,  21  inches  ;  length  of  connecting  rod,  70  inches  ; 
revolutions  per  minute,1  320 — when  the  crank  is  at  30°  from  the  "  in  "  dead 
centre.    Compare  your  result  with  that  obtained  by  treating  the  motion  of  the 
piston  as  simple  harmonic.  (Lond.  B.Sc.  1909.) 

10.  Describe,  without  proof,  a  construction  for  determining  the  acceleration  of 
the  slider  in  the  slider  crank  mechanism.    Apply  the  construction  to  find  the 
acceleration  of  the  piston  of  an  ordinary  direct-acting  engine  when  the  crank  is 
30°  from  the  inner  dead  centre.    Length  of  crank,  8  inches ;  length  of  connect- 
ing rod,  36  inches ;  speed  of  crank  shaft,  200  revolutions  per  minute.    State  the 
answer  in  feet  per  second  per  second.  (Lond.  B.Sc.  1912.) 

11.  In  a  direct-acting  steam  engine  the  axis  of  the  crank  shaft  is  at  a 
perpendicular  distance  of  4  inches  from  the  line  of  stroke  of  the  piston.    The 
radius  of  the  crank  is  9  inches,  the  connecting  rod  is  36  inches  long,  and  the 
crank  pin  has  a  uniform  velocity  of  10  feet  per  second.    Find  the  length  of  the 
piston  stroke,  and  on  the  stroke  of  the  piston  as  base,  construct  the  piston 
velocity  diagram  for  both  the  forward  and  return  strokes  and  determine  the 
times  of  these  strokes.      Give  the  scales  to  which  your  velocity  diagram  is 
drawn.  (Lond.  B.Sc.  1908.) 

12.  The  connecting  rod  of  a  direct-acting  engine  weighs  W  pounds.    Its 
length  between  centres  is  I  feet,  the  crank  radius  is  r  feet,  and  the  angular 
velocity  of  the  crank  shaft  is  o>  radians  per  second.     If  the  section  of  the  rod  be 
assumed  uniform,  show  that  the  maximum  bending  moment  in  the  rod  when  the 

WZrco2 

rod  and  crank  arm  are  perpendicular  to  each  other  is  Q    .^    foot-lb. 

y^6.g 

(Note  : — You  may  assume  that,  in  the  position  of  the  mechanism  stated,  the 
acceleration  of  the  piston  is  zero.)  (Lond.  B.Sc.  1905.) 

13.  A  single-cylinder  engine  running  at  120  revolutions  per  minute  has  a 
stroke  of  16  inches  and  a  connecting  rod  3  feet  long.    The  eccentric  leads  the 
crank  by  an  angle  of  120°  and  the  slide  valve  travel  is  5  inches.    The  recipro- 
cating parts  connected  to  the  piston  rod  and  valve  rod  weigh  800  and  250  Ib. 
respectively.    Calculate  the  energy  in  these  reciprocating  parts  when  the  crank 
displacement  from  the  inner  dead  centre  is  30°.    Assume  that  the  valve  has 
harmonic  motion.  (Lond.  B.Sc.  1914.) 

14.  Give  an  analytical  proof  of  (a)  Klein's  construction,  (b)  Bennett's  con- 
struction, and  (c)  Ritterhaus's  construction  for  determining  the  acceleration  of 
the  reciprocating  parts  of  the  steam  engine  mechanism. 


CHAPTER  XIII 
STRAIGHT  LINE   MOTIONS 

154.  The  problems  hitherto  studied  in  connection  with  kine- 
matic chains  have  been  concerned  with  the  determination  of  the 
linear  or  the  angular  motion  of  any  driven  point  or  link.  The 
third  type  of  problem  to  be  discussed  is  that  concerned  with 
the  actual  path  traced  by  certain  driven  points.  The  utility  of 
some  mechanisms  does  not  so  much  lie  in  the  nature  of  the  motion 
of  the  driven  point  as  in  the  path  it  is  constrained  to  follow.  One 
such  mechanism,  in  which  a  point  is  constrained  to  describe  an 
ellipse,  has  already  been  described  (par.  117).  It  is  desired  in 
this  chapter  to  study  more  particularly  those  combinations  of 
linkwork  within  whose  range  of  movement  the  path  traced  by 
a  particular  point  is  approximately  or  exactly  straight.  To  origi- 
nate such  mechanisms  is  a  very  difficult  matter,  and  it  is  scarcely 
possible  to  give  rules  or  principles  with  such  an  end  in  view. 
What  can  be  done  in  a  text-book  of  this  description  is  to  point 
out  the  desirability  and  necessity  of  straight  line  motions  and  show 
how  given  combinations  of  linkwork  give  results  which  are  satis- 
factory to  the  extent  necessary  in  practice.  Although  a  given 
point  on  linkwork  may  be  directly  constrained  by  guides  to  move 
over  a  straight  line  path,  this  method  of  constraint  is  very  unde- 
sirable in  many  classes  of  work  because  of  the  resulting  friction 
and  wear  of  the  moving  parts. 

Before  limiting  the  study  to  straight  line  motions,  however,  it 
is  desirable  to  describe  the  mechanism  known  as  the  pantograph, 
whereby  a  point  may  be  constrained  to  copy  to  any  required  scale 
the  path  traced  by  another  point. 

155.  The  Pantograph. — The  pantograph  consists  of  four  levers, 
AB,  AP2,  DE,  and  CD,  pin-jointed  at  A,  C,  D,  and  E  to  form 
a  parallelogram  (Fig.  133).  CD  is  parallel  to  AP2,  and  DE  to  AB, 
and  the  whole  arrangement  is  pivoted  to  a  base-plate  at  B.  One 
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marking  point  is  at  P2 ;  the  other,  Px,  lies  on  the  link  CD  such 
that  B,  Plf  and  P2  lie  on  a  straight  line.     If  the  point  P2  be  guided 

over  any  given  curve,  Px  must 
move  over  a  similar  curve.  Or 
conversely,  if  Pt  be  the  guided 
point,  P2  will  be  the  tracing 
point.  Keeping  the  length  AC 
constant  and  altering  the  length 

AB,  i.e.  altering  the  ratio   .5-7-,  a 


given  curve  may  be  enlarged  or 
FlG  133  reduced  any  required  amount. 

This  property  is  easily  proved. 
Since  CD  is  parallel  to  AE  in  all  positions  of  the  linkwork  — 

BPX      BC 

-=  constant. 


This  is  the  necessary  and  sufficient  condition  that  the  two  curves 
traced  by  the  points  Pl  and  P2  should  be  similar.  The  principle 
of  the  pantograph  is  frequently  used  in  mechanisms  for  the 
duplication  of  the  displacement  of  a  point. 

156.  The  Purpose  of  Straight  Line  Motions.  —  Although  the 
commonly  accepted  title  of  these  mechanisms  is  "  parallel  motion," 
the  name  "  straight  line  motion  "  gives  a  better  description  of  their 
utility.  The  name  "  parallel  motion  "  was  given  in  the  early  days 
of  steam-engine  history,  and  the  mechanism  was  then  of  greater 
importance  than  now.  It  represents  the  method  whereby  the 
extremity  of  the  piston  rod  of  a  beam  engine  was  constrained  to 
move  over  a  straight  line  path.  It  must  not  be  forgotten  that  the 
device  almost  wholly  used  in  modern  construction,  that  of  a  cross- 
head  and  guides,  is  not  particularly  well  adapted  to  the  older  type 
of  engine.  For  one  thing,  a  short  connecting  rod  must  be  used  in 
a  beam  engine  in  order  to  keep  down  the  height  of  the  machine. 
And  short  connecting  rods,  for  many  reasons  not  here  stated  since 
they  are  more  fitly  discussed  in  text-books  on  Machine  Design, 
are  very  objectionable.  Moreover  at  that  time,  guide  surfaces  for 
the  constraint  of  a  crosshead  could  not  readily  be  either  provided 
(for  structural  reasons)  or  machined.  A  parallel  motion  was  there- 
fore an  ingenious  solution  to  the  problem  of  providing  a  suitable 
constraint  for  the  extremity  of  the  piston  rod  of  a  beam  engine. 

Although  straight  line  motions  are  no  longer  required  for  the 


STKAIGHT  LINE  MOTIONS 


153 


constraint  of  the  extremity  of  the  piston  rod  of  a  reciprocating 
engine,  they  are  still  used  in  connection  with  the  multiplying  gear 
for  self-recording  instruments.  In  order  to  appreciate  the  use  of 
a  straight  line  motion  in  this  connection,  it  will  be  advisable  to 
discuss  the  functions  of  a  self-recording  instrument. 

157.  Self -recording  Instruments. — In  the  records  taken  by 
means  of  these  instruments,  the  horizontal  ordinate  is  generally 
proportional  to  the  time,  and  the  vertical  ordinate  to  the  quantity 
to  be  measured.  This  latter  quantity  is  seldom  directly  measured 
because  grave  inaccuracies,  due  to  friction,  etc.,  are  introduced 
which  increase  with  the  length  of  the  stroke  of  the  working  piston. 
It  is  desirable,  therefore,  to  keep  the  movement  of  the  piston 
small,  some  form  of  multiplying  gear  being  added  so  that  a  useful 
height  of  diagram  may  be  obtained. 


FIG.  134. 


Consider,  for  example,  a  steam  engine  indicator,  say,  of  the 
Crosby  type  (Fig.  134).     This  is  not  the  place  to  describe  its 
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complete  utility ;  suffice  it  to  give  briefly  its  main  function.  The 
opening  0  is  connected  to  the  cylinder,  and  the  steam  pressure 
acting  on  the  piston  P  compresses  the  spring  S.  The  movement 
of  the  extremity  of  the  piston  rod  Q  is  magnified  by  carefully 
designed  mechanism,  so  that  the  marking  point  E  has  a  displace- 
ment from  4  to  6  times  that  of  the  point  Q.  The  drum  D  is 
rotated  in  one  direction  by  means  of  the  cord  C  which  receives  its 
motion  from  the  crosshead  of  the  engine ;  an  internal  spring  causes 
the  return  motion  of  D.  A  piece  of  paper  is  wrapped  round  the 
drum  D,  and  on  this  paper  the  marking  point  E  traces  a  curve 
which  is  called  an  indicator  diagram. 

In  order  that  the  diagrams  obtained  by  means  of  indicators 
should  be  trustworthy,  it  is  most  important  that  the  vertical  dis- 
placement of  E  should  be  proportional  to  the  steam  pressure  in  the 
cylinder,  and  the  horizontal  displacement  proportional  to  the  stroke 
of  the  engine.  To  satisfy  these  conditions,  the  friction,  inertia,  etc., 
of  the  moving  parts  must  be  reduced  to  a  minimum,  and  the 
movement  of  the  marking  point  must  be  truly  vertical.  This 
latter  is  the  important  condition  from  a  kinematical  standpoint, 

and  explains  the  necessity  for  a  straight 
line  motion  in  the  multiplying  gear. 
If  when  the  recording  drum  is  fixed, 
the  path  of  the  marking  point  E 
deviates  from  the  vertical  line  AB 
(Fig.  135)  during  the  stroke  of  the 
indicator  piston,  the  amount  of  devia- 
tion makes  the  apparent  position  of 
the  crosshead  different  to  that  of  the 
FIG.  135.  actual,  and  the  diagram  obtained  by 

means  of  the  instrument  is  untrust- 
worthy. Hence  the  marking  point  E  must  be  constrained  to 
move  over  a  straight  line  path  parallel  and  proportional  at  all 
times  to  the  movement  of  the  indicator  piston.  In  order  to  reduce 
friction  and  the  resulting  wear,  it  is  desirable  to  have  no  sliding 
constraints  in  the  multiplying  mechanism.  Looseness  in  the 
joints,  wear  in  the  pins,  and  springiness  in  the  various  parts  should 
be  specially  guarded  against,  as  they  may  completely  destroy  the 
straight  line  motion. 

158.  Difference  between  a  Copied  and  a  Generated  Straight 
Line. — It  is  important  to  differentiate  between  the  copying  and 
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the  generation  of  a  curve.  A  curve  when  copied  is  duplicated  or 
obtained  from  an  existing  curve,  and  must,  therefore,  contain  the 
irregularities  of  that  curve.  It  is,  for  example,  an  easy  matter  to 
copy  a  line  in  a  drawing  office  by  means  of  a  straightedge,  but  the 
truth  of  the  line  will  depend  on  the  straightness  or  otherwise  of 
that  edge.  The  generation  of  a  straight  line  in  a  drawing  office  is 
quite  a  long  and  tedious  process.  The  distinction  can  be  further 
illustrated  by  two  mechanisms  which  have  been  previously  con- 
sidered, viz.  the  pantograph,  which  copies  a  curve,  and  the  elliptic 
trammels  which  generates  an  ellipse.  In  the  classification  of 
straight  line  motions,  the  distinction  between  a  copied  straight 
line  and  a  generated  straight  line  is  a  ready  means  of  subdivision. 

159.  Classification    of   Straight  Line   Motions. — Straight   line 
motions  may  be  divided  into  two  main   classes  :    (1)  those   in 
which  the  straight  line  is  copied  from  an  existing  straight  line 
constraint,  and  (2)  those  in  which  the  straight  line  is  generated 
by  a  special  combination  of  linkwork.     The  latter  may  be  further 
sub-divided  into  two  groups:  (a)  those  in   which   the   so-called 
straight  line  is  only  approximately  correct,  and  (b)  those  in  which 
the  straight  line  is  mathematically  correct. 

(1)  Copied  Straight  Line  Motions 

160.  Scott  Russell  Parallel  Motion. — The  best  known  of  these 
is  the  Scott  Eussell,  represented  in  Fig.  136.     In  this  the  link 
AB  is  constrained  at  its  mid-point 

C   by  another  link  OC  which  is 

fixed  at  0.     The  link  OC  is  half 

the   length  of  the  link   AB.     If 

the  point  A  be  constrained  to  move 

along  the   straight  line   AO,  the 

point  B  will  move  along  another 

straight  line  perpendicular  to  the 

first.     This  can  be  readily  proved. 

Since   AC  =  CO  =  CB,    a    circle  PIG  136 

with  C  as  centre  will  pass  through 

the  points  A,  0,  and  B,  no  matter  what  the  angle  OAB  may  be. 

Hence  the  angle  AOB  is  always  a  right  angle ;  that  is,  the  line 

BO  is  perpendicular  to  AO.     The  path  of  the  point  B  is  therefore 

a  copy  of  the  path  of  A. 

The  utility  of  this  mechanism  lies  in  the  fact  that  as  the  angle 
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OCA  approaches  two  right  angles,  a  small  displacement  of  the 
driving  point  A  causes  a  large  displacement  of  the  driven  point  B. 
That  is,  for  a  given  displacement  of  B  it  is  only  necessary  to  pro- 
vide a  relatively  small  constraining  surface  at  A.  The  difficulty 
of  accurately  preparing  this  surface  is  therefore  reduced. 

(2)  Generated  Straight  Line  Motions 
(a)  Approximately  Correct 

161.  The  Grasshopper  Parallel  Motion. — The  grasshopper 
parallel  motion  is  obtained  by  a  slight  modification  of  the  Scott 
Eussell.  Instead  of  directly  guiding  the  point  A  over  a  straight 

line  path,  it  is  constrained  by 
a  lever  AD,  which  in  its  mid- 
position  is  perpendicular  to  AO 
(Fig.  137).  The  lever  AD  is 
pivoted  at  the  fixed  point  D.  When 
the  length  of  the  lever  AD  is 
sufficiently  great,  the  circular  arc 
described  by  the  point  A  is  ap- 
proximately a  straight  line  for  a 
short  travel,  and  hence  the  point 
B  likewise  moves  over  an  approxi- 
mately straight  line. 

162.  Watt   Parallel  Motion.— 

The  best  known  of  the  approxi- 
mately correct  straight  line  mo- 
tions is  that  introduced  by  Watt 
and  bearing  his  name.  In  its  simplest  form  the  Watt  parallel 
motion  consists  of  two  levers  AB,  CD  pivoted  at  the  points  A 
and  D,  and  joined  by  a  coupler  BC.  When  in  mid-position,  the 
levers  AB  and  CD  are  parallel,  and  BC  is  perpendicular  to  both 
(Fig.  138).  It  will  be  found  that  a  point  E  may  be  chosen  in  BC, 
whose  displacement  during  a  small  range  of  oscillatory  motion  of 
AB  and  CD  is  over  an  approximately  straight  line.  Since  Fig. 
138  shows  the  configuration  of  the  mechanism  for  its  mid-position, 
the  direction  of  the  upward  and  downward  motion  of  E  must 
clearly  lie  along  BC.  It  may  be  deduced,  therefore,  that  BC 
represents  the  direction  of  the  generated  line. 

The  exact  position  of  E  may  be  ascertained  in  the  following 
way  :  Assume  a  small  oscillatory  movement  of  the  levers  so  that 
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B  moves  to  B'  and  C  to  C'  (this  movement  is  made  large  in  the 
diagram  in  order  to  get  a  clear  figure).  Let  B'C'  cut  CB  or  CB 
produced  in  E'.  Then  E'  will  be  the  generating  point  for  the 
straight  line. 

To  prove  this  it  is  necessary  to  show  that  the  ratio  ^TTV  is 

constant  for  all  small  oscillatory  angles  of  displacement  of  the 
levers  from  their  mid-positions.  Draw  B'H  perpendicular  to  CB 

e'V-iH 


l 


G 


FIG.  138. 

produced  and  C'K  to  BC.     Draw  B'F  perpendicular  to  AB  and 
C'G  to  CD.     Since  the  triangles  B'E'H,  C'E'K  are  similar— 

B'E'  _  BrH  _  BF 

C'E'  ~~  C'K  ~  CG       .....     W 

But  BF(2AB  —  BF)  =  B'F2,  and  since  BF  is  small  relatively  to 
2AB,  this  may  be  written  — 


2BF.AB  =  B'F2 
2CG  .  CD  =  C'G2 


2  ......     (2) 

Similarly  2CG  .  CD  =  C'G2  ......     (3) 

For  small  displacements  of  the  levers,  the  obliquity  of  the  coupler 
may  be  neglected,  that  is,  B'F  may  be  assumed  equal  to  C'G. 
Hence,  dividing  (2)  by  (3)— 

BF_CD 
CG~AB 

TTrnnm  B/E/ 

From(l) 
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The  location  of  the  point  E'  or  E  can  therefore  be  readily  fixed  in 
a  given  case.  The  point  E  divides  the  coupler  into  segments, 
which  are  inversely  proportional  to  the  lengths  of  the  nearest 
levers. 

It  will  be  surmised  from  this  proof  that  the  path  of  E  is  not 
a  straight  line  for  large  displacements  of  the  levers,  and  that  it  is 


7 


O 


FIG.  139. 


only  approximately  straight  for  the  smaller  displacements.  Five 
points  on  the  part  of  the  curve  taken  actually  do  lie  on  a  straight 
line.  The  complete  path  of  E  is  shown  dotted  in  Fig.  139.  A 
curve  of  this  description  is  called  a  lemniscoid. 

In  this  straight  line  motion  it  is 
not  necessary  for  the  levers  to  be  on 
different  sides  of  the  coupler.  They 
may  be  on  the  same  side  as  in  Fig. 
140.  In  this  case  the  generating  point 
E  may  be  determined  by  an  investi- 
gation similar  to  that  of  the  preceding 


E       case.     It  will  be  found  that  ™  = 
FIG.  140.  V-15 

as   before,   the   only   difference   being 

that  the  point  E  divides  BC  externally  and  lies  on  the  side  further 
from  the  shorter  lever. 

163.  The  Beam  Engine. — In  the  practical  application  of  the 
Watt  parallel  motion  to  the  beam  engine,  the  parallel  motion  and 
pantograph  are  combined  so  as  to  give  two  points  whose  motion 
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is  approximately  linear.  Fig.  141  shows  diagrammatically  the 
construction  of  the  ordinary  form  of  the  mechanism.  The  links 
AB,  BC,  and  CD  form  the  parallel  motion,  and  BC  is  divided  at 

~D~P         p-pv 

E  so  that  ^p  =  -pg.     The  point  D  is  fixed  to  the  frame  of  the 

engine.  As  the  arms  AB  and  CD  are  generally  made  equal, 
E  will  be  the  mid-point  of  BC.  AB  is  one  arm  of  the  oscillat- 
ing beam  of  the  engine,  and  it  is  continued  to  the  point  G. 
On  this  link  ABG  the  pantograph  ABGFC  is  constructed,  the 
lengths  of  BG  and  CF  being  such  that  the  point  F  traces  a 


FIG.  141. 


similar  path  to  that  of  E.  From  what  has  been  said  previously, 
it  will  be  recognized  that  the  condition  for  this  is  that  A,  E,  and 
F  lie  on  one  straight  line.  The  piston  rod  is  then  connected  to 
the  mechanism  at  F,  and  the  air-pump  rod  at  E. 

A  further  advantage  of  combining  the  parallel  motion  and 
pantograph  in  this  way  may  also  be  pointed  out.  It  is  desirable 
to  arrange  that  the  stroke  of  the  piston  be  greater  than  the  stroke 
of  the  air-pump.  This  is  effected  by  attaching  the  piston  rod  to 
the  point  F  of  the  pantograph  rather  than  to  the  point  E  of  the 

parallel  motion.     The  ratio  between  the  strokes  is  -       .    By  this 


attachment  a  given  stroke  of  the  piston  may  be  obtained  with  a 
greater  saving  of  space  and  weight  than  if  the  same  stroke  were 
obtained  by  attaching  the  piston  rod  to  a  parallel  motion  alone. 
An  actual  beam  engine  is  shown  in  Fig.  142,  this  representing  the 
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type  manufactured  by  Messrs.  Glenfield  and  Kennedy,  Limited,  of 
Kilmarnock. 


FIG.  142. 


(b)  Mathematically  Correct 

164.  Peaucellier  Straight  Line  Motion. — The  best  known  of  the 
mathematically   straight  line  motions  is  that  invented  by  the 

French  officer  Peaucellier,  in 
1864.  This  mechanism  con- 
sists of  seven  jointed  bars,  that 
is,  eight  elements,  and  is  shown 
in  its  mid-position  in  Fig.  143. 
L  and  0  are  fixed  centres  of 
rotation,  the  link  LR  equals 
the  link  LS,  the  four  links 
PR,  RQ,  QS,  and  SP  are  equal, 
and  the  link  OP  equals  the 


FIG.  143. 


distance  OL. 
inM. 


Let  PQ  cut  RS 


Then 


LP . LQ  =  LM2  —  MQ2 
=  LR2  -  RQ2 
=  constant 


Therefore  the  points  P  and  Q  trace  reciprocal  paths.  But  P  lies 
on  a  circle  with  O  as  centre.  Hence  the  locus  of  Q  is  a  straight 
line,  which  from  symmetry  is  perpendicular  to  LO. 
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Another  neat  proof  that  the  point  Q  traces  a  straight  line 
depends  on  the  properties  of  the  instantaneous  centres  of  rotation. 
Let  Fig.  144  represent  a  general  position  of  the  linkwork.  Pro- 


FIG.  144. 

duce  PO  to  meet  LS  in  F.  Through  F  draw  FH  parallel  to  PE, 
cutting  LP  in  G  and  LK  in  H.  From  the  principle  that  the 
instantaneous  centres  of  rotation  of  any  three  bodies  lie  on  one 
straight  line,  the  instantaneous  centres  of  rotation  of  the  various 
links  may  be  verified  in  the  figure.  Since  H  is  the  instantaneous 
centre  of  rotation  of  h  relative  to  a,  Q  must  be  moving  per- 
pendicular to  HQ.  If,  therefore,  it  can  be  proved  that  HQ  is 
parallel  to  LO,  the  point  Q  must  trace  a  straight  line  perpendicular 
toLO. 

Since  angle  ELQ  =  angle  GLF,  and  angle  EQP  =  angle  EPQ 
=  angle  HGP  —  angle  LGF,  therefore  triangles  LEQ,  LGF  are 
similar,  and  — 


_ 
LF~LE 

Since  FH  is  parallel  to  EP— 

LG_LH 
LP"LE 

LF      LH 

/.dividing^  ^ 

Therefore  since  angle  HLQ  =  angle  PLF,  triangles  HLQ,  LPF 
are  similar. 

M 
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Hence  angle  HQL  =  angle  LPF 
=  angle  PLO 
/.  HQ  is  parallel  to  LO 
/.  locus  of  Q  is  a  straight  line  perpendicular  to  LO. 

165.  Indicators.  —  This  chapter  will  be  incomplete  without  a 
brief  description  of  some  of  the  straight  line  motions  employed 
at  the  present  time  upon  indicators.  It  will  not  be  possible,  nor 
is  it  desirable,  to  describe  all  those  in  use,  and  it  must  suffice  to 
give  two  or  three  typical  examples. 


(a)  Simplex  Indicator 

The  Simplex  Indicator  is  of  interest  as  the  pencil  mechanism 
shown  in  Fig.  145  consists  of  the  pantograph  itself.     The  marking 

point,  the  connection  to  the  piston  and 
the  pivot  point,  lie  on  one  straight  line. 
Assuming  that  the  indicator  piston  rod 
is  correctly  guided,  the  motion  of  the 
marking  point  is  therefore  mathemati- 
cally straight.  The  spring  against 
which  the  piston  works  has  a  sugar- 
tongs  shape  and  is  seen  in  the  upper 
part  of  the  figure.  Unfortunately  the 
indicator  is  useless  at  high  speeds,  as 
the  moving  parts  of  the  pencil  mechan- 
ism are  heavy,  and  the  inertia  effects 
destroy  the  truth  of  the  straight  line 
motion.  In  other  indicators  the  path 
traced  by  the  marking  point  may  not 
be  mathematically  straight,  but  the 

moving  parts  are  light  and  rigid,  so  that  the  total  error  in  high 
speed  work  is  extremely  small. 


FIG.  145. 


(b)  Richards  Indicator 

Watt's  parallel  motion  forms  the  basis  of  many  pencil 
mechanisms,  a  pantograph  being  added  to  magnify  the  motion  of 
the  pencil.  One  example  of  this  type  is  the  Eichards  Indicator, 
one  of  the  first  of  the  modern  types  of  indicators.  In  the  pencil 
mechanism  shown  in  Fig.  146,  E  represents  the  marking  point, 
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and  lies  on  the  connecting  link  CD  of  the  parallel  motion  ACDB. 
F  represents  the  extremity  of  the  piston  rod,  and  lies  on  the  line 
joining  E  to  A.  F  is  joined 
to  AC  by  the  connecting  link 
FG.  If  the  dotted  line  FK 
represented  a  link,  the  upper 
portion  of  the  mechanism  would 
be  a  pantograph.  The  absence 
of  the  link  FK  does  not  materi- 
ally affect  the  straightness  of 
the  line  generated  by  E,  and 
jamming. 


FIG.  146. 


prevents   the   mechanism   from 


(c)  Crosby  Indicator 

The  Crosby  Indicator  has  been  previously  described  (par.  157). 
The  mechanism  is  in  this  case  a  modification  of  the  panto- 
graph. The  marking  point  E  (Fig.  147),  the  extremity  of  the 
piston  rod  A,  and  the  foot  C  of  the  oscillating  lever  CD  lie  on  one 
straight  line.  The  design  may, 
perhaps,  be  most  readily  checked 
by  the  use  of  the  principle  of 
the  instantaneous  centres.  The 
point  Oj  is  the  instantaneous 
centre  of  rotation  of  the  link 
AB,  and  the  point  02  that  of 
the  marking  arm  DE.  The  con- 
ditions to  be  satisfied  by  the 

mechanism  are  that  the  velocity  ratio  between  E  and  A  is  con- 
stant, and  that  E  travels  along  a  straight  line  path.  That  is,  02E 
must  be  approximately  horizontal  for  all  the  working  positions 
of  the  mechanism.  The  lengths  of  the  various  links  are  designed 
to  meet  this  condition  as  far  as  possible. 


FIG.  147. 


(d)  Dollie-Mclnnes  Indicator 

The  Dobbie-Mclnnes  Indicator  is  shown  in  Fig.  148.  Although 
the  principle  underlying  the  invention  is  not  very  obvious, 
the  design  can  be  readily  checked  as  in  the  previous  case  by  the 
determination  of  the  instantaneous  centre  of  rotation  of  the 
marking  lever.  The  peculiar  shape  of  this  lever  is  due  to  the  fact 
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that  it  is  desired  to  keep  the  marking  point  and  the  two  pin  joints 
collinear. 


FIG.  148. 


EXERCISES  XIII. 

1.  Sketch  and  describe  a  mechanism  whereby  the  rise  of  the  piston  of  a 
steam  engine  indicator  is  magnified  and  gives,  on  the  paper  placed  on  the 
indicator  drum,  a  straight  line  whose  length  is  proportional  to  the  variation  in 
pressure  in  the  indicator  cylinder. 

2.  Make  a  sketch  of  an  indicator  gear  that  will  give  to  the  indicator  drum  an 
exact  copy  of  the  piston's  motion  ;  any  effect  due  to  stretch  of  string  may  be 
neglected.     Prove  that  the  gear  you  select  fulfils  the  condition  of  the  question. 

(Lond.  B.Sc.  1907.) 

3.  In  a  simple  Watt  parallel  motion  the  lengths  of  the  levers  are  6  inches 
and  9  inches  respectively,  and  the  length  of  the  link  connecting  the  levers  is  4£ 
inches.     Find  the  position  of  the  point  on  the  connecting  link  which  gives  the 
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best  straight  line  motion,  and  draw  the  complete  path  traced  out  by  this  point 
when  the  levers  move  through  the  whole  range  of  their  motion.  When  the 
levers  are  horizontal,  the  connecting  link  is  vertical.  (Lond.  B.Sc.  1905.) 

4.  The  sketch,  Fig.  149,  represents  the  mechanism  of  an  indicator.     The 
upper  extremity  of  the  piston  rod  A  may  be  assumed  guided  in  a  straight  line  ; 
and  B  and  C  are  fixed  centres.    The  tracing  pencil  G  is  placed  at  some  point  in 
the  link  FE.    Find  the  position  of  G  so  that  in  the  configuration  sketched  G  is 
moving  in  a  vertical  direction.  (Lond.  B.Sc.  1905.) 

5.  In  a  slider  crank  chain  AB  is  the  connecting  rod,  30  inches  long,  BC  the 
crank,  and  AC  the  horizontal  line  of  stroke.    In  AB  produced  beyond  B  a  point 
P  is  taken,  BP  being  18  inches.    If  the  locus  of  P  is  an  approximately  straight 
line  while  AB  travels  through  angles  from  0°  to  30°  with  the  line  of  stroke, 
find  a  suitable  length  for  BC.  (Lond.  B.Sc.  1912.) 


FIG.  149. 

6.  The  Tchebicheflf  parallel  motion  consists  of  two  crossed  bars  AC,  BD  of 
equal  length,  with  a  connecting  link  CD  which  is  about  half  the  length  of  the 
fixed  link  AB.    Prove  that  the  mid-point  of  CD  traces  an  approximately  straight 
line  parallel  to  AB. 

7.  What  limiting  conditions   determine  when  the  line  generated  by  the 
Tchebicheff  parallel  motion  ceases  to  be  approximately  straight  ?    Prove  that 
the  extreme  length  of  generated  straight  line  is  obtained  when  the  length  of  the 
two  equal  links  is  l'25a,  and  the  length  of  the  connecting  link  is  0'5a,  where  a, 
is  the  length  of  the  fixed  link. 

8.  The  Eoberts  parallel  motion  consists  of  5  jointed  links  fixed  to  a  base 
plate  at  A  and  E  (Fig.  150).     The  links  AB,  BC,  CD,  and  DE  are  equal,  and  the 
link  BD  is  one-half  the  distance  AE.     Prove  that  the  point  C  traces  an  approxi- 
mately straight  line  for  small  displacements  of  the  links. 

9.  What  are  the  limits  of  the  straight  line  generated  by  the  Roberts  parallel 
motion?     Prove  that  to  get  these  limits,  the  lengths  of  the  four  equal  levers 
cannot  be  less  than  0*592a,  where  a  is  the  distance  between  the  points  A  and  E. 


CHAPTER  XIV 
HIGHER   PAIRING — TOOTHED  GEARING 

166.  Motion  transmitted  by  Rolling  Contact. — In  the  preceding 
investigation  of  kinematic  chains,  no  attention  has  been  paid  to 
those  in  which  the  relative  movement  between  any  two  parts  is 
equivalent  to  rolling  motion.  These  form  an  important  class, 
and  must  be  treated  separately. 

Three  methods  fall  within  the  above  category  whereby  rotary 
motion  can  be  transmitted  between  two  shafts,  viz.  friction 
wheels,  toothed  gearing,  and  belting,  the  latter  including  leather, 
rope,  or  chain  drives.  There  are  practical  advantages  and  dis- 
advantages attaching  to  each  which  will  be  investigated  later. 
Suffice  it  to  say  at  present  that  of  the  three,  toothed  gearing 
is  the  only  one  where  the  velocity  ratio  between  the  shafts  can  be 
definite  and  constant.  With  friction  wheels  and  belt  drives 
there  is  usually  a  certain  amount  of  slip  which  makes  the  velocity 
ratio  somewhat  indeterminable. 

167.  Friction  Wheels  and  Toothed  Gearing. — When  two  plain 
circular  wheels  mounted  on  shafts  are  pressed  together,  the 
frictional  force  between  their  surfaces  will  suffice  to  transmit 
rotary  motion  from  one  axis  to  another.  As  long  as  the  resisting 
torque  of  the  driven  wheel  is  less  than  the  torque  due  to  the 
frictional  force  between  the  two  surfaces,  the  velocity  ratio  between 
the  shafts  will  be  constant.  With  the  increase  of  the  power  trans- 
mitted, the  frictional  torque  tends  to  become  the  smaller  of  the 
two,  in  which  case  the  driver  will  slip  wholly  or  in  part  over  the 
surface  of  the  driven  wheel,  this  being  the  disadvantage  of  friction 
wheels.  Slip  may  be  prevented  by  forming  a  number  of  pro- 
jections on  one  wheel  which  fit  into  corresponding  recesses  on  the 
other,  i.e.  by  the  substitution  of  toothed  gearing.  Kinematically, 
therefore,  friction  wheels  running  without  slip  and  toothed  gearing 
are  identical,  but,  as  pointed  out,  friction  wheels  are  of  limited 
service  in  practice  since  they  can  only  be  used  for  the  transmission 
of  small  powers.  When  the  axes  of  the  shafts  are  some  distance 
apart,  the  size  and  cost  of  the  necessary  wheels  may  make 
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friction  wheels  or  toothed  gearing  prohibitive.  Some  other 
method  of  connection,  such  as  belt  or  chain  drives,  might  then 
preferably  be  used. 

168.  Toothed  Wheels. — Definitions  and  Nomenclature. — Before 
entering  upon  the  theory  of  toothed  wheels,  it  will  be  necessary 
to  explain  the  nomenclature  that  will  be  adopted. 

Pitch  Circle. — The  motion  transmitted  by  two  toothed  wheels 
is  equivalent  to  that  obtained  when  certain  imaginary  friction 
wheels  move  together  in  direct  contact  without  slip.  The 
circles  representing  these  imaginary  friction  wheels  are  known  as 
the  pitch  circles  of  the  toothed  wheels.  The  teeth  are  formed 
without  and  within  the  pitch  circle,  the  projecting  part  on  one 
wheel  gearing  into  the  recess  on  the  other.  The  point  of  contact 
of  the  pitch  circles  is  known  as  the  pitch  point. 

It  must  not  be  forgotten  that  a  wheel  has  thickness,  and  that 
though  it  is  convenient  to  talk  of  the  pitch  circle,  the  pitch 
surface  would  be  a  better  description.  The  pitch  surface  of  a 
wheel  may  be  any  shape,  but  is  in  general  either  cylindrical, 
conical,  or  hyperboloidal.  The  part  of  the  tooth  above  the  pitch 
circle  is  called  the  addendum  ;  the  part  beneath,  the  root  or 
dedendum.  The  addendum  circle  is  the  largest  possible  circle 
that  can  be  described  about  the  teeth ;  the  root  circle  is  the  circle 


FIG.  151. 

drawn  through  the  base  of  the  teeth.  The  distance  between  the 
root  circle  and  the  pitch  circle  is  always  slightly  greater  than 
the  distance  between  the  pitch  circle  and  the  addendum  circle,  so 
that  when  two  wheels  gear  together,  there  is  no  possibility  of  the 
tops  of  the  teeth  on  one  wheel  jamming  in  the  recesses  in  the 
other.  The  surface  of  the  tooth  above  the  pitch  circle  is  called 
the  face  of  the  tooth ;  that  beneath,  the  flank.  These  various 
definitions  are  shown  pictorially  in  Fig.  151.  In  the  case  of 
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involute  teeth  there  is  a  further  circle,  known  as  the  base  circle, 
whose  diameter  is  in  general  greater  than  that  of  the  root  circle. 

Pitch. — In  order  that  two  wheels  should  work  together 
the  pitch  of  the  teeth  must  be  the  same.  There  are  two 
definitions  of  pitch,  circular  and  diametral,  which  must  be  clearly 
differentiated. 

Circular  pitch  is  the  distance  from  centre  to  centre  of  two 
adjacent  teeth  when  measured  along  the  arc  of  the  pitch  circle. 
Since  the  number  of  teeth  on  any  wheel  must  be  integral,  the 
circular  pitch  must  divide  exactly  into  the  circumference  of  the 
pitch  circle.  Let  p  be  the  circular  pitch,  d  the  pitch  circle 
diameter,  and  T  the  number  of  teeth. 

~.      ,         .    ,       circumference  of  pitch  circle 

Circular  pitch  = — r — - 

number  ot  teeth 

.  i    ,  .  Trd       m       Trd 

that  is,  p  —  -=•  or  T  =  — 

Diametral  pitch  has  not  the  same  clear  physical  meaning  as 
circular  pitch,  but  it  is  preferable  in  practice,  and  is  now  most 
frequently  used.  Diametral  pitch  is  defined  as — 

Number  of  teeth 
Diameter  of  pitch  circle 

The  reciprocal  of  this  quantity  is  the  definition  adopted  by  some 
writers,  but  manufacturers  of  toothed  wheels  are  unanimously  in 
favour  of  the  other.  As  defined,  the  diametral  pitch  is  always 
greater  than  unity,  and  standard  sizes,  say  2,  2J,  2J  .  .  .,  may  be 
readily  fixed.  If  the  pitch  were  always  less  than  unity,  the 
standard  sizes  must  be  fractional.  For  cheapness  of  production  it 
is  desirable  to  utilize  standard  pitches  in  all  design  work. 

When  the  diameter  of  the  pitch  circle  is  expressed  in  milli- 
metres, the  diametral  pitch  is  known  as  the  module. 

Let  s  =  diametral  pitch 

T 

/.  s  =  -= ,  or  T  =  d .  s 

The  relationship  between  circular  and  diametral  pitch  is  therefore 
ps  =  77. 

In  the  design  of  toothed  wheels,  the  diametral  pitch  is 
distinctly  the  more  useful  to  employ,  because  of  its  simplification 
of  the  design  calculations.  In  the  calculations  when  the  circular 
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pitch  p  is  employed,  the  value  of  TT  enters  and  prevents  the 
simplicity  of  working  that  is  such  a  marked  feature  in  the  use  of 
the  diametral  pitch. 

EXAMPLE  1.— Two  wheels  of  12  and  30  teeth  respectively  are  to  gear 
together.  Determine  the  pitch  circle  diameters  (a)  when  the  circular  pitch  is 
2  inches,  (&)  when  the  diametral  pitch  is  1'5. 

2  x  12 

(a)  The  p.c.d.  of  the  smaller  wheel  is  — - —  =  7'63  inches. 

9  v  30 
„       larger  wheel  is  =  19-08  inches. 

Although  the  pitch  distance  is  such  a  simple  figure  as  2  inches,  the 
diameters  of  the  pitch  circles  must  be  expressed  in  decimals  of  an  inch  to  at 
least  the  second  place  for  reasonable  accuracy. 

12 

(b)  The  p.c.d.  of  the  smaller  wheel  is  ^  =  8  inches. 

30 

„  ,,        larger  wheel  is  j^  =  20  inches. 

169.  Standard   Pitch   Circle   Diameters. — Assuming   standard 
values  for  the  pitch,  it  follows  that  pitch  circle  diameters  are 
standard   likewise.     Table    VI.  gives  values  of  the  pitch  circle 
diameters  for  various  combinations  of  diametral  pitch  and  number 
of  teeth.      It  should  be  particularly  noted  that  the  pitch  circle 
diameter  for  a  wheel  cannot  be  chosen  at  pleasure  if  a  standard 
pitch  is  to  be  adopted  for  the  teeth.      Referring  to  Table  VI. 
(p.  170),  it  will  be  noted  that,  within  its  limits,  no  combination 
of  s  and  T  gives  a  pitch  circle  diameter  of,  say,  7 '4  inches.     The 
significance  of  this  will  be  explained  in  par.  173. 

170.  Size  of  Teeth. — The  dimensions  of  a  tooth  are  generally 
expressed  in  terms  of  the  pitch.     For  accurate  work  the  thickness 
of  the  tooth  measured  along  the  pitch  circle  is  equal  to  half  the 
pitch.     If  the  thickness  of  the  teeth  be  less  than  the  space  into 
which  it  fits,  the  difference  is  called  the  backlash. 

It  has  been  already  stated  that  the  addendum  of  a  tooth  is  less 
than  the  dedendum.  In  what  is  called  the  Manchester  standard, 
the  addendum  is  -f^p  and  the  dedendum  -^p.  In  the  standard 
tooth  adopted  by  Browne  and  Sharp  the  addendum  is  the 

reciprocal  of  the  diametral  pitch,  -  or  - ;  the  dedendum  is  -  +  -j^tf, 

S  TT  S 

where  t  is  the  thickness  of  the  tooth.  Table  VII.  (p.  171)  gives 
the  values  of  the  dimensions  of  the  Browne  and  Sharp  standard 
teeth  for  various  diametral  pitches. 
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When  toothed  gearing  is  subjected  to  heavy  shocks,  as  in  the 
case  of  mill  drives,  etc.,  there  is  a  tendency  to  use  a  shorter  tooth, 
called  a  stub  tooth,  than  that  given  by  the  preceding  table. 
The  addendum  of  a  stub  tooth  is  about  three-fourths  that  of  the 
ordinary  standard  tooth.  Though  stub  teeth  are  well  adapted  for 
heavy  work,  they  are  not  suitable  for  general  use.  Strength  of 
tooth  is  in  them  the  first  consideration,  efficiency  and  good 
wearing  qualities  being  of  secondary  importance. 

TABLE  VII. 


Diametral 
pitch, 
s 

Circular  pitch. 
P 

Thickness  on 
pitch  line. 

Addendum. 

Dedendum. 

Whole  depth. 

1 

3-1416 

1-5708 

1-0000 

1-1571 

2-1571 

1| 

2-5133 

1-2566 

0-8000 

0-9257 

1-7257 

w 

2-0944 

1-0472 

0-6666 

0-7714 

1-4381 

If 

1-7952 

0-8976 

0-5714 

0-6612 

1-2326 

2 

1-5708 

0-7854 

0-5000 

0-5785 

1-0785 

2J 

1-3963 

0-6981 

0-4444 

0-5143 

0-9587 

2J 

1-2566 

0-6283 

0-4000 

0-4628 

0-8628 

2£ 

1-1424 

0-5712 

0-3636 

0-4208 

0-7844 

3 

1-0472 

0-5236 

0-3333 

0-3857 

0-7190 

3£ 

0-8976 

0-4488 

0-2857 

0-3306 

0-6163 

4 

0-7854 

0-3927 

0-2500 

0-2893 

0-5393 

5 

0-6283 

0-3142 

0-2000 

0-2314 

0-4314 

6 

0-5236 

0-2618 

0-1666 

0-1928 

0-3595 

7 

0-4488 

0-2244 

0-1429 

0-1653 

0-3081 

8 

0-3927 

0-1963 

0-1250 

0-1446 

0-2696 

9 

0-3491 

0-1745 

0-1111 

0-1286 

0-2397 

10 

0-3142 

0-1571 

0-1000 

0-1157 

0-2157 

11 

0-2856 

0-1428 

0-0909 

0-1052 

0-1961 

12 

0-2618 

0-1309 

0-0833 

0-0964 

0-1798 

13 

0-2417 

0-1208 

0-0769 

0-0890 

0-1659 

14 

0-2244 

0-1122 

0-0714 

0-0826 

0-1541 

15 

0-2094 

0-1047 

0-0666 

0-0771 

0-1438 

16 

0-1963 

0-0982 

0-0625 

0-0723 

0-1348 

17 

0-1848 

0-0924 

0-0588 

0-0681 

0-1269 

18 

0'1745 

0-0873 

0-0555 

0-0643 

0-1198 

19 

0-1653 

0-0827 

0-0526 

0-0609 

0-1135 

20 

0-1571 

0-0785 

0-0500 

0-0579 

0-1079 

22 

0-1428 

0-0714 

0-0455 

0-0526 

0-0980 

24 

0-1309 

0-0654 

0-0417 

0-0482 

0-0898 

26 

0-1208 

0-0604 

0-0385 

0-0445 

0-0829 

28 

01122 

0-0561 

0-0357 

0-0413 

0-0770 

30 

0-1047 

0-0524 

0-0333 

0-0386 

0-0719 

171.  Motion  transmitted  by  Toothed  Gearing. — Toothed  gearing 
may  be  utilized  for  the  transmission  of  rotary  motion  between  two 
shafts  whose  axes  are  inclined  at  any  angle,  whether  in  the  same 
plane  or  otherwise.  There  are  three  separate  cases  to  be  con- 
sidered, viz.  (1)  axes  of  shafts  co-planar  and  parallel ;  (2)  axes 
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of  shafts  co-planar  and  intersecting;  (3)  axes  of  shafts  not  co- 
planar.  The  first  of  these  is  the  most  important,  whilst  the  last 
is  seldom  used. 

Though  point  contact  between  two  wheels  is  sufficient  kine- 
matically  for  the  transfer  of  rotary  motion,  line  contact  is 
naturally  preferable  for  the  transmission  of  power.  Not  only 
so,  but  for  simplicity  of  construction  and  design,  the  line  should 
be  straight.  In  the  three  cases  to  be  considered,  the  pitch  surfaces 
of  the  toothed  wheels  are  so  formed  that  contact  between  the  two 
is  along  a  straight  line. 

172.  (1)  Axes  of  Shafts  Co-Planar  and  Parallel.— When  the 
axes  of  two  shafts  are  co-planar  and  parallel,  the  larger  of  two 
wheels  gearing  together  is  called  a  spur  wheel,  the  smaller  a 
pinion.  The  contact  being  over  a  straight  line,  the  pitch 
surfaces  of  both  wheels  are  cylindrical.  There  are  two  cases  to 
be  differentiated :  (a)  when  the  pitch  point  lies  on  the  line 
joining  the  centres  of  the  wheels ;  and  (b)  when  it  lies  on  this 
line  produced.  In  the  first  case,  the  wheels  are  said  to  gear 
externally  (Fig.  152) ;  and  in  the  second  case  internally  (Fig.  153). 


FIG.  152.  FIG.  153. 

The  essential  difference  between  the  two  cases  is  that  the  direction 
of  the  driven  wheel  is  reversed.  With  external  gearing,  the  two 
wheels  revolve  in  opposite  directions ;  with  internal  gearing  the 
directions  are  the  same.  The  larger  wheel  in  Fig.  153  is  known 
as  an  annular  wheel. 

A  special  case  arises  when  the  size  of  one  of  the  pitch  circles 
is  increased  indefinitely  in  size.  It  then  becomes  a  straight  line 
and  the  pitch  surface  becomes  plane.  The  wheel  thus  becomes 
a  bar,  and  is  called  a  rack.  The  circular  wheel  gearing  with  the 
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rack  is  called  a  pinion.  By  means  of  the  rack  and  pinion,  rotary 
motion  can  be  changed  to  rectilinear,  and  vice  versa. 

The  velocity  ratio  between  spur  wheel  and  pinion,  neglecting 
the  difference  in  direction  due  to  external  or  internal  gearing,  can 
be  expressed  in  terms  of  the  radii  of  the  pitch  circles  or  in  terms 
of  the  number  of  teeth  on  the  wheels.  Let  r1}  r2  be  the  radii  of  the 
two  pitch  circles,  Tx,  T2  the  numbers  of  their  teeth,  cuj,  o>2  their 
angular  velocities,  and  Nlt  N2  their  speeds  in  revolutions  per 
minute. 

Since  there  can  be  no  slip  between  the  wheels,  the  linear 
speed  of  points  on  the  two  pitch  circles  must  be  equal. 

OJo         7*1 

.*.  oji  ?'i  =  oj9r9          i.e.  —£  =  -± 

.Olj         T2 

For  a  rack  and  pinion,  a)^  =  linear  speed  of  the  rack. 


But  =          and         = 

^1        «|  r2        T2 


173.  Design  of  Spur  Wheel  and  Pinion. — Though  the  above 
equations  fix  the  kinematical  relationships  between  toothed 
wheels,  there  are  other  conditions  of  no  less  practical  importance 
that  must  be  borne  in  mind  in  design  work.  The  equations  to 
be  satisfied  in  design  are — 

dl+d2  =  2L (1) 

where  L  is  the  distance  between  the  centres  of  the  shafts. 

Velocity  ratio  ^  =  -^ (2) 

•HI      #2 

Since  the  pitch  of  the  teeth  is  the  same  for  both  wheels — 


There  remain  other  two  conditions  which  have  a  great  influence 
upon  the  values  assigned  to  these  symbols.  In  the  first  place,  the 
value  of  T  must  be  an  integer  for  both  wheels ;  and  in  the  second 
place,  s  must  have  a  standard  value  for  convenience  in  manu- 
facturing the  teeth.  Because  of  these  conditions  the  value  of  d 
obtained  in  equation  (3)  is  not  susceptible  of  slight  variation,  but 
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must  have  a  standard  value,  many  of  which  are  given  in  Table  VI. 
In  this  case  either  equation  (1)  or  equation  (2)  cannot  be  rigidly 
satisfied.  Most  generally  the  velocity  ratio  is  definitely  fixed,  and 
hence  the  distance  L  can  only  be  approximately  given.  Perhaps 
this  difficulty  can  be  made  clear  by  means  of  an  example. 

EXAMPLE  2.  —  Design  two  toothed  wheels  to  transmit  an  exact  velocity 
ratio  4  :  1  between  two  shafts  whose  centres  are  approximately  llf  inches 
apart. 

Since    d  +  d  =  23'5    and    -     =  4 


dr  =  4'7  inches    and    dz  =  18*8  inches  approximately. 

The  further  conditions  are  that  Tx  and  T2  must  be  integers,  that  Tt  must  be 
as  small  as  possible  but  not  less  than  12,  and  that  s  must  have  a  standard  value 
(see  Table  VIL,  p.  171). 

Referring  to  Table  VI.,  the  nearest  values  to  a  pitch  circle  diameter  of  4-7 
inches  are  found  to  be  4'73  inches  (13  teeth  2|  pitch),  or  4'67  inches  (14  teeth 
3  pitch).  Two  possible  solutions  are  therefore  — 

(1)  s  =  2|,     T!  =  13,     T2  =  52,    L  =  11-82  inches. 

(2)  s  =  3,      T!  =  14,     T2  =  56,     L  =  11-67      „ 

These  solutions  may  be  otherwise  obtained.  The  minimum  value  of  s  is 
i|  =  2-55,  say  2£.  Possible  values  of  s  are  therefore  2£,  2|,  3,  3|,  .  .  . 

Multiply  4-7  by  these  values  on  a  slide-rule  or  otherwise  and  pick  out  the 
product  which  is  nearest  an  integral  number.  Two  values  of  s  are  found,  viz. 
4-7  x  2|  =  12-92  and  4-7x3  =  14*1.  The  two  solutions  are  therefore  those 
given  above. 

174.  (2)  Axes  of  Shafts  Co-Planar  and  Intersecting.  —  When  the 
axes  of  two  shafts  are  co-planar  but  not  parallel,  the  toothed 

wheels  are  known  as  bevel  wheels.  In 
the  special  case  when  the  axes  are  per- 
pendicular and  the  diameters  equal,  the 
wheels  are  called  mitre  wheels.  In  both 
cases,  contact  being  over  a  straight  line, 
the  pitch  surfaces  are  frusta  of  cones. 
The  condition  that  two  frusta  of  cones 
should  roll  together  without  slipping  is 
FIG.  154.  that  they  have  a  common  apex  0.  The 

velocity  ratio  of  the  shafts  depends  upon 

the  size  of  the  semi-angles  of  the  cones.  Let  MI  and  w2  be 
the  angular  velocities  of  the  shafts  AB  and  CD  respectively 
(Fig.  154). 
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a)2 


radius  AE      sin  0i 


—PITCH  DIAMETER 
•OUTSIDE  DIAMETER 

FIG.  155. 


Then 


\i      sin  c/2      J-2 

Slipping  between  the  cones  is  prevented  by  forming  teeth 
partly  above  and  partly  below  the  pitch  surfaces.  The  important 
difference  between  the  teeth  of  spur  wheels  and  those  of  bevel 
wheels  is  that  in  the  former 
case  they  are  uniform  in  section 
throughout  their  length,  whereas 
in  the  latter  case  they  taper  to 
zero  at  the  apex  of  the  cone. 
The  diameter  of  the  largest  pitch 
circle  is  the  nominal  diameter  of 
the  bevel  wheel  (Fig.  155). 

175.  (3)  Axes  of  Shafts  not  Co- 
Planar. — When  the  axes  of  two 
shafts  are  not  co- planar,  the 
toothed  wheels  are  called  skew- 
bevel  wheels.  The  line  of  contact 

being  straight,  its  rotation  about  the  axes  generates  the  two  pitch 
surfaces.  These  surfaces  are  known  as  hyperboloids,  being,  in 
fact,  the  surfaces  generated  by  the  rotation  of  a  hyperbola  about 
an  axis  of  revolution.  Hyperboloids  have  the  distinctive  property, 
common  to  the  cylinder  and  cone,  that  a  number  of  straight  lines 
may  be  drawn  upon  their  surfaces.  If  one  hyperboloid  be  brought 
into  contact  with  another,  the  axes  may  be  so  arranged  that  con- 
tact is  over  a  straight  line.  Hence  hyperboloidal  surfaces  are 
suitable  for  the  transmission  of  motion  by  rolling  contact,  and  the 
analogy  between  cylinders,  cones,  and  hyperboloids  is  complete. 
For  the  actual  skew-bevel  wheels  only  frusta  of  the  hyperboloids 
are  used,  and  the  teeth  are  formed  partly  above  and  partly  beneath 
this  surface.  The  pitch  surfaces  of  a  pair  of  skew-bevel  wheels 
are  shown  in  Fig.  156,  the  hyperboloidal  surfaces  of  revolution 
being  shown  dotted. 

Given  the  directions  of  two  shafts  and  their  angular  velocities, 
the  line  of  contact  of  the  skew-bevel  wheels  may  be  easily  found. 
Let  A  A,  BB  (Fig.  157)  be  the  perspective  view  of  two  axes  about 
which  shafts  are  to  rotate  with  angular  velocities  w1?  a>2  respec- 
tively. Let  CD  be  the  common  perpendicular  to  AA  and  BB. 
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At  the  point  E  in  DC  produced,  draw  EF  in  the  plane  of  A  A  and 
EG  in  the  plane  of  BB.  Make  EF  proportional  to  cox  and  EG  pro- 
portional to  co2.  Complete  the  parallelogram  EFHG  and  join  EH. 
Divide  the  line  CD  at  0  so  that  the  parts  are  inversely  proportional 

to  the  angular  velocities.     That  is,  ^^  =  —  .     Through  0,  draw  a 


line  00  parallel  to  EH.     Then  00  is  clearly  the  common  line  of 
contact  of  the  two  hyperboloids. 


FIG.  156. 


It  should  be  noticed  that  the  relative  movement  between  two 
hyperboloids  is  not  pure  rolling.  The  line  of  contact  00  is 
neither  parallel  to  AA  nor  to  BB.  Hence,  the  velocities  of  a  pair  of 


FIG.  157. 


points  in  contact  are  unequal,  although  their  component  velocities 
perpendicular  to  00  are  equal.  The  components  of  motion 
along  00  are  unequal,  and  these  constitute  a  lateral  sliding 
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between  the  surfaces.  Skew-bevel  wheels  are  so  seldom  employed 
in  practice  that  it  is  not  necessary  to  enter  more  fully  upon  this 
difficult  and  complicated  case. 

EXERCISES  XIV 

1.  A  wheel  having  45  teeth  is  20  inches  diameter.    Find  (1)  the  circular 
pitch,  (2)  the  diametral  pitch,  of  the  teeth. 

2.  Find  the  diameter  of  a  wheel  of  35  teeth,  (1)  when  the  circular  pitch  is  1£ 
inches,  (2)  when  the  diametral  pitch  is  If. 

3.  The  crank  of  an  engine  is  15  inches  long,  and  the  diameter  of  the  flywheel 
is  10  feet.    The  flywheel  has  teeth  on  its  rim,  and  drives  a  pinion  2^  feet  in 
diameter.    If  the  mean  piston  speed  is  700  feet  per  minute,  determine  the  speed 
of  the  pinion. 

4.  Two  parallel  shafts  whose  axes  are  approximately  4  feet  apart,  are  to  be 
connected  by  a  pair  of  toothed  wheels  so  that  one  shall  rotate  3J  times  as  fast  as 
the  other.    If  the  diametral  pitch  is  If,  determine  the  number  of  teeth  in  each 
wheel.    If  the  velocity  ratio  is  rigidly  fixed,  what  is  the  exact  distance  between 
the  axes  of  the  shafts  ?    If  the  distance  between  the  axes  is  rigidly  fixed,  what 
is  the  velocity  ratio  transmitted  ? 

5.  A  wheel  having  34  teeth  of  diametral  pitch  If,  and  running  at  85  revolu- 
tions per  minute,  drives  another  wheel  at  170  revolutions  per  minute.    Find  the 
diameters  of  the  wheels  and  the  distance  between  their  axes. 

6.  Find  the  number  and  pitch  of  the  teeth  of  two  toothed  wheels  to  transmit 
a  velocity  ratio  of  4  : 1  between  two  shafts  whose  centres  are  approximately  25§ 
inches  apart.      The  following  conditions  must  be   satisfied:    (1)   a  standard 
diametral  pitch  must  be  chosen  from  amongst  the  values  1,  1%,  1^,  If,  2,  2£,  2£, 
3,  and  3£  ;  (2)  the  actual  distance  between  the  shaft  centres  must  not  vary  more 
than  1  per  cent,  of  that  given  ;  and  (3)  the  number  of  teeth  must  be  as  small  as 
possible. 

( Note  :-Diaffietral  pitch  =  Number  of  teeth  \ 

\  pitch  diameter  of  wheel  m  inches  / 

(Lond.  B.Sc.  1914.) 


CHAPTEE   XV 
GENERAL   PROPOSITIONS   ON   THE   FORMS   OF   WHEEL   TEETH 

176.  Introductory  Remarks. — Although  toothed  wheels  have  been 
used  for  the  transmission  of  motion  from  very  early  times,  it  is 
only  within  comparatively  recent  years  that  much  attention  has 
been  paid  to  the  theoretical  and  practical  considerations  that 
underlie  the  correct  formation  of  the  teeth.  These  problems  have 
now  been  so  investigated  and  solved  that  power  transmission  by 
toothed  wheels  has  been  raised  to  a  high  standard  of  efficiency. 
It  is  desired  in  this  chapter  to  make  a  complete  study  of  the 
problem  of  toothed  gearing,  to  examine  the  geometrical  conditions 
that  must  be  fulfilled  by  teeth  in  contact,  to  see  what  modifica- 
tions in  their  geometrical  shape  are  necessary  on  the  practical 
grounds  of  strength  and  manufacture,  and  to  give  subsidiarily 
some  interesting  corollaries  deduceable  from  the  main  properties 
of  the  forms  of  teeth.  The  subject  will  be  evolved  from 
elementary  considerations  to  a  full  statement  of  the  properties 
of  teeth  in  contact.  The  main  points  will  be  emphasized  in  the 
form  of  propositions,  the  subsidiary  ones  in  the  form  of  corollaries, 
though  it  must  not  be  assumed  that  these  propositions  are  of 
equal  value  and  importance.  Proofs  and  explanatory  notes  of 
each  will  be  added,  giving,  it  is  hoped,  all  the  salient  features 
of  design. 

177.  Proposition  1. — The  primary  condition  to  be  satisfied  by 
the  profiles  of  a  pair  of  teeth  gearing  together  is  that  they  are  of 
such  a  shape  that  the  velocity  ratio  between  the  shafts  is  constant 
at  every  point  of  contact  of  the  teeth.  (The  special  and  rather 
uncommon  case  when  the  velocity  ratio  is  to  be  designedly 
variable  will  be  treated  separately  in  Chap.  XVIII.) 

As  long  as  the  teeth  on  two  wheels  are  so  formed  that  they 
neither  jam  nor  fail  to  engage  at  any  time,  one  wheel  must  drive 
the  other  round,  and,  as  has  been  proved  previously,  the  mean 
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velocity  ratio  will  be  constant.  But  it  by  no  means  follows  that 
the  velocity  ratio  for  a  small  angle  of  rotation  is  likewise  constant. 
Take  the  case  of  knuckle  gearing  (Fig.  158).  In  this  gearing  the 
teeth  are  formed  by  semicircles  struck  within  and  without  the 
pitch  circles.  Although  one  revolution  of  one  wheel 
will  cause  the  other  to  rotate  a  definite  amount,  any 
small  equal  displacements  of  one  will  not  always  give 
equal  displacements  of  the  other.  Hence  the  velocity 
ratio  during  the  revolution  is  variable  although  the  mean 
velocity  ratio  is  constant.  The  variation  in  velocity  ratio 
may  be  reduced  by  increasing  the  number  of  teeth  on 
a  wheel,  but  this  is  obviously  no  solution  to  the  pro- 
blem of  transmitting  a  uniform  velocity.  It  is,  however, 
possible  to  design  the  teeth  of  wheels  in  such  a  way  that  FlG  15g 
the  motion  resulting  from  direct  contact  of  the  teeth 
is  the  same  as  that  due  to  rolling  contact  between  two  friction 
wheels  whose  diameters  are  equal  to  the  pitch  circles,  assuming 
no  slip  in  the  latter  case. 

178.  Proposition  2. — The  condition  that  the  velocity  ratio 
between  two  toothed  wheels  should  be  constant  is  that  the 
common  normal  at  the  point  of  contact  of  two  teeth  must  pass 
through  the  pitch  point  0,  the  point  of  contact  of  the  two  pitch 
circles. 

It  is  scarcely  necessary  to  prove  that  two  teeth  must  have  a 
common  normal  at  the  point  of  contact.  Any  two  surfaces 
pressing  against  each  other  must  have  a  common  normal  or 
otherwise,  as  in  Fig.  159,  the  extremity  of  one  must  bear  upon 


FIG.  159.  FIG.  160. 

the  other.  It  has  been  shown  previously  that  the  relative  motion 
between  the  two  wheels  is  equivalent  to  that  of  rolling.  Hence 
the  pitch  point  0  (Fig.  160)  is  the  instantaneous  centre  of  rotation 
of  one  wheel  about  the  other,  and  the  relative  motion  between  the 
teeth  at  /  must  be  perpendicular  to  Of.  But  the  relative  motion 
between  two  teeth  at  the  point  of  contact  must  be  pure  sliding, 
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one  tooth  sliding  over  the  other ;  that  is  to  say,  the  direction  of 
relative  motion  is  tangential  to  the  two  curves  at  the  point  of 
contact.  It  follows,  therefore,  that  the  line  perpendicular  to  Of  is 
tangential  to  the  two  curves,  or,  in  other  words,  that  Of  is  the 
common  normal.  Hence  the  common  normal  passes  through  O 
when  the  velocity  ratio  between  the  shafts  is  uniform. 

This  is  a  fundamental  proposition  in  the  theory  of  wheel 
teeth,  and  is  one  of  the  most  important  geometrical  conditions 
that  determine  the  actual  shape  of  the  teeth.  The  angle  between 
the  common  normal  Of  and  the  tangent  to  the  two  pitch  circles 
at  0  is  called  the  angle  of  obliquity,  and  is  generally  denoted 
by  <£. 

179.  Proposition  3. — In  moving  over  the  arc  of  approach,  the 
flank  of  the  driving  tooth  is  in  contact  with  the  face  of  the  driven 
tooth ;  during  the  arc  of  recess  the  face  of  the  driving  tooth  is  in 
contact  with  the  flank  of  the  driven  tooth. 

Let/  (Fig.  161)  be  the  first  point  of  contact  of  the  teeth.     It 


FIG.  161. 

will  be  seen  from  the  figure  that  /  must  be  on  the  addendum 
circle  of  the  driven  wheel,  and  therefore  within  the  pitch  circle  of 
the  driver.  As  the  wheels  rotate  the  point  of  contact  of  the  teeth 
will  lie  within  the  pitch  circle  AA  until  the  point  0  is  reached. 
As  the  motion  continues,  the  point  will  lie  within  the  pitch  circle 
BB,  until  the  last  point  of  contact  g  is  reached,  which  will  be 
obviously  on  the  addendum  circle  of  the  driver.  The  path  of  the 
point  of  contact  is  therefore  a  curve  which  lies  within  the  pitch 
circle  AA  during  approach  and  within  the  pitch  circle  BB 
during  recess. 

Since  the  point  h  on  the  tooth  of  the  driver,  and  the  point  k 
on  the  tooth  of  the  driven  wheel  are  eventuallv  in  contact  at  the 
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point  0,  and  since  the  motion  of  the  wheels  may  be  assumed  to  be 
equivalent  to  a  rolling  motion  between  the  pitch  circles,  it  follows 
that  the  arc  Oh  equals  the  arc  Ok.  Each  of  these  arcs  is  called 
the  arc  of  approach.  Similarly  if  g  be  the  last  point  of  contact 
and  the  points  I  and  m  be  the  intersection  of  the  contours  of  the 
teeth  with  each  pitch  circle,  the  arc  01  =  arc  Om  each  being  called 
the  arc  of  recess.  The  total  arc  hOl  =  total  arc  JcOm,  and  is 
called  the  arc  of  action. 

When  the  arc  of  action  equals  the  circular  pitch  of  the  teeth 
there  can  only  be  one  tooth  in  gear  at  a  time.  When  the  arc  of 
contact  is  twice  the  pitch,  two  teeth  will  always  be  in  gear. 
Usually  the  arc  of  contact  is  equal  to  about  1*3  X  circular  pitch, 
and  hence  a  second  tooth  comes  into  gear  shortly  before  its  pre- 
decessor passes  out  of  action. 

180.  Corollary  1. — The  velocity  of  sliding  between  two  teeth 
is  at  any  instant  proportional  to  the   distance   of  the  point  of 
contact  from  0. 

This  is  an  interesting  corollary  that  throws  some  light  upon 
the  action  of  toothed  wheels.  It  must  not  be  overlooked  that 
although  the  relative  motion  between  two  toothed  wheels  is 
equivalent  to  pure  rolling  between  their  pitch  circles,  a  certain 
amount  of  sliding  takes  place  between  the  teeth  at  the  point  of 
contact.  This  can  be  seen  from  Fig.  160.  The  two  points  e  and 
d  on  the  pitch  circle  of  the  driver  and  driven  wheel  respectively 
eventually  come  into  contact  at  0.  Hence  on  one  tooth  the  point 
of  contact  moves  from  f  to  d  during  the  arc  of  approach,  and  on 
the  other  from  /  to  e.  That  is,  during  this  time  the  amount  of 
slip  has  been  fd  —  fe. 

The  actual  velocity  of  slipping  at  any  point  can  be  readily 
obtained.  Let  o^  and  a>2  be  the  angular  velocities  of  the  wheels. 
Since  0  is  the  instantaneous  centre  of  rotation  and  one  wheel 
may  be  assumed  to  be  rolling  over  the  other  with  angular  velocity 
(ojj  +  a>2),  the  actual  velocity  of  slipping  must  be  (eoj  +  w2)0/. 

181.  Proposition  4.— Theoretically  the  shape   of  the  teeth  of 
one  wheel  may  be  chosen  at  pleasure  if  a  form  agreeing  with 
the  condition  of  Prop.  2  be   given  to  the  teeth  of  the  gearing 
wheel. 

There  are  two  methods  by  means  of  which  the  form  of  the 
second  tooth  may  be  found:  (a)  experimentally,  and  (&)  geo- 
metrically. 
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182.  (a)  Experimental  Method. — It  has  been  seen  that  when 
two  wheels  A  and  B  are  moving  with  constant  angular  velocity 
ct)i  and  co2  respectively,  their  relative  motion  is  equivalent  to  that 
when  A  is  at  rest  and  B  rolls  over  the  pitch   line   of  A  with 
angular  velocity  (o^  +  w2)  (par.  100).     Imagine  that  the  latter 
movement  actually  takes  place,  and  that  a  tooth  is  fixed  to  wheel 
B.     The  condition  that  a  tooth  on  A  should  remain  in  continuous 
contact  with  this  tooth  on  B  is  that  the  shape  of  the  former  must 
be  the  envelope  of  the  various  positions  of  the  tooth  on  B  during 
the  arc  of  contact.     Two  mating  teeth  obtained  in  such  a  way 
have  obviously  a  further  important  property,   namely,   that   by 
direct  contact  they  can  exactly  replace  the  rolling  motion  betwen 

the  pitch  circles.  That  is,  they 
fulfil  the  important  qualification 
for  the  shape  of  teeth  given  in 
Prop.  1. 

Professor  Willis  has  suggested 
a  method  whereby  the  above  prin- 
ciple may  be  utilized  for  the  ex- 
perimental determination  of  the 
second  tooth  form.  A  and  B 
(Fig.  162),  are  two  boards  whose 
diameters  equal  the  pitch  circle 
diameters  of  the  two  wheels.  A 
thin  templet  of  the  given  form  of  tooth  is  attached  to  B  and 
slightly  raised  above  its  surface  to  permit  a  piece  of  drawing 
paper  attached  to  A  to  pass  under  it.  Fixing  A,  and  rolling  B 
over  its  edge  so  that  no  slipping  takes  place,  the  outline  of  the 
templet  in  a  large  number  of  successive  positions  is  drawn  on  the 
paper.  The  curve  which  touches  all  these  successive  lines  will  be 
the  required  curve  for  the  tooth  on  wheel  A. 

183.  (b)  Geometrical  Method.— Let  AA  (Fig.  163)  be  the  pitch 
circle  of  a  given  wheel,  and  OPQ  be  any  body  which  rolls  with- 
out  slipping  over  its  circumference.     Plot  the  curve  aPb  showing 
various   positions   of  any   tracing  point  P.     Since  O  is  the  in- 
stantaneous centre  of  rotation,  this  curve  has  the  special  property 
that  the  tangent  at  the  tracing  point  P  is  perpendicular  to  the 
line  joining  P  to  the  point  of  contact  0  of  the  pitch  circle  and  the 
rolling  body. 

In  a  similar  way  the  same  body  OiPiQi  rolling  within  the 


FIG.  162. 
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second  pitch  circle  BB  (Fig.  164),  generates  another  curve  c^d 
which  has  a  similar  property  to  the  curve  aPb.  Now  suppose  that 
the  points  0  and  Ol  are  the  same,  and  that  the  curves  have  rolled 
the  same  amount,  that  is,  that  the  arc  OQP  equals  the  arc  C^Q^. 
If  the  pitch  circles  are  placed  tangentially  so  that  the  point  0  falls 
on  the  point  01}  the  curve  OPQ  will  be  superimposed  on  the  curve 


FIG.  163. 

01P1Qi.  Since  OP  is  a  common  normal,  the  curves  aPb,  cP^ 
must  be  tangential  at  P.  The  same  argument  is  applicable  for  any 
other  positions  of  the  curves.  But  it  has  been  seen  in  Prop.  2 
that  the  condition  that  two  toothed  wheels  should  transmit  a 
uniform  velocity  ratio  is  that  the  common  normal  at  the  point  of 


FIG.  164. 

contact  of  the  teeth  should  pass  through  the  pitch  point.  Con- 
versely, therefore,  the  curves  aPb,  cP-^d  are  suitable  for  the  forms 
of  teeth.  These  curves  are  known  as  conjugate  curves. 

This  suggests  a  second  method  of  determining  the  form  of  a 
tooth  to  gear  with  a  given  tooth.  Determine  first  the  rolling 
curve  that  generates  the  given  tooth,  and  then  generate  the 
conjugate  curve. 

The  practical  difficulty  of  determining  the  rolling  curve  for 
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a  given  tooth  is  so  great  that  this  method  is  of  very  doubtful 
value.  Any  method  of  obtaining  the  conjugate  curve  in  the 
general  case  is,  in  fact,  open  to  grave  inaccuracies,  and  so  need  not 
be  here  described.  The  value  of  the  conception  of  conjugate 
curves  is  due  to  the  fact  that  in  the  modern  production  of  gear- 
ing, teeth  are  made  of  standard  forms,  and,  as  will  be  seen 
presently,  their  shapes  are  conjugate  curves,  generated  by  assuming 
some  simple  form  of  rolling  curve. 

184.  Proposition  5. — Though  the  shape  of  the  teeth  of  one 
wheel  may,  theoretically,  be  chosen  at  pleasure,  practical  require- 
ments limit  the  choice. 

The  practical  considerations  to  be  fulfilled  by  the  shapes  of 
teeth  are — 

(1)  Teeth  should  not  be  unduly  weak  at  the  roots  ; 

(2)  Teeth  should  be  symmetrical  in  shape  so  that  they  can 

transmit  motion  in  either  direction ; 

(3)  The  generated  tooth  cannot  be  of  a  looped  form ;  and 

(4)  The  angle  of  obliquity  should  not  be  excessive. 

(1)  The  first  provision  is  of  great  practical  importance.     A 
tooth  is,  in  effect,  a  cantilever,  and  from  the  standpoint  of  strength 

and  economy  of  material  should  be 
thicker  at  the  root  than  at  the  tip.  A 
tooth  shaped  as  in  Fig.  165  is,  therefore, 
objectionable  in  practice.  If  it  be  the 
snaPe  °f  tne  tooth  generated  on  the 
second  wheel  corresponding  to  a  cor- 
rectly shaped  tooth  on  the  first  wheel, 

it  follows  that  this  latter  tooth  must  likewise  be  rejected  as 

unsuitable. 

(2)  Although  there  are  some  cases  where  geared  wheels  need 
only  run  in  one  direction,  and  where  this  condition  is  therefore 
unnecessary,  it  has  been  found  preferable  to  make  teeth  of  some 
definite  geometrical  form,  and  symmetrical  back  and  front.     The 
shapes  of  the  teeth  can  then  be  standardized — an  important  point 
in  the  commercial  output  of  toothed  wheels. 

(3)  If  the  shape  of  the  generating  tooth  be  as  shown  darkened 
in  the  upper  part  of  Fig.  166,  the  shape  of  the  tooth  generated,  as 
by  the  Willis  method,  is  the  satisfactory  form  shown  in  the  lower 
part  of  the  figure. 

In  the  case  illustrated  in  Fig.  167  the  generated  tooth  is  of  a 
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looped  form  and  could  not,  therefore,  be  used  in  practice.  Obviously 
the  tooth-shape  in  the  upper  part  of  the  figure  is  likewise  imprac- 
ticable because  of  the  unsuitable  form  of  the  generated  tooth. 

(4)  The  angle  of  obliquity  (/>  has  previously  been  defined  as  the 
angle  /OK  (Fig.  160).  Since  Of  represents  the  line  of  pressure 
between  the  two  teeth,  and  OK  represents  the  direction  of  the  force 


FIG.  167. 

doing  useful  work,  the  actual  force  between  the  teeth  is  greater 
than  the  force  usefully  employed.  There  is  also  introduced  a 
thrust  on  the  bearings  due  to  the  vertical  component  of  the  force 
between  the  teeth.  Let  P  =  useful  force. 

/.  force  between  teeth  =  P  sec  <f> 
.'.  augment  of  thrust  on  bearings  =  P  tan  <f> 

The  thrust  on  the  bearings  causes  a  loss  due  to  friction.  Up  to  a 
value  of  $  =  221°  this  friction  has  been  found  by  experiment  *  to 
be  nearly  constant,  but  after  this  value  is  exceeded  the  loss  by 
friction  increases.  As  the  strength  of  the  teeth  must  be  increased 
by  sec  <£  it  is  desirable  that  the  angle  <f>  should  not  exceed  22J°. 

185.  Proposition  6. — Teeth  of  involute  or  cycloidal  form  fulfil 
both  theoretical  and  practical  requirements,  and  are  therefore  chiefly 
used. 

The  Involute  is  the  path  traced  by  a  point  on  a  line  which  rolls 
without  slipping  over  the  circumference  of  a  circle.  An  alternative 
description  of  the  involute  is  that  it  is  the  path  traced  by  a  point 
on  the  extremity  of  a  taut  string,  unwound  in  one  plane  from  a  fixed 
cylinder.  Let  aO  represent  the  position  of  a  line  rolling  over 
the  circle  PO  and  let  P  be  the  starting  point  of  the  involute 

*  See  Majority  Report  of  the  Committee  on  Standards  for  Involute  Gears, 
Proc.  Am.  Soc.  of  Mech.  Eng.,  1913. 
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(Fig.  168).     Then  since  the  line  rolls  without  slipping,  the  length 

aO  must  be  equal  to  the  arc  PO.     A  further  important  property 

is  that  the  normal  to  the  curve 
at  any  point  is  tangential  to  the 
circle  from  which  the  curve  has 
been  generated.  This  may  be 
readily  proved.  Since  0  is  the 
instantaneous  centre  of  rotation  of 
the  line,  the  direction  of  motion 
of  a  must  be  perpendicular  to  aO. 
But  the  direction  of  motion  of  a 
is  tangential  to  the  curve.  Hence 
aO  is  normal  to  the  involute.  It 
will  be  seen  presently  that  this 
property  of  the  involute  enables 

the  condition  given  in  Prop.  2  to  be  readily  fulfilled  when  the 

shape  of  wheel  teeth  is  made  involute. 

The  Cycloid  is  the  path  traced  by  a  point  on  a  circle  which  rolls 

without  slipping  over  a  straight 

line.     There  are  two  variants  of 

the  cycloid  also  used  in  practice. 

The  Epicycloid  is  the  path  traced 

by  a  point  on  one  circle  which 

rolls  without   slipping   on    the 


FIG.  168. 


O 

FIG.  169. 


FIG.  170. 


outside  of  another  circle.  The  Hypocycloid  is  the  path  traced  by 
a  point  on  one  circle  which  rolls  without  slipping  on  the  inside  of 
another  circle.  Examples  of  these  curves  are  shown  in  Figs.  169 
and  170.  Since  the  circles  roll  without  slipping  in  each  case,  the 
length  of  abO  is  equal  to  the  length  of  the  arc  PcO,  and,  as  in 
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the  previous  case  of  the  involute,  the  line  PO  is  normal  to  each 
curve. 

Involute  and  cycloidal  teeth  are  sometimes  differentiated  by 
the  names  "  single-curve  "  and  "  double  curve  "  teeth  respectively. 
Involute  teeth  are  formed  by  one  continuous  curve  from  root  to 
tip — apart  from  a  possible  slight  modification  near  the  base — but 
cycloidal  teeth  are  formed  by  one  curve  beneath  and  another  above 
the  pitch  circle. 

Up  to  a  few  years  ago,  cycloidal  teeth  were  chiefly  used,  but  for 
various  reasons,  such  as  cost  of  production,  ease  of  standardization, 
running  characteristics,  etc.,  they  are  now  almost  entirely  super- 
seded by  involute  teeth. 


CHAPTER  XVI 
INVOLUTE,   CYCLOIDAL,   AND   PIN   TEETH 

INVOLUTE  TEETH 

186.  As  stated  previously,  the  involute  is  the  curve  traced 
by  a  point  on  a  line  which  rolls  without  slipping  over  a 
circle.  In  the  design  of  the  teeth,  this  circle  is  known  as  the  base 
circle  A  (see  Fig.  171),  and  must  be  differentiated  from  the  pitch 
circle  B,  and  the  root  circle  of  the  wheel. 

187.  Proposition  7. — Teeth  of  involute  form  satisfy  the  kine- 
matic condition  for  the  transmission  of  uniform  motion. 

Suppose  two  involute  teeth  are  in  contact  at  the  point  a  (Fig. 
171).  The  profiles  have  a  common  normal,  and  this  normal  is 


FIG.  171 

from  a  geometrical  property  of  involutes,  tangential  to  both  base 
circles.  That  is  to  say,  the  common  normal  at  the  point  of  con- 
tact of  the  teeth  is  the  common  tangent  to  both  base  circles.  But 
this  common  tangent  is  fixed  in  direction  and  passes  through  the 
pitch  point  0.  Hence  the  common  normal  at  the  point  of  contact 
passes  through  0. 
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188.  Proposition  8. — The  angle  of  obliquity  for  involute  teeth 
is  constant. 

This  proposition  is  in  reality  a  simple  deduction  from  the  proof 
of  the  previous  proposition,  but  it  is  of  great  importance.  It  has 
been  seen  that  the  point  of  contact  of  the  teeth  lies  on  the  common 
tangent  to  the  base  circles.  Hence  this  line  is  the  locus  of  the 
points  of  contact.  The  angle  of  obliquity  <f>  is  therefore  constant, 
and  equals  the  angle  between  the  common  tangent  to  the  base 
circles  and  the  common  tangent  to  the  pitch  circles  (Fig.  171). 

Since  <j>  is  constant,  it  can  be  chosen  at  will,  and  varies 
generally  between  14^°  and  22 £°.  The  former,  being  the  approximate 
angle  of  obliquity  for  the  standard  rack  in  the  cycloidal  system,  was 
chosen  at  first  as  the  angle  for  the  involute 
system.  It  has,  however,  many  disadvan- 
tages, and  larger  angles  are  now  frequently 
employed.  <f>  is  never  less  than  14J°  and 
should  not  exceed  22J°  because  the  loss  by 
friction  is  then  excessive.  In  the  Majority 
Eeport  of  the  Committee  on  Standards  for 
Involute  Gearing  *  a  standard  angle  of  22  J° 
is  recommended. 

189.  Corollary  2.— The  diameters  of  the 
base  circles  are  proportional  to  the  diameters 
of  the  pitch  circles. 

Since  the  triangles  AOM,  BON  (Fig.  172) 
are  similar, 

AM  =  AO 
"""  BN  ~~  BO  FIG.  172. 

Also  AM  =  AO  cos  <f>  and  BN  =  BO  cos  <j>.  Hence  the 
diameters  of  the  base  circles  may  be  obtained  in  terms  of  the 
diameters  of  the  pitch  circles  for  any  given  angle  of  obliquity. 

190.  Proposition  9. — Involute  teeth  gear  correctly  even  when 
the  distance  between  the  centres  of  the  pitch  circles  varies. 

From  the  characteristic  property  of  involutes  the  common 
normal  to  two  teeth  at  their  point  of  contact  is  tangential  to  both 
base  circles.  If  the  centres  of  the  wheels,  i.e.  of  the  base  circles 
likewise  since  they  are  integral  with  the  wheels,  are  moved 
slightly,  this  condition  must  still  be  satisfied,  though  of  course 
two  different  points  on  the  teeth  will  come  into  contact.  It  will 
*  Proc.  Am.  Soc.  Mech.  Eng.,  1913. 


190 


THE   THEOEY   OF  MACHINES 


be  obvious  from  Figs.  173A  and  173B  that  the  angle  of  obliquity 
is  different  in  the  two  cases.  The  virtual  pitch  circles  of  the 
wheels  likewise  alter  in  size,  since  they  must  be  tangential  to  one 
another.  By  Corollary  2  the  ratio  between  the  two  new  diameters 
is,  however,  the  same  as  before,  and  hence  the  velocity  ratio  is 
constant. 

Apart  from  the  difference  due  to  the  altered  angle  of  obliquity, 
the  teeth  will  therefore  gear  correctly  as  before.  The  motion 
naturally  fails  if  the  wheel  centres  are  so  far  apart  that  the  teeth 
are  not  in  contact,  or  so  close  together  that  the  teeth  jam. 
Backlash,  i.e.  the  gap  between  the  tooth  of  one  wheel  and  the  two 


FIG.  173A. 


FIG.  173B. 


neighbouring  teeth  of  the  other  wheel,  may  be  varied  at  will  by 
altering  the  distance  between  the  centres  of  the  shafts. 

This  property  of  involute  teeth  is  very  useful,  and  is  not 
possessed  by  teeth  of  any  other  kind. 

191.  Proposition  10. — There  is  a  limiting  value  in  practice  to 
the  ratio  of  the  pitch  circle  diameters  of  involute  gear  wheels; 
involute  teeth  cannot  be  used  for  internal  gearing. 

One  of  the  peculiarities  of  the  involute  is  that  as  the  diameter 
of  the  base  circle  increases,  the  curve  becomes  natter.  When  the 
diameter  is  indefinitely  great,  as  in  a  rack,  the  curve  becomes  a 
straight  line  at  right  angles  to  the  rack  surface.  Long  before  this 
condition  has  been  reached,  the  pinion  ceases  to  be  of  practical 
value.  This  may  be  seen  by  referring  to  Fig.  175.  Assume  that 
N  is  the  first  (or  last)  point  of  contact  of  the  teeth,  and  that  the 
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base  circle  dd  is  increased  in  size.  The  pitch  remaining  constant, 
the  angle  of  obliquity  must  gradually  diminish  until  eventually 
it  is  zero.  But  it  has  been  stated  that  the  lower  practical  limit 
of  ^  is  14J°.  Hence  there  is  a  limiting  value  to  the  ratio  of  the 
pitch  circle  diameters. 

Since  an  involute  cannot  be  drawn  within  a  circle,  involute 
teeth  cannot  be  used  for  internal  gearing.  In  this  case  cycloidal 
teeth  are  generally  used. 

Each  for  Involute  Pinion. — In  order  to  gear  with  an  involute 
pinion,  the  teeth  of  a  rack  must  have  straight  faces  whose  normal 
is  inclined  at  the  designed  angle  of 
obliquity  to  the  base  line  of  the 
rack,  that  is,  the  teeth  are  inclined 
at  an  angle  0  =  90°  —  0  to  the  pitch 
surface  (Fig.  174).  For  the  reason 
given  in  Prop.  10,  this  rack  must 
not  be  considered  the  limiting  case  of  an  involute  pinion.  The 
property  of  Prop.  9  holds  as  before,  but  it  should  be  noted  that  $ 
in  this  case  remains  constant,  whereas  it  previously  varied. 

In  actual  practice  there  are  many  difficulties  in  having  rack 
teeth  of  this  simple  form,  and  their  shape  is  occasionally  modified, 
as  in  the  standard  adopted  by  Brown  and  Sharp,  partly  to  obtain 
changeability  and  cheapness  of  production,  and  partly  to  avoid 
interference.  Necessary  modifications  are  obtained  experiment- 
ally, quietness  and  smoothness  of  running  being  especially  desired. 

192.  Proposition  11. — The  minimum  number  of  teeth  on  an 
involute  pinion  is  TT^  cot  <j>}  where  &x  is  a  number  representing  the 
number  of  teeth  simultaneously  in  contact. 

Let  aa  and  ll  (Fig.  175)  be  the  pitch  circles  of  two  pinions,  and 
let  cc  and  dd  be  their  respective  base  circles.  The  common  tangent 
MON  will  be  inclined  at  90°  —  <j>  to  the  line  of  centres  AB.  Since 
MN  represents  the  path  of  the  point  of  contact  of  the  teeth,  con- 
tact must  occur  within  the  limit  of  its  length  if  the  teeth  are  truly 
involute  in  form.  That  is,  in  the  extreme  case,  M  is  the  first  and 
N  the  last  possible  point  of  contact.  Let  MSB  be  the  profile  of  a 
tooth  on  II.  Then  MN  =  arc  NE.  But  arc  TS  =  arc  NK  X  sec  <f>. 
:.  arc  TS  =  MN  sec  0 

When  only  one  pair  of  teeth  are  in  contact  at  any  time,  the  arc 
TS  represents  the  circumferential  pitch  p  of  the  teeth.  If  two 
teeth  are  simultaneously  in  contact,  the  arc  TS  will  equal  2p. 
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More  generally  one  pair  of  teeth  come  into  contact  before  the 
preceding  pair  fall  out,  and  the  arc  TS  equals  %>,  where  \  is  a 
number  between  1  and  2.     In  the  general  case,  therefore  — 
arc  TS  =  k     =  MN  sec  <> 


The  nearer  the  wheels  are  in  size,  the  smaller  is  the  number  of 
teeth  for  correct  gearing.     Hence,  in  deriving  the  general  formula 


B 

FIG.  175. 

for  the  minimum  number  of  teeth,  it  is  necessary  to  assume  that 
the  wheels  are  equal  in  size. 

/.  MN  =  2MO  =  2r  sin  <£ 

-    277T 

Also  ^p  =  ^I~T^ 

where  N  is  the  number  of  teeth  on  each  pinion. 

27rhr       0      .      .          , 
.*.  — =vr^~  ==  *"  sin  <p  sec  <p 

or  N  =  Ttk\  cot  0 

As  the  outcome  of  long  experience,  the  number  of  teeth  on 
any  pinion  is  never  less  than  12. 

193.  Proposition  12. — Interference  may  be  avoided  by  altering 
either  the  addenda  or  the  angle  of  obliquity  of  the  teeth. 

Interference  is  the  term  used  to  denote  the  departure  from  the 
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involute  form  of  any  part  of  the  tooth.  The  condition  that  there 
should  be  no  interference  is  that  all  points  of  contact  between 
the  teeth  should  lie  within  the  length  of  the  common  tangent  to 
the  two  base  circles.  That  is  to  say,  the  addendum  circle  for  the 
wheel  ll  (Fig.  175)  must  not  have  a  radius  greater  than  BM,  and 
the  addendum  circle  for  the  wheel  aa  must  not  have  a  radius 
greater  than  AN. 

It  should  be  noted  that  for  small  wheels  and  small  angles 
of  obliquity  the  root  circle  always  lies  within  the  base  circle  for 
ordinary  proportions  of  the  teeth.  As  the  part  of  the  tooth 
between  these  circles  cannot  be  made  involute,  it  is  generally 
made  radial.  In  this  case  the  radii  of  the  addendum  circles  being 
greater  than  BM  or  AN",  the  tips  of  the  teeth  which  gear  with  the 
radial  flanks  can  be  no  longer  involute,  and  interference  takes 
place.  To  gear  correctly,  the  tips  of  the  teeth  must,  in  fact,  be  made 
epicyclic.  Such  a  construction  destroys  the  most  useful  property 
of  involute  teeth  (see  Prop.  9),  and  is  not  to  be  recommended. 

In  order  to  avoid  interference,  there  is  a  definite  relationship 
between  the  angle  of  obliquity  and  the  addenda  of  the  teeth,  the 
one  increasing  or  diminishing  with  the  other.  A  further  im- 
portant factor  to  be  taken  into  consideration  is  that  for  manu- 
facturing purposes  the  addendum  of  the  tooth  must  be  a  standard 
size,  and  hence  is  given  in  terms  of  the  pitch  (par.  170).  Actually 
it  is  this  factor  which  decides  the  minimum  number  of  teeth  to 
avoid  interference. 

Let  the  addendum  circle  of  Vb  and  the  addendum  circle  of  aa 
cut  the  line  MN"  in  P  and  Q.  The  path  of  the  point  of  contact  is 
the  line  PQ.  For  a  given  angle  of  obliquity  the  minimum 
number  of  teeth  to  avoid  interference  will  depend  upon  the 
number  of  teeth  simultaneously  in  contact,  and  also  upon  the 
addendum  of  each  tooth.  Expressing  the  addendum  of  the  tooth 
in  terms  of  the  standard  addendum,  which  has  been  previously 

specified  as  -,  let  the  addendum  of  the  tooth  be  Jc2  X    ,  where  Jc2 

is  a  fraction  less  than  unity.     As  before,  let  the  number  of  teeth 
simultaneously  in  contact  be  \. 
In  the  triangle  PBO  (Fig.  175), 

PB2  =  BO2  +  OP2  -  2BO  .  OP  cos  BOP 

But  PB  =  r  +  k,  OP  =  hP±}  and  cos  BOP=  -sin  </> 


194 


THE   THEOKY  OF  MACHINES 


AT 
Also  5  = 


2?rr 


cos      sn 


4r2 


cos 


sn  <    cos 


ANGLE  OF  OBLIQUITY 

fe  s  s  °  *  8 

« 

N               N2                           N 

XT         (^17T  COS  r^)2  —  ^22 

fci 

TT  sin  2^ 
.=  -4 

^ 

7 

/ 

^ 

\  ^ 

. 

/ 

\ 
\ 

\ 

\\ 

10  20 

MINIMUM  NUMBER  OF  TEETH. 
FIG.  176. 


30 


» 


» 


«S 


10  20 

MINIMUM  NUMBER  OF  TEETH. 

FIG.  177. 


30 


INVOLUTE,   CYCLOIDAL,  AND   PIN   TEETH      195 


The  values  of  ^  and  7c2  must  be  such  that  the  value  of  N 
obtained  in  this  way  is  not  less  than  the  minimum  number  of 
teeth  when  interference  is  not  taken  into  account. 

Curves  showing  the  minimum  number  of  teeth  under  both 
conditions  are  shown  in  Figs.  1*76,  177,  and  178.  The  curve 
sloping  to  the  left  in  each  case  gives  values  of  N"  =  TT^  cot  0 ; 
the  curve  sloping  to  the  right  gives  values  of  N  which  avoid 
interference.  As  the  least  number  of  teeth  on  a  pinion  is  gene- 
rally 12,  the  curves  are  shown  dotted  when  they  lie  to  the  left  of 
this  line. 

194.  Corollary  3. — The  length  of  the  arc  of  action  varies  with 
the  addenda  of  the  teeth. 


24° 
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FIG.  178. 
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The  first  and  last  points  of  contact  will  be  those  in  which  the 
addenda  circles  cut  the  line  of  obliquity  of  the  teeth.  The  longer 
each  addendum,  the  longer  will  be  the  distance  AB  (Fig.  179). 
The  length  AB  equals  the  arc  EF,  and  hence  the  arc  of  action  CD 
equals  AB  sec  0. 

In  the  standardization  of  the  teeth  of  any  set  of  wheels  of 
given  pitch,  the  basis  is  the  form  adopted  for  the  rack  tooth. 
When  this  is  used  as  a  generator,  all  other  forms  for  various  sizes 
of  wheels  naturally  follow. 

Assuming  no  interference  and  <j>  to  be  22J°,  the  arc  of  action 
varies  from  1*23  X  circular  pitch  for  2-12  toothed  pinions  to  T39  X 
circular  pitch  for  a  rack  and  a  12-toothed  pinion.  When  <f>  is 
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14|°,  the  arc  of  action  is  less  than  the  circular  pitch,  showing  that 


FIG.  179. 

such  a  system  of  teeth  is  impossible  in  use  unless  other  curves 
than  the  involute  are  employed. 

CYCLOIDAL  TEETH 

195.  Proposition  13. — When  two  wheels  with  cycloidal  teeth 
gear  externally,  the  face  of  one  tooth  is  an  epicycloid,  and  the 


FIG.  180. 


flank  of  the  tooth  in  contact  with  it  is  a  hypocycloid.     Both 
these  curves  must  be  generated  by  the  same  rolling  circle. 

Let  AB,  CD  (Fig.  180)  represent  the  pitch  circles  of  the 
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driver  and  follower  respectively.  Draw  the  hypocycloid  aPb  to 
the  circle  AB  by  means  of  the  rolling  circle  POE.  Let  P  be  the 
position  of  the  tracing  point  when  the  rolling  circle  touches  the 
pitch  circle  at  0.  The  arc  PO  equals  the  arc  aO,  and  the  line 
OP  is  normal  to  the  curve.  Through  the  point  P  draw  the 
epicycloid  cPd  to  the  circle  CD,  using  the  same  rolling  circle 
POE.  Since  OP  is  normal  to  this  curve  also,  it  follows  that  the 
two  curves  aPb,  cPd  are  tangential  at  the  point  P.  Also  the  arc 
cO  =  arc  OP  =  arc  aO,  so  that  as  the  two  pitch  circles  rotate 
together,  the  curves  are  always  tangential.  Furthermore,  their 
common  normal  passes  through  0.  Hence  the  curves  aPb,  cPd 
are  suitable  in  form  for  the  flank  of  the  driver  and  face  of  the 


FIG.  181. 

follower  respectively.  Only  the  part  of  the  curve  near  the  pitch 
circle  is  utilized  for  teeth. 

If  the  rolling  circle  generating  the  epicycloidal  curve  were  of 
different  diameter  to  the  rolling  circle  describing  the  hypocycloidal 
curve,  the  curves  would  not  be  suitable,  since  each  normal  would 
strike  the  pitch  circles  at  a  different  place. 

Similarly,  it  may  be  shown  that  the  flank  of  the  tooth  on  CD 
is  a  hypocycloid,  and  the  face  of  the  tooth  on  AB  is  an  epicycloid, 
both  curves  being  generated  by  the  same  rolling  circle.  This 
rolling  circle  is  not  necessarily  identical  in  size  with  the  preceding 
rolling  circle. 

Two  special  cases  of  the  above  proposition  must  now  be 
considered. 

(1)  Internal  gearing. — When  two  wheels  with  cycloidal  teeth 
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gear  internally,  the  faces  of  the  teeth  on  each  wheel  are  epicycloids 
generated  by  the  same  rolling  circle.  The  flanks  of  the  teeth  on 
each  wheel  are  hypocycloids  generated  by  another  rolling  circle 
(Fig.  181).  Though  generally  made  the  same  size,  these  rolling 
circles  are  not  necessarily  identical. 


PIG.  182. 

(2)  Rack  and  Pinion. — When  the  radius  of  one  of  the  wheels 
is  increased  indefinitely,  the  pitch  circle  becomes  a  straight  line 
and  the  wheel  becomes  a  rack.  The  epicycloidal  and  hypocycloidal 
curves  then  become  cycloids  drawn  on  either  side  of  the  pitch 
line  (Fig.  182). 

196.  Corollary  4. — The  path  of  the  point  of  contact  of  two 
cycloidal  teeth  is  along  the  arc  of  the  rolling  circle. 


FIG.  183. 
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In  the  preceding  investigation  it  has  been  seen  that  the  point 
of  contact  of  the  two  curves  lies  also  on  the  rolling  circle.  As 
the  pitch  circles  rotate,  carrying  the  two  curves  with  them,  the 
point  of  contact  will  move  likewise.  But  the  common  normal  at 
any  instant  passes  through  0,  and  cuts  each  curve  at  its  point 
of  intersection  with  the  rolling  circle.  Hence  the  point  of  con- 
tact moves  over  the  rolling  circle.  The  first  point  of  contact  of 
two  teeth  is  the  intersection  X  of  the  addendum  circle  GH 
of  the  follower  with  the  rolling  circle  PQ  (Fig.  183).  The 
last  point  of  contact  is  the  intersection  Y  of  the  addendum 
circle  EF  of  the  driver  with  the  rolling  circle  ES.  The  point  of 
contact  of  the  teeth  lies  on  XO  during  approach,  and  on  OY 
during  recess.  Hence  for  cycloidal  teeth,  the  angle  of  obliquity 
is  variable,  being  a  maximum  at  the  first  or  last  point  of  contact 
and  zero  when  the  point  of  contact  is  at  the  pitch  point. 

CHOICE  OF  THE  SIZE  OF  KOLLING  CIRCLES.    PROPOSITIONS  14-17 

197.  Proposition  14. — Boiling  circles  of  equal  diameters  are 
generally  used  in  the  generation  of  the  face  and  flank  of  any 
tooth. 

When  two  wheels  A  and  B  invariably  gear  together  the  two 


FIG.  184. 


circles  for  the  generation  of  the  shapes  of  the  teeth  need  not  have 
the  same  diameters.  More  generally,  however,  wheels  belong  to 
a  set  and  must  be  interchangeable.  Suppose  that  in  a  set  of,  say, 
3  wheels,  A,  B,  and  C,  A  must  be  able  to  gear  with  B  and  C,  and  B 
likewise  with  C  (Fig.  184).  The  condition  that  A  should  gear 
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correctly  with  B  and  C  is  that  the  generating  circles  for  the  faces 
and  flanks  should  have  the  diameters  di  and  d2  indicated  in 
the  upper  part  of  Fig.  184.  Assuming  that  the  sizes  of  the  genera- 
ting circles  of  B  are  thus  determined,  those  of  C,  so  that  B  and  G 
may  gear  correctly,  are  shown  in  the  lower  part  of  Fig.  184. 
Comparing  the  sizes  of  the  generating  circles  of  C,  it  will  appear 
that  the  condition  that  any  wheel  of  the  set  should  gear  correctly 
with  any  other  is  that  the  diameters  d±  and  d2  should  be  equal. 

198.  Proposition  15. — The  smaller  the  rolling  circle,  the 
stronger  is  the  tooth  at  the  roots. 

The  strength  of  a  tooth  at  the  roots  depends  upon  its  thickness 
there,  and  is  affected  by  the  diameter  of  the  rolling  circle  employed 
in  generating  the  hypocycloidal  curve. 

Case  1. — Let  the  diameter  of  the  rolling  circle  be  greater  than 


E 
FIG.  185. 

the  radius  of  the  pitch  circle.  On  generating  the  hypocycloid  the 
curve  EBF  as  shown  in  Fig.  185  is  obtained.  The  flanks  of  teeth 
obtained  by  such  a  size  of  rolling  circle  are  therefore  undercut, 
and  are  thinner  at  the  root  than  at  the  pitch  circle  (Fig.  188  (a)  ). 

Case  2. — Let  the  diameter  of  the  rolling  circle  equal  the  radius 
of  the  pitch  circle.  The  hypocycloid  is  then  a  radial  straight  line. 
In  Fig.  186  let  ABD  be  any  position  of  the  rolling  circle  and  let 
B  be  the  generating  point.  Let  D  be  the  centre  of  the  pitch 
circle.  Join  DB  and  produce  to  E.  Let  angle  ADB  =  6  and 
angle  ACB  =  26. 

Now  arc  AB  =  AC .  "20 

=  AD  .  9  =  arc  AE 
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That  is,  E  is  the  initial  starting  point  of  the  hypocycloidal  curve 
generated  by  B,  and  the  locus  of  B  is  a  straight  line  passing 
through  E  and  D.  In  this  case,  therefore,  the  flanks  of  the  teeth 
are  radial  straight  lines  (Fig.  188  (&)). 

Case  3. — Let  the  diameter  of  the  rolling  circle  be  less  than 

the  radius  of  the  pitch  circle. 
On  generating  the  hypocycloid 
the  curve  EBF  as  shown  in 
Fig.  187  is  obtained.  The 
teeth  obtained  in  this  way  are 
stronger  at  the  roots  than  at 
the  pitch  circle  (Fig.  188  (c) ). 


FIG.  187. 

To  meet  the  practical  requirements  of  the  strength  of  teeth, 
the  diameter  of  the  rolling  circle  must  therefore  be  kept  small. 

199.  Proposition    16.  —  The 

smaller  the  rolling  circle,  the 
greater  is  the  maximum  angle  of 
obliquity, 

It  has  been  seen  previously 
(Cor.  4),  that  the  first  point  of 
contact  of  two  cycloidal  teeth  is 
the  intersection  of  the  addendum 
circle  with  the  external  rolling 
circle.  By  choosing  two  different 
sizes  of  rolling  circle,  as  in 
Fig.  189,  it  will  be  clear  that  the 
maximum  angle  of  obliquity  increases  as  the  size  of  the  rolling 
circle  is  reduced. 

200.  Proposition  17. — The  diameter  of  the  rolling  circle  for  a 
set  of  wheels  is  generally  made  equal  to  the  radius  of  a  12-toothed 
pinion. 

When  the  rolling  circle  is  large,  the  teeth  are  weak  at  the 


FIG.  189. 
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roots,  but  the  angle  of  obliquity  is  small.  When  the  rolling 
circle  is  small,  the  teeth  are  strong  at  the  roots,  but  the  angle  of 
obliquity  is  large  and  the  teeth  have  the  resulting  disadvantages. 
The  size  of  the  rolling  circle  must,  therefore,  be  a  compromise. 
By  making  the  diameter  equal  to  the  radius  of  a  12- toothed 
pinion,  the  teeth  on  this,  the  smallest  pinion,  have  radial  flanks, 
but  in  the  larger  sized  wheels,  the  teeth  are  strengthened  at  the 
expense  of  an  increase  in  the  angle  of  obliquity. 

PIN  GEARING 

201.  A  satisfactory  form  of  gearing  is  obtained  when  the 
teeth  on  one  wheel  are  merely  pins.  Suppose  the  wheel  A 
(Fig.  190)  has  8  pin  points  spaced  equally  on  the  pitch  circle. 


FIG.  190. 

The  teeth  on  wheel  B  will  have  as  faces  the  epicycloidal  curves, 
shown  by  the  dotted  lines,  drawn  with  rolling  circle  equal  to  the 
pitch  circle  of  the  pin  wheel.  There  need  be  no  flanks  to  the 
teeth  on  B. 

In  practice  the  pins  on  A  must  be  made  of  sensible  diameter 
as  shown,  and  the  shape  of  the  teeth  on  B  must  be  suitably 
modified.  The  face  of  the  tooth  is  obtained  by  drawing  curves 
parallel  to  and  within  the  epicycloidal  curves  and  distant  from 
them  by  an  amount  equal  to  the  radius  of  the  pin.  These  curves 
must  be  joined  by  a  semicircular  curve  to  allow  the  centre  of 
the  pin  to  reach  the  pitch  circle  of  the  wheel  B.  The  shape  of 
the  teeth  under  these  conditions  is  shown  by  the  full  lines  of 
Fig.  190.  In  neither  of  these  cases  does  the  point  of  driving 
contact  fall  within  the  pitch  circle  of  B. 
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Since  the  teeth  on  B  have  no  flanks,  the  arc  of  action  is 
limited  to  either  the  arc  of  approach  or  the  arc  of  recess.  If  the 
pin  wheel  be  the  driver,  contact  between  pin  and  tooth  occurs  only 
during  approach ;  if  the  pin  wheel  be  driven,  contact  occurs  only 
during  recess. 

As  the  frictional  losses  are  smaller  and  the  action  more 
smooth  and  silent  when  contact  occurs  during  recess,  the  toothed 
wheel  is  preferably  arranged  to  drive  the  pin  wheel. 

When  a  pin  wheel  is  driven  by  a  rack,  the  shape  of  the  teeth 
on  the  rack  is,  from  the  preceding,  a  curve  parallel  to  a  cycloid. 
On  the  other  hand,  when  a  pin  rack  drives  or  is  driven  by  a 
toothed  wheel  (Fig.  191)  the  shape  of  the  teeth  must  be  involute, 


FIG.  191. 

the  curve  parallel  to  an  involute  being  another  involute  drawn 
to  the  same  base  circle.  In  all  cases  of  pin  gearing,  the  height 
of  the  teeth  need  only  be  sufficient  to  provide  the  requisite  arc  of 
contact. 

EXERCISES  XVI 

1.  Explain  the  relative  advantages  of  involute  and  cycloidal  teeth  for  wheels. 
Show  how  to  construct  the  cycloidal  teeth  for  a  pair  of  wheels  6  inches  and  14 
inches  in  diameter,  sketching  one  tooth  in  position.  (I.C.E.) 

2.  Describe  in  detail  the  method  of  drawing  involute  teeth  for  two  spur 
wheels.    Explain  what  determines  the  minimum  number  of  teeth  for  such  wheels, 
and  show  that  the  velocity  ratio  of  a  pair  of  wheels  remains  constant  if  the  dis- 
tance between  their  centres  is  altered.  (Lond.  B.Sc.  1910.) 

3.  A  spur  wheel  of  120  teeth  drives  another  spur  wheel  of  40  teeth,  and  the 
pitch  of  the  teeth  is  1  inch.     The  flanks  of  the  teeth  of  each  wheel  are  radially 
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straight,  and  the  arcs  of  approach  and  recess  are  each  equal  to  the  pitch.     Find 
the  heights  of  the  teeth  in  the  two  wheels  above  the  pitch  circles. 

(Lond.  B.Sc.  1911.) 

4.  Design  a  pair  of  wheels  having  a  velocity  ratio  of  5  to  1,  to  transmit  10 
H.P.,  the  smaller  wheel  to  run  at  600  revolutions  per  minute.     The  teeth  are  to 
be  of  involute  form,  and  the  number^of  teeth  on  the  smaller  wheel  to  be  11.  The 
length  of  the  line  of  contact  of  the  two  teeth  is  to  be  1^  times  the  pitch,  and  the 
angle  of  approach  is  to  equal  the  angle  of  recess.     The  pressure  P  on  any  one 
tooth  may  be  taken  as  P  =  400p2,  where  p  is  the  pitch  of  the  teeth.     Show  on  a 
drawing  the  height  of  the  addenda  of  the  teeth  of  both  wheels. 

(Lond.  B.Sc.  1914.) 

5.  What  conditions  must  be  fulfilled  in  order  that  two  spur  wheels  should 
have  a  constant  velocity  ratio  ?     State  the  advantages  and  disadvantages  of  the 
forms  generally  used  for  wheel  teeth.    Two  spur  wheels  have  %  and  nz  teeth, 
and  v  is  the  velocity  of  the  pitch  line.     When  t  is  the  distance  of  the  point  of 

contact  from  the  pitch  point,  show  that  the  velocity  of  rubbing  is  — — (  — I —  J, 

p  being  the  pitch.  (Lond.  B.Sc.  1912.) 

6.  The  centres  of  two  spur  wheels  in  gear  with  one  another  are  12  inches 
apart.     One  wheel  has  40  teeth,  and  the  other  has  20  teeth.    Neglecting  friction, 
the  line  of  pressure  between  the  teeth  in  gear  makes  a  constant  angle  of  75°  with 
the  line  of  centres.    The  teeth  are  designed  so  that  the  path  of  contact  of  a  pair 
of  teeth  in  gear  is  2  inches  long,  and  is  bisected  by  the  line  of  centres.  Draw,  full 
size,  a  side  elevation  of  two  teeth  in  gear.  (Lond.  B.Sc.  1911.) 

7.  The  obliquity  of  action  of  the  involute  teeth  of  a  pair  of  wheels  is  to  be 
18  degrees.    Find  the  minimum  number  of  teeth  on  the  smaller  wheel  so  that  the 
length  of  the  lines  of  approach  and  recess  shall  not  be  less  than  the  pitch. 

8.  A  pair  of  wheels  have  involute  teeth  1J  inches  pitch  :  the  obliquity  of  action 
is  18  degrees.     The  numbers  of  teeth  on  the  wheels  are  15  and  45  respectively, 
and  the  teeth  on  the  larger  wheel  are  to  be  as  long  as  possible.   The  total  length 
of  the  line  of  contact  is  to  be  If  inches.     Find  the  height  of  the  teeth  on  each 
wheel  above  the  pitch  line.  (Lond.  B.Sc.  1909.) 

9.  A  pair  of  wheels  have  40  and  20  involute  teeth  respectively,  of  2  inches 
pitch ;  the  obliquity  is  15  degrees,  and  the  teeth  are  as  long  as  possible.     Deter- 
mine the  arc  through  which  any  pair  of  teeth  are  in  contact,  and  find  the  maximum 
velocity  of  sliding  when  the  velocity  of  the  pitch  circle  is  5  feet  per  second. 

(Lond.  B.Sc.  1906.) 

10.  Prove  that,  if  the  distance  between  the  centres  of  a  pair  of  spur  wheels 
with  involute  teeth  which  mesh  together  is  slightly  altered,  the  wheels  will  con- 
tinue to  work  together  correctly  with  the  same  velocity  ratio. 

A  pair  of  wheels  with  involute  teeth  are  to  work  together.  If  the  angle  of 
obliquity  is  15  degrees,  find  the  least  number  of  teeth  that  can  be  employed  in 
either  wheel,  assuming  that  the  arc  of  approach  is  not  less  than  the  pitch. 

(Lond.  B.Sc.  1908.) 

11.  What  is  the  essential  condition  that  must  be  satisfied  by  the  curves  of  the 
teeth  of  wheels  in  order  that  they  may  gear  correctly  ?    Discuss  the  properties  ot 
both  cycloidal  and  involute  te,eth. 
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In  a  spur  wheel  with  involute  teeth,  the  angle  of  obliquity  is  18  degrees.  If 
the  curve  of  the  teeth  be  wholly  involute  and  the  arc  of  approach  be  not  less  than 
the  pitch,  what  is  the  smallest  possible  number  of  teeth  on  the  wheel  ? 

(Lond.  B.Sc.  1913.) 

12.  Two  wheels,  having  20  and  30  teeth  of  2  inches  pitch,  gear  together. 
The  cycloidal  profiles  of  the  teeth  are  formed  by  a  rolling  circle  of  5  inches 
diameter,  and  the  addendum  of  each  tooth  extends  0'6  inch  beyond  the  pitch 
circle.     Find  the  maximum  velocity  of  sliding  when  the  smaller  wheel  runs  at 
120  revolutions  per  minute. 

13.  If  the  shape  of  the  tooth  of  a  circular  spur  wheel  is  given,  show  how  the 
profile  of  a  tooth  of  a  second  circular  wheel  to  mesh  with  the  first  may  be  deter- 
mined, (1)  by  a  graphical  process,  (2)  by  mechanical  means. 

(Lond.  B.Sc.  1905.) 

14.  A  u  lantern  pinion  "  has  10  pins,  each  \  inch  in  diameter,  the  pitch  circle 
of  the  pins  being  8  inches  in  diameter.    This  pinion  is  driven  by  a  spur  wheel 
whose  pitch  circle  is  24  inches  in  diameter.    Draw  the  correct  form  of  a  tooth  of 
the  wheel  so  that  the  angular  velocity  ratio  of  the  wheel  and  pinion  may  be  con- 
stant.    Draw  also  the  path  of  contact  between  a  pin  and  tooth,  if  the  addendum 
circle  of  the  teeth  on  the  wheel  is  the  largest  possible.      (Lond.  B.Sc.  1910.) 


CHAPTER  XVII 
HELICAL  GEAKING 

202.  Disadvantages  of  Toothed  Wheels.— Although  their  manu- 
facture has  reached  a  high  state  of  efficiency,  the  scope  and 
application  of  ordinary  toothed  wheels  have  also  been  greatly 
increased.  For  many  purposes,  as,  say,  the  use  of  gearing  with 
turbines  for  marine  propulsion,  the  requirements  are  still  beyond 
the  reach  of  manufacturers,  and  it  scarcely  seems  possible  that 
future  developments  in  manufacture  will  meet  the  requirements. 
The  main  disadvantages  of  transmitting  power  by  toothed  wheels 
are  (1)  frictional  losses,  and  (2)  noisiness  of  running.  It  is  pro- 
posed to  show  how  these  disadvantages  are  largely  obviated  by 
helical  gearing  in  whose  further  development  and  service  there 
is  apparently  a  big  future. 

203.  Frictional  Losses  of  Toothed  Wheels. — By  experiment  it 
has  been  found  that  the  loss  by  friction  in  well-cut  and  well- 
lubricated  gears  under  various  conditions  of  loading  is  very  small, 
seldom  exceeding  2  per  cent,  of  the  power  transmitted.  With 
badly  shaped  and  badly  lubricated  teeth,  however,  the  loss  will  be 
much  greater.  The  loss  is  to  be  accounted  for,  partly  by  the 
friction  due  to  the  thrust  on  the  bearings,  but  much  more  to  the 
sliding  friction  between  the  teeth.  The  former  is  practically 
constant  between  values  of  the  angles  of  obliquity  <f>  =  14J°  and 
(f)  =  22  J° — the  practical  limits  of  <f> — for  although  the  lateral  thrust 
on  the  bearings  increases  with  <£,  the  thrust  must  be  compounded 
with  the  driving  force  in  order  to  get  the  total  force  on  the 
bearings.  The  friction  at  the  bearings  is  found  to  increase  when 
<)>  exceeds  22J°.  The  sliding  friction  between  the  teeth  increases 
with  the  length  of  the  addenda  of  the  teeth,  as  shown  in  Cor.  1, 
p.  181,  being  greater  during  approach  than  during  recess  on 
account  of  the  obliquity  of  action.  For  ordinary  gearing  this 
latter  difference  may  be  neglected,  though  in  clockwork,  where  it 
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is  of  the  utmost  importance  that  friction  be  reduced,  wheels  are 
sometimes  used  whose  driving  teeth  are  without  flanks  and  whose 
driven  teeth  are  without  faces.  Since  contact  in  this  case  only 
occurs  during  recess,  the  arc  of  recess  must  be  greater  than  the 
circumferential  pitch. 

To  reduce  the  sliding  friction,  the  point  of  contact  must  be 
brought  near  to  the  pitch  point,  either  (1)  by  reducing  the  pitch 
of  the  teeth  and  the  addenda  proportionately,  or  (2)  by  the  use  of 
shorter  teeth  called  stub  teeth,  as  advocated  by  some  experts. 
Both  methods  are  used,  but  both  have  disadvantages.  The 
reduction  of  the  pitch  reduces  the  thickness  of  the  tooth.  The 
resulting  reduction  of  the  strength  of  the  tooth  is  greater  than 
any  reduction  of  the  external  force.  There  is,  therefore,  a  limit 
to  the  reduction  of  pitch  when  power  is  to  be  transmitted,  the 
limit  being  based  upon  the  maximum  safe  stress  in  the  tooth 
material.  On  the  other  hand,  the  use  of  stub  teeth  decreases  both 
the  arc  of  action  of  the  teeth  and  the  number  of  teeth  in  gear 
simultaneously.  As  will  be  seen  presently,  this  has  the  defect  of 
tending  to  promote  noisiness  of  running. 

204.  Noisiness  of  Running. — Although  much  has  been  done 
recently   by  manufacturers  to   mitigate   this   defect   of  toothed 
wheels,  it  still  remains  one  of  the  most  serious  with  which  they 
can  be  charged.     Three  reasons  may  be  assigned  for  noisiness  of 
running,  viz.  (a)  inaccuracy  of  tooth-shape,  (&)  speed  of  gearing, 
and  (c)  heavy  loads  transmitted  by  the  teeth. 

205.  (a)  Inaccuracy  of  Tooth-shape. — Accuracy  of  tooth-shape 
is  not  only  desirable  for  the  attainment  of  a   uniform  velocity 
ratio,  but  also  because  inaccurate  tooth- shapes  are  the  cause  of 
much  noise  whilst  the  gears  are  running.     When  two  teeth  gear 
together,  contact  occurs  along  a  line  across  their  surfaces.     This 
contact   should  begin   before   the  preceding   pair  of  teeth  have 
passed  out  of  gear.     If  the  teeth  are  incorrectly  formed  so  that 
contact  is  not  picked  up  at  the  right  moment,  a  certain  amount 
of  shock  takes  place  with  the  corresponding  vibration  and  noise. 

Noise  may  be  produced  for  another  reason.  If  the  tooth- 
shape  be  inaccurate  so  that  the  velocity  ratio  be  not  uniform,  the 
driven  shaft  must  at  times  be  moving  faster  than  the  driver,  and 
the  point  of  contact  between  the  teeth  change  from  the  face  to 
the  back.  This  change  must  be  accompanied  by  a  shock,  due 
to  the  backlash  between  the  teeth,  and  the  shock  is  again  repeated 


208  THE   THEORY   OF  MACHINES 

when  the  driver  overtakes  the  driven  shaft.  A  series  of  such 
blows  not  only  produces  an  objectionable  noise,  but  has  the  further 
objection  of  diminishing  the  strength  of  the  teeth  because  of  the 
repetition  of  stress. 

The  tooth-shape  may  be  inaccurate  because  of  irregular  wear 
or  because  of  bad  manufacture.  Eegarding  the  former,  it  must 
be  remembered  that  all  forms  of  teeth  tend  to  wear  out  of  shape 
because  of  the  sliding  action  that  takes  place.  The  amount  of 
wear  between  teeth  depends  not  only  upon  the  frictional  forces 
acting  over  the  surfaces  of  contact,  but  also  upon  the  materials 
used  and  the  methods  of  lubrication.  By  the  judicious  choice  of 
the  materials  of  construction  and  by  the  improvements  effected 
in  lubrication,  manufacturers  have  done  much  to  reduce  the  wear 
between  teeth  which  was  once  of  such  consequence.  Wear  is  now 
practically  negligible  in  modern  gearing. 

Little  objection  on  the  latter  ground  can  be  raised  to  the 
toothed  wheels  now  turned  out  by  many  first-class  firms  owing 
to  the  improvements  recently  effected  by  manufacturers  in  the 
production  and  standardization  of  teeth.  A  subtle  reason  for  the 
inaccuracy  of  the  manufactured  shape  of  teeth  has  been  pointed 
out  by  the  Hon.  C.  A.  Parsons.*  In  investigating  the  noise 
produced  by  certain  well-manufactured  gearing  he  proved  that 
inaccuracy  of  tooth-shape  was  largely  to  blame,  and  traced  the 
inaccuracy  to  the  parent  thread  on  the  machine  on  which  the 
teeth  were  cut.  In  consequence  of  this  discovery,  a  "creep" 
method  of  manufacture  has  been  devised  whereby  these  in- 
accuracies do  not  have  periodic  repetition  and  hence  do  not  make 
an  objectionable  noise. 

206.  (&)  Speed  of  Gearing. — Since  the  full  load  is  applied  to 
and  removed  from  each  tooth  during  a  short  interval  of  time,  it  is 
clear  that  the  speed  of  gearing  has  an  important  influence  upon 
the  noise  produced.  Accuracy  of  tooth-shape  is  relatively  unim- 
portant in  slowly  running  gears  but  is  most  desirable  for  rapidly 
running  ones,  so  much  so  that  although  cast  teeth  are  frequently 
used  for  the  former,  all  gears  for  the  latter  have  machine-cut 
teeth. 

The  material  of  the  wheel  also  has  an  important  influence  in 
this  connection.  It  is  well  known  that  when  vibration  is  set  up 
in  materials  of  dense  molecular  construction,  a  noise  is  produced 

*  Trans.  Inst.  N.  A.,  1913,  Pt.  I.  p.  48. 
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which  is  intensified  with  the  speed.  Unfortunately,  limiting  speeds 
for  various  materials  have  not  yet  been  published.  Probably  600- 
800  revolutions  per  minute  may  be  taken  as  the  maximum  speed 
for  ordinary  spur  gears  and  about  2000  revolutions  per  minute  for 
raw-hide,  cotton,  or  paper  pinions.  Imperfections  in  workman- 
ship or  faultiness  in  design  will,  however,  considerably  reduce 
these  figures. 

207.  (c)  Loads  transmitted  "by  Teeth. — In  considering  the  loads 
transmitted  by  teeth,  each  tooth  must  be  treated  as  a  cantilever, 
and  is  subject  to  a  deflection  due  to  the  load.  This  deflection, 
especially  at  the  tips  of  the  teeth,  will  be  sufficient  to  modify  the 
virtual  shapes  of  the  gearing  surfaces,  and  this,  as  explained 
previously,  is  one  of  the  causes  of  variable  running  and  noise. 
This  doubtless  is  the  basis  for  the  prevalent  idea  that  the  points 
of  a  tooth  should  be  eased  in  order  to  make  the  action  more 
smooth. 

Apart  from  attention  to  the  above  details,  further  smoothness 
and  quietness  of  running  can  be  obtained  by  increasing  the 
number  of  teeth  that  are  simultaneously  in  contact.  In  this  way 
the  intensity  of  pressure  and  corresponding  deflection  at  the  first 
point  of  contact  is  reduced,  and  the  possible  shock  due  to 
irregularity  of  gearing  is  consequently  diminished.  The  number 
of  teeth  simultaneously  in  gear  may  be  increased  in  three 
ways,  viz.  (1)  by  lengthening  the  arc  of  action,  (2)  by  re- 
ducing the  pitch  of  the  teeth,  and  (3)  by  the  use  of  helical 
gearing. 

If  the  first  method  be  adopted,  the  addenda  of  the  teeth  must 
be  increased.  This  has  the  three  serious  defects  of  tending  (a)  to 
cause  interference,  (5)  to  increase  friction,  and  (c)  to  reduce  the 
strength  of  the  teeth.  The  first  two  points,  (a)  and  (5),  have 
already  been  discussed.  Eegarding  (c)  it  must  be  remembered 
that  the  teeth  act  as  cantilevers,  and  are  therefore  weakened  when 
unduly  prolonged. 

The  second  method  of  increasing  the  number  of  teeth  in  gear, 
that  of  reducing  the  pitch,  has  been  already  discussed  and  its 
limitations  pointed  out. 

The  third  and  by  far  the  most  effective  method  of  obtaining 
smoothness  of  running  is  by  the  use  of  stepped  wheels  or  helical 
wheels.  In  these  the  virtual  pitch  of  the  teeth  is  reduced  without 
the  disadvantages  given  above. 
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208.  Stepped  Wheels  and  Helical  Wheels.— Stepped  wheels  are 
formed  by  fastening  rigidly  together  on  the  same  axis  a  number 
of  discs,  on  each  of  which  the  shapes  of  the   teeth   have  been 
correctly  formed.    These  discs  do  not  have  their  teeth  in  alignment 
so  as  to  give  the  ordinary  toothed  wheel,  but  each  is  progressively 
displaced  a  small  amount  on  its  axis,  so  that  the  teeth  at  the 
circumference  are  about  half  a  pitch  ahead  of  their  neighbours  on 
the  adjoining  disc.    By  thus  throwing  each  disc  progressively  ahead 

of  its  predecessors,  the  stepped  wheel 
(Fig.  192)  is  obtained.  By  diminish- 
ing the  thickness  and  increasing  the 
number  of  discs,  the  series  of  stepped 
FlG  192  teeth  will  be  replaced  by  a  continuous 

tooth  whose  outline  is  helical.  Wheels 
with  teeth  of  this  form  are  known  as  helical  wheels.  It  must 
be  remembered  that  the  true  shape  of  the  teeth  of  a  helical  wheel 
is  shown  by  a  cross-section  taken  perpendicular  to  the  axis  of 
the  shaft  and  not  by  one  taken  normal  to  the  teeth. 

209.  Advantages  of  Helical  Gearing. — When  two  helical  wheels 
gear  together  externally,  it  will  appear  from  Fig.  193  that  the  two 
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FIG.  193. 

helices  must  be  to  different  hands,  one  right-handed  and  the  other 
left-handed.  For  internal  gearing,  the  helices  will  be  to  the  same 
hand.  The  first  point  of  contact  of  the  teeth  will  be  at  the  tip  of 
the  leading  edge.  As  the  wheels  rotate,  the  point  of  contact  will 
move  down  the  tooth  in  that  plane  as  the  tip  of  the  tooth  in  the 
succeeding  planes  comes  into  action.  Hence  when  the  tooth  is 
fully  in  gear,  the  line  of  contact  will  extend  from  a  point  in  the 
neighbourhood  of  the  root  of  the  leading  edge  to  a  point  in  the 
neighbourhood  of  the  tip  in  the  following  edge.  This  line  will 
diminish  in  length  from  the  leading  edge  until  at  length  the  tip 
of  the  following  edge  is  the  last  point  of  contact.  The  obliquity 
of  the  helix  must,  therefore,  be  at  least  such  that  one  pair  of 
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FIG.  194. 


teeth  come  into  contact  before  their  predecessors  pass  out.  The 
obliquity  of  the  helix  on  the  two  wheels  must  of  course  be  the 
same. 

Since  in  every  part  of  the  revolution  of  the  wheels  fresh 
contact  is  being  made  between  the  teeth,  the  action  must  be  very 
uniform  and  smooth.  Theoretically  the  steeper  the  angle  of  slope 
of  the  teeth  the  smoother  will  be  the  running. 

One  disadvantage  of  the  helical  wheels  shown  in  Fig.  193  is 
that  a  lateral  thrust  is  introduced  between  the  wheels,  which 
necessitates  collar  bearings  on  the  shafts  and  introduces  extra 
frictional  resistances.  This  disadvantage  is  overcome  in  practice 
by  making  the  wheels  of  double  helical  form,  as  shown  in  Fig.  194. 
The  end  thrust  in  one  direction  then 
equilibrates  that  in  the  other.  It  is  most 
important  that  the  centre  lines  of  two 
such  gearing  wheels  be  dead  true.  Any 
variation  of  displacement  causes  all  the 
load  to  be  transmitted  through  the  teeth 
on  one  side  or  other  of  the  centre  line. 
Special  devices  were  fitted  at  one  time  to 
keep  the  pressure  uniform  on  both  sides,  but  such  have  latterly 
been  found  to  be  unnecessary.  Assuming  reasonable  accuracy  of 
alignment  of  the  shafts,  helical  teeth  can  be  so  exactly  machined 
by  the  "  creep  "  method  that  the  introduction  of  flexible  couplings 
between  pinion  and  shafts  ensures  sufficient  lateral  freedom  to 
distribute  the  pressure  equally  on  both  helices. 

The  inclination  of  the  teeth  is  decided  chiefly  on  the  practical 
grounds  of  facility  of  manufacture  of  the  teeth.  Two  theoretical 
considerations  fix  its  maximum  value.  As  the  angle  increases, 
(1)  the  side-thrust  also  increases,  thus  augmenting  the  friction 
between  the  teeth ;  and  (2)  the  normal  section 
of  the  teeth  is  reduced,  thus  weakening  the 
teeth.  The  angle  a  (Fig.  195)  is  therefore 
made  such  that  a  is  equal  to  about  ~L%p.  To 
facilitate  production,  the  teeth  of  double 
helical  wheels  are  sometimes  "staggered," 
that  is,  the  apex  of  the  tooth  on  one  half  of 
the  wheel  is  opposite  a  space  on  the  other  half.  The  angle  of 
obliquity  for  helical  wheels  is  generally  fixed  at  20°. 

Helical  gearing  is   now   proving  of  great  utility.     A  high 
velocity  ratio  may  be  obtained ;  the  teeth  may  be  made  amply 
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strong  to  withstand  high  pressures  ;  the  efficiency  of  power  trans- 
mission is  high,  whilst  no  limit  to  the  surface  speed  of  the  teeth 
has  yet  been  discerned.  These  factors,  combined  with  the  smooth- 
ness of  running,  stamp  the  gearing  of  great  importance.  The 
helical  tooth  principle  has  also  been  applied  to,  and  is  being 
largely  developed  in,  bevel-gears,  particularly  for  automobile 
work. 


CHAPTEE  XVIII 
NON-CIRCULAR  GEAKS 

210.  Introductory  Remarks. — Hitherto  in  the  study  of  the  trans- 
mission of  rotary  motion  by  toothed  gearing  it  has  been  assumed 
that  the  velocity  ratio  between  two  shafts  is  to  be  constant,  even 
for  small  angular  displacements.  Cases  occasionally  arise  in 
practice,  however,  when  two  wheels  must  transmit  a  variable 
velocity  ratio,  that  is,  as  the  driving  shaft  rotates  uniformly,  the 
driven  shaft  must  have  a  variable  speed  during  each  revolution. 
Perhaps  the  problem  can  be  better  re-stated  in  terms  of  the  force 
transmitted  by  the  wheels,  i.e.  a  uniform  force  acting  on  the 
driving  wheel  may  be  required  to  produce  a  variable  force  on  the 
driven  wheel  during  each  revolution,  as  in  Har field's  steering 
gear.  In  the  case  of  parallel  shafts  constant  velocity  and  con- 
stant force  are  transmitted  by  circular  wheels.  For  the  trans- 
mission of  variable  velocity  or  variable  force  other  than  circular 
wheels  must  be  adopted  to  connect  the  shafts.  To  be  more  exact, 
one  circular  wheel  may  be  used  if  placed  eccentric  upon  the  shaft, 
though  the  mating  wheel  cannot  then  be  circular. 

211,  General  Case  of  Non-Circular  Gears. — No  new  principles 
are  involved  in  the  use  of  non-circular  gears.  As  before,  the 
relative  motion  between  the  pitch  curves  is  presumed  to  be  rolling 
without  slipping,  and  hence  the  point  of  contact  of  the  pitch 
surfaces  must  lie  on  the  line  joining  the  centres  of  rotation.  As 
before,  the  two  curves  must  have  a  common  normal  at  the  point 
of  contact.  There  are,  however,  three  further  conditions  to  be 
specified  for  non-circular  gears  that  are  so  obvious  for  circular 
gears  as  to  have  no  special  significance.  The  first  of  these  is  the 
condition  that  only  closed  curves  can  be  employed  if  continuous 
motion  is  to  be  imparted  by  the  wheels.  The  second  concerns  the 
length  of  the  radii.  As  the  distance  between  the  axes  of  the  shafts 
is  constant,  the  sum  of  the  two  radii  at  the  point  of  contact  must 
be  constant  if  that  point  lies  between  the  axes,  or  the  difference 
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FIG.  196. 


must  be  constant  if  the  point  of  contact  lies  without  the  axes. 
The  third  condition  is  that  the  angle  between  the  radius  and 

tangent  at  any  point  on  one  curve 
must  be  equal  to  the  correspond- 
ing angle  at  that  point  on  the  other 
curve  which  eventually  comes  into 
contact  with  the  former  point.  For 
example,  in  Fig.  196,  let  A  and 
B  be  points  on  two  curves  which, 
rotating  about  the  centres  Px  and  P2 
respectively,  eventually  come  into  con- 
tact on  the  line  Pi?2.  As  the  curves 
have  then  a  common  normal,  it  follows 
that  the  angle  between  the  tangent  at 
A  and  the  radius  APj  is  equal  to  the 
angle  between  the  tangent  at  B  and 
the  radius  BP2.  In  general  the  angle 
between  the  tangent  and  radius  at 
different  points  on  the  same  curve 
varies ;  if  it  be  constant,  the  curve  has  a  specific  shape,  and  is 
known  as  a  logarithmic  spiral.  It  will  be  seen  in  a  later 

paragraph  that  two  logarithmic  spirals 
fulfil  the  necessary  conditions  for  non- 
circular  gears. 


212.  The  Determination  of  the  Mating 
Pitch  Curve. — From  the  previous  con- 
ditions it  follows  that  the  choice  of  the 
pitch  curve  of  one  wheel  determines 
that  of  the  other.  For  example,  let 
PjPa  (Fig.  197)  be  the  centres  of 
rotation  of  two  non-circular  wheels, 
and  OA1B1C1D1  the  shape  of  one  of 
the  pitch  curves.  Choose  the  points 
A!,  BI,  Cj  .  .  .  close  together  on  the 
curve.  With  Px  as  centre,  and  radius 
T?iAlf  PjtBj,  .  .  .  draw  circular  arcs 
Axa,  B!&,  .  .  .  cutting  the  line  of 
centres  Pi?2  in  the  points  a,b,  .  .  .  re- 
spectively. With  centre  P2  draw  the 
.  .  .  Mark  off  the  distances  OA2,  A2B2, 


FIG.  197. 
circular  arcs  «A2, 
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B2C2  .  .  .  equal  to  OA1}  A^,  BjCj  .  .  respectively,  and  join 
the  points  0,  A2,  B2,  C2,  D2  ...  by  a  fair  curve. 

Since  the  two  curves  roll  together  without  slipping,  the 
peripheral  velocity  of  each  pitch  surface  at  the  point  of  contact  is 
the  same,  and  therefore  CD^  equals  w2r2.  Also  the  point  of  con- 
tact always  lies  on  the  line  joining  the  centres  of  rotation,  and 
therefore  r±  +  r2  is  constant.  Since  each  radius  is  variable,  the 
velocity  ratio  transmitted  is  also  variable  per  revolution. 

213.  Transmission  of  Variable  Velocity, — Quick  Return  Motion. 
— An  excellent  example  of  the  utility  of  non- circular  gears  for  the 
transmission  of  a  variable  velocity  occurs  in  the  form  adopted  for 
the  quick  return  motion  of  several  workshop  machines.  The 


FIG.  198. 

,...,.  ,.         ,.     time  of  cutting  stroke   , 

desirability  of  increasing   the  ratio    -. « —     — — 7 — =—    has 

time  of  return   stroke 

already  been  pointed  out  (par.  115),  and  various  devices  for  doing 
so  illustrated.  Another  form  of  quick  return  motion  is  shown  in 
Fig.  198.  The  two  wheels  A  and  B  are  firmly  keyed  to  the 
driving  shaft.  A  has  fifteen  teeth,  and  is  concentric  to  the 
shaft;  B  has  twenty-six  teeth,  but  is  eccentric.  The  wheel  on 
the  driven  shaft  is  in  two  portions  in  different  planes.  The 
portion  in  the  plane  of  A  is  semicircular  and  has  thirty  teeth ; 
the  portion  in  the  plane  of  B  is  somewhat  elliptical,  and  carries 
twenty-six  teeth.  Motion  is  transmitted  to  the  tool  by  the 
arm  C. 
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In  the  position  shown  the  eccentric  wheel  B  is  in  gear.  As 
the  point  E  comes  into  gear,  the  contact  between  the  teeth 
changes  from  wheel  B  to  wheel  A,  which  thereupon  acts  as 
driver.  When  the  point  F  comes  into  gear,  the  contact  is  again 
transferred  to  wheel  B.  One  revolution  of  B,  therefore,  causes 
half  a  revolution  of  the  driven  shaft,  whilst  two  revolutions  of  A 
are  required  to  complete  the  cycle.  The  cutting  stroke,  there- 
fore, takes  place  whilst  A  is  the  driver.  The  ratio 

time  of  cutting  stroke 


time  of  return  stroke 


=  2 


In  the  design  of  a  quick  return  motion  of  this  character  great 
care  must  be  exercised  to  keep  the  pitch  surface  of  the  two  mating 
curves  of  the  same  length. 

214.  Transmission  of  Variable  Force.  —  Harfield's  Steering 
Gear. — Non-circular  wheels  may  also  be  used  specifically  for  the 


FIG.  199. 

transmission  of  a  variable  force  from  a  source  of  constant  energy. 
Harfield's  steering  gear,  shown  in  Fig.  199,  is  an  example  of 
this  type  of  mechanism. 

The  pinion  A  is  keyed  eccentrically  to  the  driving  shaft  Oj. 
It  gears  with  teeth  placed  upon  the  face  BC  of  the  cast  steel 
piece  BCED,  which  can  rotate  about  the  axis  02.  The  points  D 
and  E  are  connected  by  the  drag-links  DF  and  EG  to  the  rudder 
head,  which  rotates  about  the  axis  03. 

In  the  position  shown  the  rudder  is  in  mid-position.  As  the 
pinion  A  rotates,  its  gearing  radius  is  reduced,  whilst  the  gearing 
radius  of  BCED  is  increased.  Hence,  for  a  uniform  turning 
moment  on  the  driving  shaft  at  01?  the  force  between  the  teeth 
increases  as  the  helm  is  put  over.  The  turning  moment  about  02 
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not  only  is  increased  on  this  account,  but  also  because  of  the 
increase  in  the  acting  radius  of  BCED.  This  increase  in  the 
turning  moment  about  02  as  the  helm  is  put  over  is  a  desirable 
feature  of  all  rudder-gears.  The  external  resistance  on  the  rudder 
is  increased  as  the  helm  is  put  over,  and  hence  it  is  necessary  to 
increase  the  turning  torque  supplied,  and  this  should  be  done,  if 
possible,  without  increasing  the  motive  torque. 

215.  Elliptic  Wheels. — It  has  been  stated  that  if  the  motion 
imparted  by  non-circular  wheels  is  to  be  continuous,  closed  curves 
must  be  employed.  The  only  closed  curves  of  definite  geometrical 
form  that  fulfil  the  necessary  conditions  are  ellipses. 

Let  two  equal  ellipses  touching  at  0  (Fig.  200)  be  so  situated 
that  the  distance  between  the  foci  B 
and  C  or  A  and  D  is  equal  to  the 
major  axis  PQ.  Then  either  B  and 
C  or  A  and  D  may  be  taken  as  the 
centres  of  rotation  of  two  shafts.  It 
will  be  proved  that  the  ellipses  may 
be  so  placed  that  the  points  Pj  and 
P2  or  Qx  and  Q2  eventually  come  into 
contact. 

Draw  the  tangent  KOL.  From 
the  property  of  ellipses,  the  angle 
BOL  equals  the  angle  AOK,  and  the 

angle  COK  equals  the  angle  DOL.  Hence  the  angle  AOK  =  angle 
COK.  Also,  since  the  distance  BC  equals  the  major  axis  PiQi, 
which  equals  BO  +  OA,  therefore  AO  =  CO. 

As  the  ellipses  are  equal,  the  arc  OPX  must  therefore  equal  the 
arc  OP2.  Hence,  as  the  ellipses  roll  without  slipping,  the  points 
PI  and  P2  will  eventually  come  into  contact. 


FIG.  200. 


FIG.  201. 


Let  coi  be  the  constant  angular  speed  of  the  driver  rotating 
about  B.  The  speed  of  the  driven  shaft  will  be  a  maximum  a)2 
when  the  points  Pl  and  P2  are  in  contact,  and  will  be  a  minimum 
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a)3  when  the  points  Qx  and  Q2  are  in  contact.     When  P!  and  P< 
(Fig.  201)  coalesce,  the  velocity  ratio  is— 


where  a  is  the  semi-major  axis  and  e  is  the  eccentricity. 

When  the  points  Qx  and  Q2  coalesce  (Fig.  202),  the  velocity 
ratio  is — 


FIG 


~a(l+e)      l+e 

Hence  the  ratio  between  the  maximum  and  minimum  velocities  of 
the  driven  shaft  is  — 

"2-(l+<02 
w3      (I  -  e)* 

It  will  be  noticed  that  the  length  AD  in  Fig.  200  is  constant. 
Hence,  if  a  rigid  bar  connects  these  two  points,  there  is  no 
interference  with  the  motion  of  the  mechanism.  The  mechanism 
is,  indeed,  equivalent  to  the  quadric  cycle  chain  shown  in  Fig.  91, 
when  the  links  b  and  d  are  equal  to  and  cross  one  another.  The 
point  of  intersection  of  the  crossed  links  is  over  the  point  of 
contact  of  the  ellipses.  The  ellipses  are,  in  fact,  the  centrodes 
of  c  relative  to  a,  and  of  a  relative  to  c,  and  the  mechanism  is 
therefore  an  illustration  of  the  proposition  given  in  par.  94. 

216,  Logarithmic  Curves.  —  The  other  geometrical  curve  which 
can  be  used  to  form  the  pitch  line  of  non-circular  wheels  is  known 
as  the  logarithmic  spiral.  A  logarithmic  spiral  is  a  curve  in  which 
the  angle  between  the  tangent  and  radius  at  any  point  is  constant. 
Hence,  as  we  have  seen  in  par.  211,  two  such  curves  rolling 
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together  fulfil  a  necessary  kinematic  condition  for  non-circular 
gear  wheels. 

The  equation  of  a  logarithmic  curve  may  be  readily  derived. 
Expressed  in  polar  co-ordinates,  the  condition  that  the  angle 
between  the  tangent  and  radius  at  any  point  of  a  curve  is  con- 
stant is — 

de 

r-T-=  constant  =  a,  say. 
dr 

•   —  =  ±dO 
r       a 

Integrating,  loge  r  =  -d  +  A  where  A  is  the  constant  of  integration. 
Let  r  =  rQ  when  0  =  0. 

Therefore  the  equation  of  a  logarithmic  curve  is — 
loc,  !.=  <?      or      r=-rc« 

Calculating  the  length  of  the  radius  in  terms  of  multiple  angles 

9  29  30 

of  0,  the  values  of  r  are  rQ,  rQea,  r0€tt,  r0ea,  .  .  .  for  angles  whose 
magnitude  are  0,  0,  20,  30  ...  respectively.  From  this  it  will  be 
seen  that  as  0  increases  arithmetically,  r  increases  geometrically. 

A  logarithmic  curve  commencing  with  the  initial  radius  OA  is 
shown  in  Fig.  203.  The  curve  is  unenclosed  and  can  be  continued 


FIG.  203. 

indefinitely  in  either  direction.  It  will  be  noticed  that  any 
ordinate  is  the  geometric  mean  of  those  on  either  side.  For 
example,  OE2  =  OD .  OF. 

The   further   distinctive   property   of  the  logarithmic   curve 
which  permits  it  to  be  readily  used  as  a  pitch  curve  for  gearing, 
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is  that  the  difference  in  the  radii  subtending  equal  arcs  is  con- 
stant. If,  for  example,  the  arc  AP  equals  the  arc  QR,  then 
OP  —  OA  =  OR  —  OQ.  This  may  be  readily  proved.  The 
length  of  arc  between  two  radii  r2  and  rx 


(r*         dr      . 
=  /    r  X  a—     since 

J  rl               T 

/>2 

=  /    a  .dr  =  a(r2  —  \ 

dr 
r 

_dd 
a 

This  length  is  constant  if  r2  —  ^  is  constant. 

The  importance  of  this  property  lies  in  the  fact  that  when  two 
logarithmic  curves  of  the  same  obliquity  a  roll  together,  the 
distance  between  the  poles  is  constant. 

217.  Logarithmic  Wheels. — Since  two  logarithmic  curves  of 
equal  obliquity  rotating  about  their  poles  satisfy  the  kinematical 
conditions  for  the  transmission  of  rotary  motion,  they  may  be 
utilized  as  the  pitch  curves  of  non-circular  wheels.  Since  the 
sum  of  the  radii  to  the  point  of  contact  is  constant,  and  each 
radius  is  variable,  the  velocity  ratio  transmitted  is  also  variable. 
Logarithmic  curves  are,  however,  unenclosed,  so  that  one  curve  is 
insufficient  to  form  the  complete  pitch  line  on  any  wheel.  Closure 
is  easily  effected  by  using  the  curves  in  pairs  on  each  wheel.  The 


FIG.  204. 

curves  in  contact  must  have  the  same  angle  of  obliquity,  so  that  as 
the  wheels  rotate,  the  increase  in  the  length  of  one  radius  is  equal 
to  the  decrease  in  the  length  of  the  other  whilst  the  centres  Pt 
and  P2  remain  the  same  distance  apart  (Fig.  204).  The  two 
limits  of  angular  velocity  ratio  will  be  reciprocal. 

218.  Lobed  Wheels. — A  varying  velocity  ratio  having  one 
maximum  and  one  minimum  value  per  revolution  can  be  obtained 
between  two  shafts  by  the  use  of  rolling  ellipses  or  double 
logarithmic  curves.  If  it  be  desired  to  have  several  maxima, 
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alternating  with  the  same  number  of  minima  values  during  each 
revolution,  lobed  wheels,  elliptic  or  logarithmic,  may  be  used. 


FIG,  205. 


Such  wheels  may  be  either  unilobe  (Fig.  204),  bilobe  (Fig.  205), 
quadrilobe  (Fig.  206),  according  to  the  number  of  maxima  velo- 


FiG.  206. 

cities  required  per  revolution.  Each  lobe  must  subtend  an  aliquot 
part  of  four  right  angles.  As  lobed  wheels  have  a  very  limited 
utility  in  practice,  it  is  considered  unnecessary  to  describe  further 
their  construction  and  properties. 

219.  Teeth  for  Non-circular  Wheels.  —  The  teeth  for  non- 
circular  wheels  may  be  found  in  precisely  the  same  manner  as 
those  for  circular  wheels.  A  form  of  tooth  may  be  given  on  one 
wheel  and  the  form  of  the  mating  tooth  found  geometrically  or 
mechanically  as  explained  in  Prop.  4,  Chap.  XV.,  or  the  shape  of 
the  tooth  may  be  outlined  by  a  point  on  a  circle  rolling  over  the 
pitch  lines,  as  explained  in  Prop.  6,  Chap.  XV.  Since  the  pitch 
lines  are  non-circular,  such  curves  are  trochoidal  in  form. 

Non- circular  wheels  have  a  practical  disadvantage  that  during 
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part  of  each  revolution  the  radius  of  the  driver  is  diminishing 
in  length,  and  hence  the  driver  tends  to  leave  the  driven  wheel. 
This  can  be  prevented  by  the  formation  of  deep  teeth  on  the 
retreating  edge  of  the  driver  and  the  corresponding  edge  of  the 
follower.  In  such  a  case  it  is  necessary  to  provide  some  means 
to  prevent  the  teeth  from  jamming  when  coming  into  contact, 
or  alternatively  of  carrying  the  teeth  round  the  whole  of  both 
curves.  This  latter  plan  is  generally  adopted  in  practice,  although 
it  destroys  the  pure  rolling  contact  between  the  surfaces. 

EXERCISES  XVIII 

1.  A  circular  wheel  A,  Fig.  207,  turns  eccentrically  about  a  centre  B.  It 
has  to  mesh  with  a  non-circular  wheel  rotating  about  a  fixed  centre  C.  Explain 

how  the  shape  of  the  pitch  line  of  the  non- 
circular  wheel  may  be  obtained  for  half  a 
revolution  of  A.  (Lond.  B.Sc.  1905.) 

2.  The  centres  of  rotation  of  two  non- 
circular  pitch  surfaces  are  8  inches  apart. 
The  angular  velocities  transmitted  are  to  be 
1-0, 1-2,  1-4,  1-6,  1-8,  2-0,  1-8,  1-6,  1-4,  1-2, 
FIG.  207.  an(^  1*0  'm  *ura  f°r  e(lual  angles  of  rotation 

of  the  first  wheel  during  each  revolution. 
Find  the  shapes  of  the  pitch  surfaces,  assuming  no  slip. 

3.  In  designing  the  "  pistons  "  for  rotary  pumps  or  blowers,  such  as  Root's, 
show  that  the  problem  of  finding  the  proper  shapes  of  the  curved  surfaces  is 
similar  to  that  which  occurs  in  the  design  of  toothed  gear. 

Assuming  a  size  of  casing  and  diameter  of  pitch  circles,  draw  to  scale  an  out- 
line of  the  pistons  of  a  Root's  blower,  and  show  that  your  method  of  construction 
is  correct.  (Lond.  B.Sc.  1907.) 

4.  Having  given  the  centre  and  pitch  curve  of  one  non-circular  wheel  and 
the  centre  of  a  second  wheel  gearing  with  the  first,  show  how  to  obtain  the  pitch 
curve  of  the  second  wheel.    Prove  that  two  equal  elliptical  wheels  will  gear 
together  correctly.    If  the  angular  velocity  of  the  driver  is  constant,  find  the 
maximum  and  minimum  angular  velocities  of  the  driven  wheel  in  terms  of  the 
major  and  minor  axes  of  the  ellipses.  (Lond.  B.Sc.  1909.) 

5.  Motion  is  to  be  transmitted  between  two  parallel  shafts  by  means  of 
elliptic  wheels.     The  extreme  velocity  ratios  are  to  be  2  and  J.     The  distance 
between  the  shaft  centres  is  10  inches.    Find  the  major  and  minor  axes  of  the 
ellipses. 

6.  The  driving  wheel  of  Harfield's  gear  is  18  inches  pitch  diameter,  and  the 
axis  of  rotation  is  5  inches  from  the  centre  of  the  wheel.    The  minimum  radius 
of  the  driven  rack  is  4  feet.    Determine  the  shape  of  the  rack. 

What  is  the  extreme  angle  through  which  the  helm  can  be  turned  for  this 
gear,  and  within  what  limits  does  the  angular  velocity  ratio  of  rack  and  driving 
wheel  lie? 


CHAPTER  XIX 
TKAINS  OF  WHEELS  AND  EPICYCLIC  GEARING 

TRAINS  OF  WHEELS 

220.  Simple  and  Compound  Trains. — In  a  preceding  chapter  an 
investigation  has  already  been  made  of  the  motion  transmitted  by 
two  toothed  wheels.  When  many  such  wheels  gear  together,  the 
combination  is  known  as  a  train  of  wheels. 

Wheel-trains  may  be  divided  into   two  classes,  simple  and 


FIG.  208.  FIG.  209. 

compound.      In  a   simple   train  of  wheels   each   axle    of    the 
mechanism   carries  one  wheel  only,  as  in  Fig.  208.     In  a  com- 
pound train  of  wheels  each  axle,  except       ^_^ 
the  first  and  last,  carries  two  wheels,  as 
in  Fig.  209. 

Let   a,   I,   c,   and  d  represent   the 
number  of   teeth   respectively  on  the 
wheels  marked  by  these  respective  let- 
ters in  the  simple  wheel- train  shown  in  Fig.  210.    The  velocity 
ratio  between  the  first  two  wheels  &  and  a 

_  No.  of  revs,  of  follower  _    No.  of  teeth  on  driver    _a 
No.  of  revs,  of  driver   "    No.  of  teeth  on  follower  ~~  b 

Similarly,  the  velocity  between  c  and  &  is  -,  and  between  d  and  c  is 

0 

-7.     Hence  the  velocity  ratio  between  d  and  a  is  r  X  -  X  ->  =  a. 
d  bed 

In  this  type  of  wheel-train  the  numerical  value  of  the  velocity 
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ratio  between  the  follower  and  driver  is  therefore  independent  of 
the  number  and  size  of  the  intermediate  gearing  wheels.  On  this 
account  the  latter  are  known  as  Idle  wheels. 

The  introduction  of  one  idle  wheel  (or  any  odd  number  of 
them)  has  the  effect  of  causing  the  driver  and  follower  to  rotate  in 
the  same  direction.  The  introduction  of  an  even  number  of  idle 
wheels,  on  the  other  hand,  ensures  that  driver  and  follower  shall 
rotate  in  opposite  directions  (see  Figs.  208  and  210). 

The  further  usefulness  of  idle  wheels  is  that  they  help  to 
bridge  the  space  between  the  follower  and  driver,  and  so  enable 
a  given  velocity  ratio  to  be  transmitted  by  the  use  of  smaller 
wheels  than  would  otherwise  be  possible.  Suppose  a  given 
velocity  ratio  is  to  be  transmitted  between  two  shafts  situated  at 
Oj  and  O2  (Fig.  211),  and  that  this  is  done  by  means  of  the 


FIG.  211. 

wheels  a,  c,  and  5.  The  equivalent  wheels,  keyed  directly  on  each 
shaft,  must  gear  internally,  and  theii  size  can  be  determined  by 
drawing  the  external  common  tangent  to  the  follower  and  driver. 
Let  this  line  meet  the  line  of  centres  produced  in  A.  Then,  since 

radius  of  a O^ 

radius  of  b  ~~  O2A' 

wheels  of  radius  OjA,  02A,  gearing  internally,  are  necessary  to 
give  the  requisite  velocity  ratio.  A  wheel  of  radius  02A  would 
not  only  be  large  and  therefore  costly,  but  would  obviously 
occupy  much  space. 

The  advantages  of  intermediate  wheels  are  intensified  by  the 
use  of  the  compound  wheel-train.  In  this  train  the  direction  of 
motion  of  the  follower  will  depend  as  before  upon  the  number  of 
intermediate  axles  between  the  first  and  last,  but  the  numerical 
value  of  the  velocity  ratio  is  now  dependent  upon  each  of  the 
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intermediate  wheels  composing  the  train.  Let  p,  q,  r,  .  .  .  be  the 
number  of  teeth  on  the  wheels  marked  by  these  respective  letters 

in  Fig.  209.     The  velocity  ratio  between  shafts  2  and  1  is  ^, 

T  t 

between  3  and  2  -,  and  between  4   and  3  -.     Hence  the  velocity 
s  u 

Y)        *y*        f 

ratio  between  shafts  4  and  1  is  -  X  -  X  -. 

q       s       u 

A  numerical  illustration  will  show  the  advantage  of  a  com- 
pound train  over  a  simple  train.  In  Fig.  212  let  a  have  12  teeth, 
I  60,  c  12,  and  d  54. 

The  velocity  ratio  between  d  and  a  is  therefore  J §  X  -Jf  =  ^. 
To  get  the  same  result  by  employing  a  simple  train  with  one 
idle  wheel,  the  driver  and  follower 
must  have,  say,  12  and  270  teeth 
respectively.  From  a  practical  point 
of  view  the  latter  arrangement  has 
the  disadvantages  of  occupying  more 
space,  and  of  presenting  an  ungainly 
appearance  through  contrasting  two 
wheels  of  such  different  diameters  in 

close  conjunction.  For  the  transference  of  high  velocity  ratios, 
compound  wheel-trains  are  therefore  preferable  to  simple  wheel- 
trains. 

221.  Design  of  Wheel-trains. — The  theoretical  number  of  wheel- 
trains  that  would  transmit  a  given  velocity  ratio  is  very  high,  but 
certain  limiting  conditions  considerably  reduce  the  number  in 
practice.  These  conditions  are : — (1)  to  economize  space  and  cost, 
the  size  of  the  wheels  and  the  number  of  axles  employed  should 
not  be  excessive ;  (2)  in  the  design  of  a  pinion  the  minimum 
number  of  teeth  is  taken  to  be  12  ;  and  (3)  in  all  but  very  special 
cases  the  pitch  of  the  teeth  on  the  wheels  should  be  constant. 

Suppose  it  to  be  necessary  to  transmit  a  velocity  ratio  of,  say, 
96  between  two  shafts  under  the  above  conditions.  Since  the 
motion  is  like,  there  must  be  1,  3,  5,  ...  intermediate  shafts. 
Eesolve  the  velocity  ratio  into  two,  four,  .  .  .  factors. 

96  =  12  X  8 

=4x4x3x2 
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Express  each  factor  as  a  fraction  in  which  the  denominator  is  not 
less  than  12. 

96  =  12  X  8  =  14*  x  ii2j> 


Wheels  of  these  sizes  will  therefore  transmit  the  required  velocity 
ratio.  By  factorizing  differently,  and  employing  another  size  for 
the  pinions,  many  more  successful  combinations  of  wheels  may  be 
obtained. 

222.  Wheel-train  for  a  Clock.  —  An  interesting  problem  in 
connection  with  wheel-trains,  and  one  which  presents  several 
special  features,  is  the  determination  of  the  train  of  wheels  neces- 
sary to  drive  the  minute  and  hour  hands  of  a  clock.  The  con- 
ditions in  this  problem  will  be  familiar.  Two  wheels  on  the  same 
axis  of  rotation,  but  on  different  axles  (one  axle  being  a  sleeve 

over  the  other),  must  rotate  at  a  rela- 
tive speed  of  12  to  1  ;  the  train  of 
connecting  wheels  must  be  as  small  as 
possible,  and  the  wheels  themselves 
must  be  a  minimum  size. 

The  best  train  of  wheels  will  be  as 
shown  in  Fig.  213,  a  being  connected 
to  the  hour  hand  and  d  to  the  minute 

hand,  and  I  and  c  being  rigidly  connected  together.  As  it  is  neces- 
sary to  determine  four  unknowns,  the  number  of  teeth  on  a,  &,  c, 
and  d  respectively,  four  equations  are  required  to  solve  the  problem. 
Two  of  these  are  easily  written  down.  The  velocity  ratio  is 
to  be  12. 


Assuming  the  pitch  of  the  teeth  constant, 

a  +  b  =  c  +  d     ......     (2) 

As  there  are  no  other  equations  connecting  these  quantities,  the 
problem  appears  to  be  indeterminate  from  a  mathematical  stand- 
point. There  are,  however,  two  other  conditions  which  cannot  be 
expressed  mathematically,  but  which,  nevertheless,  help  us  to 
find  a  solution. 

a,  I,  c,  and  d  are  to  be  integers     ......     (3) 

The  size  of  the  largest  wheel  to  be  a  minimum  .    (4) 
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An  exact  solution  can  be  obtained  by  taking  into  consideration 
these  last  two  conditions. 

From  (1)  a.c  =  121>.d 

The  simplest  possible  equations  between  these  four  quantities, 
taking  into  account  condition  (3),  are  — 

a  =  12&  whilst  c  =  d  .....  (a) 
a  =  6&  whilst  c  =  2d  .....  (fl) 
a  =  4£  whilst  c  =  3d  .....  (y) 

Other  variations  will  not  give  different  solutions  finally. 

From  (2)  (a)  signifies  that  13&  =  2d 

(ft)        „  „      7b  =  3d 

(y)         „  „     5&  =  4rf 


From  these  conditions  it  is  clear  that  I  is  smaller  than  d,  and 
hence  a  is  the  largest  wheel  of  the  train.  To  satisfy  condition  (4) 
and  keep  a  at  a  minimum,  relationship  (y)  must  be  selected. 

Assuming  that  6  has  12  teeth  (in  this  particular  case  the 
assumed  number  must  be  a  multiple  of  4),  it  is  found  that 
a  =  48,  6  =  12,  c  =  45,  and  d  =  15. 

223.  Wheel-trains  in  Screw  Cutting.  —  One  of  the  most  im- 
portant applications  of  wheel-trains  occurs  in  the  screw-cutting 
lathe.  In  such  a  lathe,  the  headstock  spindle  carrying  the  work 
must  revolve  a  certain  number  of  revolutions,  whilst  the  saddle  to 
which  the  tool  is  fixed  moves  a  definite  distance  in  a  definite 
direction.  If,  say,  a  right-hand  screw  with  twelve  threads  per 
inch  is  to  be  cut,  the  headstock  spindle  must  rotate  twelve  times 
whilst  the  saddle  moves  one  inch  horizontally  towards  the  head- 
stock.  If  a  left-hand  thread  is  to  be  cut,  the  direction  of  motion 
of  the  saddle  must  be  reversed. 

A  simple  form  of  screw-cutting  lathe  is  shown  in  Fig.  214. 
The  saddle  S  is  actuated  by  means  of  the  screw  L,  which  runs  the 
full  length  of  the  lathe  at  the  front  and  is  known  as  the  leading 
screw.  The  leading  screw  is  invariably  cut  with  a  right-hand 
thread.  A  nut  on  the  leading  screw  imparts  linear  motion  to  the 
saddle,  which  can  thus  be  made  to  move  backwards  or  forwards, 
according  to  the  direction  of  rotation  of  the  leading  screw.  As 
the  motion  of  the  tool  is  thus  dependent  upon  the  motion  of  the 
nut,  it  is  most  important  that  the  thread  of  the  leading  screw 
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should  be  accurate.  Any  variations  in  its  pitch  will  be  repeated 
in  all  the  screws  cut  by  the  lathe. 

The  leading  screw  is  connected  to  the  headstock  mandril  M  by 
means  of  a  train  of  wheels.  By  an  alteration  in  this  train  of 
wheels,  any  desired  velocity  ratio,  positive  or  negative,  may  be 
obtained.  The  pitch  and  hand  of  the  thread  cut  will  depend  upon 
the  velocity  ratio  between  M  and  L,  the  pitch  of  the  leading 
screw,  and  the  number  of  intermediate  spindles  in  the  train  of 
wheels. 

Suppose  it  is  desired  to  cut  a  thread  with  n  threads  per  inch. 
If  p  be  the  pitch  of  the  leading  screw,  the  leading  screw  will 

rotate  -  times  whilst  the  tool  travels  1  inch.     During  this  time 

P 
the  headstock   spindle  must  make  n  revolutions.     The  velocity 

ratio  between  M  and  L  is  therefore  np. 

The  hand  of  the  thread  cut  depends  upon  the  number  of  inter- 
mediate spindles  in  the  train  of  wheels.  In  the  end  view  of  the 
lathe  (Fig.  214)  let  A  represent  the  axis  of  the  headstock  spindle 
and  L  that  of  the  leading  screw.  The  distance  between  A  and  L 
is  fixed  by  the  design  of  the  lathe,  and  a  number  of  intermediate 
wheels  are  required,  so  that  the  first  and  last  wheels  gear  together. 
In  the  illustration  given,  the  wheel  on  A  gears  with  the  wheel  on 
B,  this  in  turn  with  the  wheel  on  C,  and  this  with  the  wheel  on 
D.  The  axis  D  is  at  a  fixed  point  on  the  lathe.  The  wheels 
on  D  and  L  are  connected  by  the  wheel  on  E.  The  spindle  E  is 
fixed  to  an  arm  F,  shown  dotted,  which  is  capable  of  a  slight 
rocking  movement,  so  that  wheels  of  various  sizes  may  be  fastened 
to  it  and  gear  correctly  with  the  wheels  on  D  and  L.  If  desirable, 
a  further  wheel  may  be  interposed  between  D  and  L. 

There  remains  to  be  explained  the  function  of  the  wheels  B 
and  C.  These  wheels  are  mounted  on  an  arm,  a  small  rotation  of 
which  throws  B  completely  out  of  action,  and  makes  C  gear 
directly  with  A  and  D.  This  is  a  convenient  method,  therefore,  of 
altering  the  motion  of  the  saddle,  either  for  reversing  purposes  or 
for  cutting  a  left-hand  thread.  To  cut  a  right-hand  thread,  the 
headstock  mandril  and  leading  screw  must  rotate  in  the  same 
direction ;  for  a  left-hand  thread  the  direction  of  the  leading  screw 
must  be  reversed.  In  the  first  case,  there  must  be  an  odd  number 
of  intermediate  spindles  between  A  and  L,  and  in  the  second  case 
an  even  number. 


230 


THE   THEORY  OF  MACHINES 


EXAMPLE  1.  —  The  leading  screw  of  a  lathe  has  a  pitch  of  ^  inch.  What 
train  of  wheels  will  be  required  to  cut  a  right-handed  screw  of  12  J  threads 
per  inch  ? 

The  velocity  ratio  is  ^,  and  there  must  be  one  intermediate  spindle. 


That  is,  the  velocity  ratio  may  be  obtained  either  by  means  of  the  former  com- 
pound train,  or  by  means  of  the  latter  simple  train  in  which  the  wheels  are 
connected  by  an  idle  wheel  of  any  convenient  size.  The  above  arrangements 
are  only  suggestive  of  many  that  would  meet  the  requirements  of  the  problem. 
The  sizes  of  the  wheels  employed  will  depend  upon  the  sizes  of  the  change- 
wheels  provided  with  the  lathe,  and  also  upon  the  magnitude  of  the  distance 
between  the  centres  L  and  D  (Fig.  214). 

EPICYCLIC  GEAEING 

224.  Epicyclic  Trains.  —  In  dealing  with  a  train  of  wheels  little 
attention  has  been  paid  to  the  arm  or  piece  which  carries  all  the 
axes  of  rotation.  It  has  been  assumed  that  this  arm  has  been 
fixed,  whilst  the  wheels  were  free  to  revolve.  Sometimes,  how- 
ever, one  of  the  wheels  is  fixed  whilst  the  arm  carrying  the  other 
wheels  rotates.  Such  an  arrangement  is  called  an  Epicyclic  train, 
since  every  point  on  the  moving  wheels  describes  one  of  the 
cycloidal  curves  relatively  to  the  fixed  wheel.  In  the  epicyclic 
train  of  Fig.  215,  the  wheel  a  is  fixed  to  the  base,  whilst  the 
arm  c  revolves,  carrying  with  it  wheel  b. 


FIG.  215. 


FIQ.  216. 


225.  Reverted  Train. — When  the  epicyclic  train  is  arranged 
in  such  a  way  that  the  axis  of  the  last  wheel  is  in  alignment  with 
the  axis  of  the  fixed  wheel,  the  arrangement  is  called  a  Eeverted 
train.  In  the  reverted  train  shown  in  Fig.  216,  wheel  a  is  fixed 
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to  the  base,  wheels  ~b  and  d  are  keyed  to  the  same  spindle  on 
the  revolving  arm  c,  and  wheel  e  is  free  to  revolve  about  the  same 
spindle  as  a. 

226.  Problems  in  Epicyclic  Gearing. — Epicyclic  and  reverted 
trains  are  of  great  practical  importance,  because  they  provide  a 
simple  method  of  obtaining  a  high  velocity  ratio  between  two 
shafts.  The  number  of  combinations  of  such  trains  is  almost  count- 
less, but  fortunately  it  will  not  be  necessary  to  describe  more  than 
two  or  three  typical  cases.  The  principle  underlying  the  method 
of  determining  the  velocity  ratio  is  the  same  in  every  case,  and 
will  now  be  given. 

At  first  sight  the  motion  of  a  wheel,  gearing  with  a  fixed  wheel 
and  rotating  on  an  arm  which  is  itself  rotating  about  the  fixed 
wheel,  would  appear  to  be  very  complex.  It  is  only  so  if  the 
wrong  point  of  view  is  taken.  Eemembering  that  the  relative 
motion  of  two  bodies  is  the  same  in  magnitude,  no  matter  from 
what  standpoint  it  is  measured,  whether  from  either  body  or  from 
a  third  independent  body,  little  difficulty  should  be  experienced 
in  solving  these  problems.  Let  Tig.  215  represent  a  simple  wheel- 
train  of  two  wheels  a  and  b  and  the  connecting  arm  c.  Let 
wheel  a  be  fixed  and  the  arm  c  be  free  to  revolve  about  0,  and 
carry  with  it  wheel  b.  It  is  desired  to  measure  the  revolutions 
of  I  for  a  given  number  of  revolutions  of  c. 

This  is  done  by  determining,  in  the  first  place,  the  relative 
motion  between  the  component  parts.  This  relative  motion  is 
the  same  no  matter  which  element  is  assumed  fixed,  and  can  be 
written  down  at  sight  by  choosing  judiciously  the  fixed  element. 
In  the  case  shown,  this  element  is  c.  By  fixing  c  and  rotating  a 
once,  the  motion  of  I  can  be  easily  found.  Put  in  the  form  of  a 
table,  we  obtain  row  1  of  Table  VIII. 

Two  peculiarities  of  this  row  of  figures  must  be  noticed. 

(1)  When  the  figure  in  each  column  is  multiplied  by  a  con- 
stant, the  resulting  row  has  a  definite  significance. 

Multiplying  row  1  throughout  by  10,  for  example,  and  row  2 
(Table  VIII.)  is  obtained.  The  physical  interpretation  of  this  row 
is  simply  that  when  a  rotates  10  times  about  c,  the  motion  of  the 
rest  of  the  train  is  given  in  the  corresponding  columns. 

(2)  When  any  constant  is  added  algebraically  to  the  figure  in 
each  column,  the  resulting  row  has  a  definite  significance. 

Add  7c  to  row  1  and  row  3  is  obtained. 


232 


THE   THEOEY   OF   MACHINES 

TABLE  VIII. 


Row. 

Condition. 

Motion  of  a. 

Motion  of  6. 

Motion  of  c. 

Derivation. 

1 

c  fixed,  a  rotating  once  clockwise 

+  1 

a 

5 

0 



2 

c  fixed,   a  rotating    10   times"! 
clockwise     / 

+  10 

_10a 

0 

(1)  X  10 

0 

3 

c  rotates  k,  a  rotates  once  about  } 
c  in  the  same  direction      .     ./ 

+  l  +  k 

-;+» 

+  k 

(1)  +  k 

4 

b  fixed,  c  rotating      .    .     +  ^ 

1  +  f 

0 

+? 

»+f 

The  physical  interpretation  of  this  row  is  that  the  element 
previously  supposed  fixed  has  been  given  a  motion  (represented 
by  the  constant)  relative  to  a  fourth  body  d.  Let  the  rotation 
of  c,  previously  assumed  fixed,  relative  to  an  external  body  d,  be, 
say,  -f-  &•  Now  we  know  that 

the  relative  motion  of  a  to  d 

=  relative  motion  of  a  to  e  +  relative  motion  of  e  to  d 


Similarly,  the  relative   motion  of  ~b  to  d  =  T  +  &•      These  are 

the  figures  obtained  by  adding  +  Jc  to  row  1  of  the  table. 

The  special  case  arises  when  k  is  equal  and  opposite  in  sign  to  the 
figure  in  one  of  the  columns  of  row  1.  In  this  case  the  body  d  will 
synchronize  with  that  particular  element,  that  is,  a  new  element 
in  the  train  must  be  considered  as  fixed.  The  figures  in  the 
remaining  columns  will  therefore  give  the  motion  of  each  element 

relative  to  this  newly  fixed  element.    Add  (  +  T  ),  for  example, 

to  the  figures  of  row  1,  thus  obtaining  row  4.  The  motion  of 
element  b  is  made  zero,  that  is,  the  element  6  must  be  considered 
fixed.  The  rotation  of  the  elements  a  and  c  relative  to  &  are 
thus  easily  obtained. 

In  the  actual  problem  stated  above,  a  is  fixed.  The  motion  of 
b  is  obtained  by  adding  —  1  to  row  1.  It  is  then  seen  that  & 

makes  7  +  1  revolutions  per  revolution  of  c  and  in  the  same 

direction  as  c. 

By  this  device  of  adding  or  multiplying  by  constants,  the 
figures  of  row  1  may  be  made  to  give  all  the  possible  motions 
between  the  various  elements.  And  by  extending  the  physical 


TKAINS   OF  WHEELS   AND  EPICYCLIC   GEAEING    233 


interpretation  along  the  lines  given,  it  follows  that  any  row  thus 
obtained  may  likewise  have  a  constant  added  or  be  multiplied  by 
a  constant ;  or,  furthermore,  that  any  two  rows  may  be  added  or 
subtracted.  By  thus  manipulating  these  rows,  any  desired  motion 
may  be  given  to  two  of  the  elements  of  a  train,  and  the  motion  of 
the  others  readily  obtained.  It  is  in  general  not  advisable  to  try 
to  picture  graphically  the  complex  motion  of  the  various  forms 
of  epicyclic  gearing.  If  the  relative  motion  between  the  parts  be 
obtained  in  the  simplest  possible  way,  every  complex  combination 
of  motion  may  be  built  up  by  the  simple  manipulation  of  the 
rows  of  an  epicyclic  gearing  table.  In  drawing  up  the  table,  great 
care  must  always  be  taken  to  differentiate  between  the  signs  of 
the  rotation. 

EXAMPLE  2. — An  arm  which  can  rotate  carries  two  wheels  with  60  teeth 
and  75  teeth  respectively.  If  the  arm  rotates  once  about  the  centre  of  the  first 
wheel,  which  is  fixed,  how  many  revolutions  will  the  second  make?  If  the 
first  wheel,  instead  of  being  fixed,  makes  4  revolutions  in  the  opposite  direction 
to  the  arm,  how  many  revolutions  will  the  second  wheel  make  ? 

Tabulate  the  relative  velocities  when  the  arm  is  fixed  and  wheel  a  rotates 
once.  Manipulate  this  row,  so  that  the  motion  of  the  arm  is  1  while  the  motion 
of  a  is  0.  From  row  2  it  appears  that  wheel  &  will  make  f  revolutions  in  the 
same  direction  as  the  arm. 

Manipulate  these  rows  so  that  the  motion  of  a  is  4  whilst  the  motion  of  the 
arm  is  —  1.  Wheel  b  will  then  make  5  revolutions  in  the  opposite  direction  to 
wheel  a. 


Row  No. 

Condition. 

a. 

6. 

Arm. 

c. 

Derivation. 

1 

c  fixed,  a  =  1 

1 

-* 

0 

_ 

Required 

0 

? 

-  1 

— 

2 

a  fixed,  c  =  —  1 

0 

-f 

-1 

Add  -  1  to  (1) 

Required 

4 

? 

-  1 

— 

3 

4 

— 

4 
4 

It 

0 

-1 

(1)  X  4 
Add  (2)  and  (3) 

EXAMPLE  3. — The  pinion  A  (Fig.  217)  has  15  teeth,  and  is  rigidly  fixed  to 
a  motor  shaft.  The  wheel  B  has  20  teeth  and  gears  with  A,  and  also  with  a 
fixed  annular  wheel  D.  The  pinion  C  has  15  teeth,  and  is  fixed  to  the  wheel  B, 
and  gears  with  the  annular  wheel  E,  which  is  keyed  to  a  machine  shaft.  B  and 
C  can  rotate  together  on  a  pin  carried  by  an  arm  which  rotates  about  the  shaft 
on  which  A  is  fixed.  If  the  motor  runs  at  1000  r.p.m.,  find  the  speed  of  the 
machine  shaft.  (Adapted  from  London  B.Sc.,  1906.) 

The  number  of  teeth  on  D  and  E  must  first  be  found.  Since  the  pitch  of  all 
the  teeth  may  be  assumed  constant,  the  number  of  teeth  on  each  wheel  is 
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proportional  to  its  radius.  If  the  radius  of  A  be  proportional  to  15,  the  diameter 
of  B  will  be  proportional  to  40,  and  therefore  the  radius  of  D  proportional  to  55. 
Hence  the  number  of  teeth  on  D  is  55,  and  similarly  the  number  of  teeth  on 
E  is  50. 


FIG.  217. 


No. 

Condition. 

Arm. 

A 

15  teeth. 

B 

20  teeth. 

C 
15  teeth. 

D 

55  teeth. 

E 

50  teeth. 

Derivation. 

1 

Arm  fixed        1 
A  revolves  +  1  j 

0 

+  1 

-f 

-| 

-LA 

-*-A 

— 

Kequired 

— 

1000 

— 

— 

0 

? 

— 

2 
3 

FixD 
Revolve  A  +  1000 

z 

+  1  +  A 
+1000 

z 

~ 

0 
0 

A-A 

+37-5 

Add  ^  to  (1) 

Multiply  (2) 

by  uff« 

Tabulating  the  relative  velocities,  first  considering  the  arm  fixed,  and  then 
manipulating  the  figures  so  that  the  motion  of  A  is  1000  whilst  the  motion  of 
D  is  0,  the  motion  of  E  is  found  to  be  37'5,  in  the  same  direction  as  A. 

227.  Alternative  Method  of  solving  Epicyclic  Problems. — An 
alternative  method  of  solving  problems  on  epicyclic  gearing  is  as 
follows : — 

Write  down  the  relative  motion  of  the  component  parts  of  the 
gearing  when  any  one  of  the  elements  rotates  +  X  times.  This 
row  will  correspond  to  row  1  of  Table  VIII.  multiplied  by  +  X. 
Superimpose  on  the  whole  mechanism  a  rotation  of  +  Y.  This 
means  that  each  element  has  an  additional  rotation  of  +  Y.  The 
total  number  of  turns  made  by  each  element  can  then  be  found 
in  terms  of  X  and  Y.  As  the  number  of  turns  made  by  two  of 
the  elements  is  given  in  every  problem,  two  equations  connecting 
X  and  Y  may  be  written  down.  Solving  for  X  and  Y,  their 
values  may  be  ascertained,  and  the  number  of  turns  of  each  of 
the  other  elements  may  then  be  found.  As  before,  it  is  of  the 
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utmost  importance  that  positive  and  negative  rotations  should  be 
clearly  differentiated. 

Perhaps  an  actual  example  will  make  this  method  more  clear. 
Consider  Example  3  on  p.  233.  The  relative  motion  between 
the  elements  is  written  down  in  the  new  table  as  in  row  1  of  the 
table  there  given.  Multiplying  this  row  by  +  X,  row  2  of  Table  IX. 
is  obtained.  Giving  the  whole  mechanism  +  Y  turns,  row  3  is 
obtained.  Eow  4  is  the  summation  of  rows  2  and  3.  Then  the 
conditions  of  the  problem  state  that  A  makes  +  1000  revolutions 
whilst  D  is  fixed,  and  it  is  desired  to  find  the  number  of  turns 
made  by  E. 

TABLE  IX. 


No. 

Condition. 

Arm. 

A 

15  teeth. 

B 

20  teeth. 

c 

15  teeth. 

D 
55  teeth. 

E 
50  teeth. 

Derivation. 

1 

Arm  fixed 
A  revolves  +1 

}° 

+  1 

-* 

-1 

-A 

-A 

— 

2 

— 

0 

+  x 

-IX 

-IX 

-AX 

-AX 

(1)  Multiplied 
by  +  X 

3 

— 

+Y 

+  Y 

+Y 

+Y 

+Y 

+Y 

— 

4 

~~ 

+Y 

+X+Y 

-fX+Y 

-fX+Y 

-AX+Y 

-&X+Y 

Add  (2)  and  (3) 

X  +  Y  =  1000. 
+  Y  =  0. 


A  makes  +  1000  revolutions. 
D  is  at  rest.  .-. 

Solving,  X  =  u^p,  Y  =  &$&. 

.'.  number  of  turns  made  by  E  =  —  ^X  +  Y 

=  +  37-5 

Hence,  as  found  previously,  the  speed  of  the  machine  shaft  is 
37'5  revolutions  per  minute  in  the  same  direction  as  the  motor 
shaft. 

228.  Bevel-wheel  Trains.  —  (1)  Humpages  Gear.  —  So  far 
mention  has  been  made  of  spur-wheel  trains  only.  Trains  in- 
volving bevel  wheels  are  likewise  possible,  but  they  present  no 
new  problems  to  require  special  attention.  In  their  application, 
however,  they  possess  advantages  over  the  other  type  of  epicyclic 
gearing,  and  so  it  is  desirable  to  describe  one  or  two  particular 
examples. 

Humpage's  gear  was  originally  designed  as  a  substitute  for  the 
back  gearing  of  a  lathe,  but  its  use  has  been  considerably  extended 
to  all  kinds  of  workshop  machines,  and  also  electrical  machinery. 
Its  great  utility  is  in  the  compactness  of  the  mechanical  details 
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whereby  a  high  velocity  ratio  may  be  transmitted,  and  in  the 
extreme  differences  of  ratio  obtained  by  very  slight  alterations  in 
the  gearing. 

Fig.  218  shows  its  application  to  the  headstock  of  a  lathe. 
The  cone  pulley  is  free  to  turn  on  the  spindle  S,  and  has  the 


FIG.  218. 

pinion  A  attached  to  it.  Wheels  B  and  C  are  rigidly  connected 
together  and  can  rotate  about  the  arm  F.  The  arm  F  is  solid  with 
a  hollow  spindle,  which  is,  like  the  cone  pulley,  free  to  rotate  on  the 
spindle  S,  but  is  prevented  from  moving  endwise.  Wheel  B  gears 
with  wheel  A  and  also  with  the  fulcrum  wheel  D ;  wheel  C  gears 
with  wheel  E.  Wheel  D  is  fixed  in  position  and  wheel  E  is  keyed 
to  the  spindle  S.  In  order  that  the  gear  may  be  balanced,  the 
hollow  spindle  carries  two  arms  F  diametrically  opposite,  and  also 
two  sets  of  wheels  B  and  C.  The  action  of  the  gearing  is  in  no 
way  affected  by  this  duplication. 

The  problem  of  the  determination  of  the  velocity  ratio  trans- 
mitted in  the  Humpage's  gear  is  not  sensibly  different  to  that  in 
epicyclic  gearing.  By  assuming  the  arm  F  to  be  fixed  and  all  the 
wheels  free  to  revolve,  the  relative  motion  between  the  various 
elements  can  be  found.  It  should  be  particularly  noted  that,  in 
this  case,  the  directions  of  rotation  of  A  and  D  are  unlike,  although 
they  are  connected  through  one  intermediate  spindle.  (In  the 
similar  case  for  a  spur-wheel  train  the  directions  of  rotation  of  the 
first  and  last  wheels  are  like.)  Knowing  the  relative  motion 
when  F  is  fixed,  the  wheel  D  may  be  fixed  and  the  velocity  ratio 
between  A  and  E  found  by  the  tabular  method  previously  given. 

An  interesting  feature  of  these  gears  is  that  the  motion  of  E 
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can  be  reversed  by  merely  changing  the   relative   sizes   of  the 

O    T) 

wheels.     If  the  ratio      '  -„  be  less  than  1,  E  and  A  will  rotate  in 


the  same  direction  ;  if 


x>  . 

C  D 
^r^ 
JD.  Ji» 


be  greater  than  1,  the  rotation  of  E 


is  reversed.  Only  a  slight  variation  in  the  relative  sizes  of  the 
wheels  is  needed  to  produce  a  great  difference  in  the  velocity  ratio 
transmitted. 

229.  Bevel-wheel  Trains.  —  (2)  Differential  Gear  for  Motor 
Cars.  —  A  further  useful  application  of  bevel-  wheel  gearing 
occurs  in  the  differential  gear  used  in  the  rear-drive  for  motor 
cars.  The  necessity  arises  through  the  wheels  having  to  rotate  at 
different  speeds  when  the  car  is  turning  a  corner.  As  long  as 
the  car  is  running  on  the  straight,  the  back  wheels  may  be  driven 
directly  by  the  engine,  but  in  turning  a  corner  the  outer  wheel 
must  run  faster  than  the  inner  one.  The  difficulty  of  the  drive 
does  not  occur  with  the  front  wheels,  for  they,  being  generally 
used  for  steering  purposes,  are  mounted  on  separate  axles  and  can 
run  freely  at  different  speeds.  Fig.  219  represents  the  differential 
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Jl 

48 

A 
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If 

v^ 

G 

12 

F 

1  * 

.  ,      K 
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Y/t/V)(                     "N^ 

1 

FIG. 

T 

219. 

gear  used  in  the  rear-drive.  Wheel  D  is  keyed  to  the  engine 
shaft  and  gears  with  wheel  E.  This  wheel  carries  a  spindle  on 
which  can  rotate  freely  the  equal  wheels  F  and  G.  These  wheels 
in  turn  gear  with  the  equal  wheels  H  and  K,  which  are  keyed  to 
the  two  separate  parts  A  and  B  of  the  back  axle. 

In  order  to  understand  the  action  of  the  mechanism,  consider 
first  the  relative  motion  of  the  four  gearing  wheels  F,  G,  H,  and  K. 
Assuming  the  spindle,  i.e.  wheel  E,  to  be  fixed,  one  revolution  of 
wheel  H  causes  wheel  K  to  revolve  once  in  the  opposite  direction. 
Eow  1  of  Table  X.  may  therefore  be  written  down,  and  row  3 
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TABLE  X. 


Row. 

Condition. 

Wheel  E. 

Wheel  H. 

Wheel  K. 

Derivation. 

1 

E  fixed  ;  H  makes 

0 

+  x 

-X 

_ 

+  X  revs. 

2 

Whole  mechanism 

+  Y 

+  Y 

+  Y 

— 

makes  +  Y  revs. 

3 

— 

+  Y 

+  Y  +  X 

+  Y-X 

Add  (1)  and  (2) 

deduced  (see  par.  227).  It  follows  that  the  number  of  revolutions 
of  wheel  E  is  the  mean  of  the  number  of  revolutions  of  wheels  H 
andK. 

If  the  speed  of  the  engine  be  constant,  the  speed  of  E  is  like- 
wise constant.  If  the  car  be  running  along  the  straight,  wheels 
H  and  K  must  rotate  together  and  are  driven  directly  through  the 
spindle  on  E.  In  this  case  the  wheels  F  and  G  do  not  rotate  on 
the  spindle.  If  in  turning  a  corner  one  wheel  runs  X  revolutions 
per  minute  faster  than  its  previous  speed,  the  mechanism  permits 
the  other  wheel  to  run  X  revolutions  per  minute  slower,  the  speed 
of  the  engine  remaining  constant. 

EXAMPLE  4. — If  the  numbers  of  teeth  on  the  wheels  A,  B,  and  D  of  a 
Humphage  gear  (Fig.  217)  are  25,  35,  and  45  respectively,  calculate  the  number 
of  teeth  on  C  and  E  so  that  the  velocity  ratio  of  the  train  is  5  :  56.  (Modified 
from  London  B.Sc.  1910.) 

Let  x  be  the  number  of  teeth  on  C,  and  y  the  number  on  E. 

Fix  the  spindle  on  which  C  revolves,  and  let  A  revolve  once. 


No. 

Condition. 

Spindle. 

A 
25. 

B&C 

35  &». 

D 
45. 

£ 

y- 

Derivation. 

1 

Spindle  fixed,  A  (+  1) 

0 

1 

±» 

-1 

~7*2/ 

— 

Required 

— 

¥ 

— 

0 

1 

— 

2 

FixD 

— 

¥ 

— 

0 

Add  (+1)  to  1 

/5    5x\    36 

3 

¥ 

0 

JX  — 

5      5x\36 


/5_5» 
•"•  \9       ly 


Simplifymg, 

One  solution  is,  x  =  21,  y  =  36. 


1 
= 


36x  -  2Sy  =  -ly 
36x  =  2ly 

,.    x       7 
.*.  the  ratio  -  =  TS 
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It  should  be  particularly  noted  and  verified  that  although  there  is  an  inter- 
mediate wheel  between  A  and  D,  the  directions  of  motion  of  A  and  D  are 
different.  The  sign  in  front  of  the  motion  of  B  and  C  has  no  significance  what- 
ever, as  the  signs  in  the  table  only  refer  to  motion  in  a  plane  perpendicular  to 
the  axis  of  A. 


EXERCISES  XIX 

1.  The  leading  screw  of  a  lathe  is  right-handed  and  has  four  threads  to  the 
inch.    Sketch  a  suitable  wheel-train  so  that  a  right-handed  screw  with  22  threads 
per  inch  can  be  cut.  What  change  would  you  make  if  a  left-handed  screw  of  the 
same  pitch  be  required  ?    The  available  wheels  range  from  one  with  20  teeth  to 
one  with  100  teeth,  with  intervals  of  five  teeth  between  successive  wheels.   There 
is  only  one  wheel  of  each  kind. 

2.  The  velocity  ratio  between  the  first  motion  shaft  and  the  chain  barrel  of  a 
crane  is  to  be  105  :  1.     Design  a  suitable  train  of  wheels.  (I.C.E.) 

3.  A  lathe  has  a  set  of  change  wheels  whose  pitch  diameters  are  2,3,  5,  6, 
7 1,  and  9  inches  respectively.     The  leading  screw  has  4  threads  to  the  inch  and 
is  right-handed.  The  distance  between  the  centres  of  mandrel  and  leading  screw 
is  16  inches.     Select  and  arrange  wheels  to  cut  a  left-handed  screw  of  6  threads 
to  the  inch. 

4.  A  lathe  has  4  threads  per  inch  on  a  right-handed  leading  screw.   Find  the 
sizes  of  the  least  number  of  change  wheels  to  cut  right-handed  threads  of  5,  6,  8, 
9,  and  10  to  the  inch,  the  smallest  wheel  to  have  20  teeth. 

5.  Find  the  numbers  of  teeth  for  a  train  to  give  an  approximate  velocity 
ratio  of  194  with  an  error  of  less  than  1  per  cent. ;  the  maximum  number  of  teeth 
for  the  wheels  =  90  ;  the  minimum  number  for  the  pinions  =  12. 

6.  Fig.  220  shows  a  train  of  wheels.    A  and  B  are  on  the  same  axis,  but  are 
free  to  move  independently  of  each  other.     If  the  arm  be  fixed,  and  B  makes  10 
turns  clockwise,  how  many  turns  will  A  make,  and  in  which  direction  will  it 
revolve  ? 

7.  If  the  wheel  B,  shown  in  Fig.  221,  makes  one  turn  in  the  direction  of  the 
arrow  whilst  the  arm  is  at  rest,  how  many  turns  will  the  wheel  E  make,  and  in 
which  direction  ? 

8.  In  a  reverted  train  (Fig.  222)  the  arm  A  carries  two  concentric  separate 
wheels  B  and  C  and  a  compound  wheel  DE.   The  teeth  on  B  gear  with  the  teeth 
on  E,  and  the  teeth  on  C  with  those  on  D.   B  has  50  teeth,  C  70  teeth,  and  D  90 
teeth.     The  pitch  of  the  teeth  on  B  is  twice  that  of  the  pitch  of  the  teeth  on  C. 
Find  the  speed  of  B  when  C  is  fixed  and  the  arm  A  makes  one  complete  revolu- 
tion. 

9.  A  straight  bar  A  carries  three  axles,  with  three  wheels,  B,  C,  and  D, 
rotating  on  the  axles.    Wheel  C  is  in  the  centre  and  gears  with  B  and  D.     B  has 
49  teeth,  C  20  teeth,  and  D  50  teeth.     The  bar  A  rotates  clockwise  at  100 
revolutions  per  minute.    Find :  (a)  the  speed  of  D  when  B  is  fixed ;  (&)  the  speed 
of  B  when  D  is  fixed ;  stating  also  the  directions  of  rotation. 
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10.  Fig.  219  shows  the  differential  gear  of  a  motor  car.  If  the  propeller  shaft 
C  has  a  speed  of  900  revolutions  per  minute  and  the  road  wheel  A  205  revolutions 
per  minute,  what  is  the  speed  of  the  road  wheel  B  ? 

11.  In  Humpage's  gear  the  number  of  teeth  on  the  wheels  A,  B,  C,  D,  and 
E  (Ffe  218)  are  13,  41,  14,  35,  and  45.     If  the  high-speed  shaft  rotate  at  1200 
revolutions  per  minute,  find  the  revolutions  per  minute  of  the  low-speed  shaft. 


60  TEETH 


FIG.  221. 


FIG.  222. 


12.  What  is  the  speed  of  the  low-speed  shaft  of  the  previous  question  if  the 
wheels  A,  B,  C,  D,  and  E  have  10,  38,  20,  32,  and  48  teeth  respectively  ? 

13.  If  wheel  B  of  Fig.  220  be  fixed,  and  the  arm  make  one  revolution  in  a 
counter-clockwise  direction,  find  the  speed  and  direction  of  rotation  of  A. 

14.  If  wheel  D  of  Fig.  221  be  fixed,  and  the  arm  make  one  revolution  in  a 
counter-clockwise  direction,  find  the  speed  and  direction  of  rotation  of  B  and  E. 

15.  Define  sun-and-planet  wheels.    Referring  to  Fig.  223,  the  wheels  a  and  b 
(indicated  by  their  pitch  lines)  are  keyed  to  the  shafts  A  and  B.     The  wheels  c 
and  d  are  keyed  to  the  shaft  E  which  is  journalled  at  C  and  D,  and  is  rotating 
in  the  direction  of  the  arrow,  as  indicated  by  the  chain  dotted  circle,  at  N  revolu- 
tions per  minute.     The  ratio  of  the  diameters  of  b  to  d  and  of  c  to  a  is  1  to  2. 
(1)  At  what  speed  and  in  what  direction  will  the  wheel  b  revolve  when  a  is  held 
fast  ?    (2)  At  what  speed  and  what  direction  will  a  revolve  when  b  is  held  fast  ? 

(I.C.E.) 

16.  In  the  epicyclic  train  shown  in  Fig.  224,  A  is  a  fixed  wheel,  having  80 
teeth ;  B,  C,  and  D  are  wheels  carried  on  an  arm  which  rotates  about  the  centre 
of  the  fixed  wheel  A ;  B  and  C  have  50  and  40  teeth  respectively,  and  rotate 
together  about  a  pin  fixed  in  the  arm,  B  gearing  with  A,  and  C  with  a  wheel  D 
of  80  teeth,  which  is  carried  on  the  rotating  arm  and  firmly  fixed  to  the  end  of  a 


TKAINS   OF   WHEELS   AND   EPICYCLIC   GEARING    241 


screw  of  J  inch  pitch.    If  the  arm  makes  one  revolution,  calculate  the  amount 
by  which  cutters,  actuated  by  a  nut  on  the  screw,  will  be  fed. 

(Lond.  B.Sc.  1906.) 

17.  An  indicator,  which  is  used  to  record  the  position  of  a  water-tight  door, 
is  an  epicyclic  train  of  the  following  proportions  :  A  pinion  a  turns  freely  on  a 
spindle  which  projects  perpendicularly  from  a  disc  I  keyed  on  to  the  valve 
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FIG.  223. 

spindle ;  this  pinion  a  engages  with  two  annular  wheels  c  and  d,  which  are  con- 
centric with  the  valve  spindle.  The  first  of  these  two,  c,  is  a  fixed  wheel,  and 
carries  24  teeth ;  the  second,  d,  which  is  free  to  revolve,  and  is  attached  to  the 
indicating  plate,  has  25  teeth;  how  many  turns  of  the  valve  spindle  will  be 
needed  in  order  to  move  the  indicating  plate  through  90°  ? 

(Lond.  B.Sc.  1905.) 

18.  What  is  meant  by  a  reverted  train  ?    In  the  gear  for  a  front  driving 
bicycle  (Fig.  225),  A  is  an  annular  wheel  fixed  to  the  driving  wheel,  but  free  to 


FIG.  224. 


FIG.  225. 


revolve  on  the  axle  B.  C  is  a  pinion  fixed  to  the  frame  of  the  machine.  E  is 
an  arm  fixed  to  the  axle  B  and  the  crank,  and  carries  the  planet  wheels  D,  D.  If 
A  has  90  teeth,  C  60  teeth,  and  D  15  teeth,  find  how  many  revolutions  the  wheel 

R 
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must  make  for  each  revolution  of  the  crank.   Find  also  the  number  of  revolutions 
each  planet  wheel  will  make  on  its  stud  in  the  same  time. 

(Lond.  B.Sc.  1907.) 

19.  Referring  to  Fig.  226,  AB  is  a  shaft  which  is  driven  at  300  revs,  per  min. 
A  wheel  C  having  20  teeth  is  keyed  to  AB,  and  gears  with  the  wheel  D  which 


FIG. 


has  30  teeth.  D  gears  with  a  fixed  wheel  E  which  has  40  teeth ;  D  is  mounted  on 
an  arm  F,  about  the  axis  of  which  it  is  free  to  rotate.  The  arm  F  is  attached  to 
the  sleeve  HK,  which  is  free  to  rotate  on  the  shaft  AB.  L  is  a  wheel  attached 
to  the  sleeve  HK.  Determine  the  speed  of  the  wheel  L. 

(Lond.  B.Sc.  1908.) 

20.  A  reduction  gear  consists  of  a  train  of  four  spur  wheels  (Fig.  227),  of 
which  A  is  fixed  and  has  72  teeth,  while  B  and  C  are  secured  to  a  shaft  0,  carried 
by  an  arm  rotating  with  the  driving  shaft  X  and  gearing  with  the  wheels  A  and 


FIG.  227. 


FIG.  228. 


D  in  the  manner  shown.  Find  the  direction  of  motion  and  number  of  revolutions 
of  the  shaft  Y  for  1000  revolutions  of  the  shaft  X,  if  the  number  of  teeth  on  the 
gear  wheels  B,  C,  and  D  are  12,  13,  and  71  respectively. 

(Lond.  B.Sc.  1910.) 

21.  The  train  of  wheels  shown  in  Fig.  228  is  used  to  transmit  motion  between 
two  shafts  A  and  B.    The  wheel  fixed  to  A  has  30  teeth  and  rotates  at  500 
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revolutions  per  minute.  C  gears  with  A  and  is  fixed  rigidly  to  D,  both  being  free 
to  rotate  on  B.  D  gears  with  F  which  is  rigidly  connected  to  the  pulley  E.  E 
and  F  rotate  freely  on  the  shaft  B.  The  wheels  C,  D,  and  F  have  50,  70,  and  90 
teeth  respectively.  By  means  of  a  belt  drive,  E  is  caused  to  rotate  at  80  revolu- 
tions per  minute  in  a  direction  opposite  to  that  of  A.  Determine  in  magnitude 
and  direction  the  speed  of  the  shaft  B.  (Lond.  B.Sc.  1914.) 


CHAPTER  XX 
BELTS   AND  BELTING 

230.  Belt  Rope  and  Chain  Drives. — A  further  method  of  trans- 
ferring rotary  motion  is  by  means  of  belt,  rope,  or  chain  drives. 
In  these  cases  a  belt,  rope,  or  chain  is  passed  in  a  continuous 
band  over  pulleys,  and  though  the  pulleys  are  some  distance 
apart,  motion  is  transferred  as  though  they  rolled  directly  upon 
each  other.  The  two  former  methods  of  driving  cannot  be  used 
in  cases  where  exactitude  in  velocity  ratio  is  required,  but  are  of 
very  great  service  in  the  transference  of  power. 

Belting  is  generally  made  of  leather,  the  two  ends  being 
fastened  together  in  some  special  way  fully  described  in  any 
book  on  Machine  Design.  Because  of  the  nature  of  the  material 
employed,  belts  cannot  transmit  compressive  forces.  The  ultimate 
strength  (tensile)  of  leather  varies  from  3000  to  5000  Ib.  per 
square  inch.  Since  the  thickness  of  belts  is  approximately  constant, 
the  strength  is  more  conveniently  stated  in  pounds  per  inch  width. 
In  these  units,  and  taking  into  account  the  strength  of  the  joint, 
the  ultimate  strength  of  belting  varies  from  250  to  450  Ib. 
per  inch  width.  It  must  be  borne  in  mind,  however,  that  the 
breaking  strength  of  belting  has  little  to  do  with  the  design 
of  belts.  More  important  factors  from  a  practical  standpoint 
are  durability  and  immunity  from  breakdown.  As  a  result  of 
experience,  it  has  been  found  that  the  life  of  a  belt  is  increased 
by  diminishing  the  driving  force.  The  working  stress  of  belts 
should  therefore  be  70  to  120  Ib.  per  inch  width  for  single  belts 
and  about  twice  as  much  for  double  belts. 

In  rope  drives,  grooved  pulleys  must  be  used  to  keep  the  rope 
in  position.  As  the  rope  cannot  readily  be  transferred  from  one 
pulley  to  another,  the  utility  of  these  drives  is  thereby  restricted. 
Hope  is  generally  used  when  much  power  is  to  be  transferred 
continuously  between  shafts. 

Chain    drives    are    now    extensively    used,    and   from    data 
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published  seem  to  be  more  efficient  than  belt  or  rope  drives. 
The  consideration  of  chain  drives  will  be  reserved  for  a  later 
chapter. 

231.  Motion  transferred  by  Belting.— The  simplest  of  the  belt 
drives  is  the  case  when  two  co-planar  and  parallel  shafts  are  to  be 
connected.  There  are  two  possible  drives  : — (1)  An  open  belt  drive 
illustrated  in  Fig.  229  ;  and  (2)  a  crossed  belt  drive  illustrated  in 
Fig.  230.  The  distinctive  feature  of  the  first  is  that  the  directions 


PIG.  229. 


FIG.  230. 


of  rotation  of  the  shafts  are  the  same ;  of  the  second,  that  they  are 
reversed.  In  belt  drives  the  constraint  between  the  belt  and  pulley 
is  incomplete.  The  driving  pulley  carries  the  belt  with  it  because 
of  the  friction  between  pulley  and  belt.  The  belt  drives  the  follower 
for  the  same  reason.  When,  therefore,  the  force  to  be  transmitted  by 
the  driver  is  greater  than  the  force  of  friction  between  pulley  and 
belt,  the  belt  must  slip,  and  a  direct  drive  is  impossible.  In  order 
to  increase  the  friction,  the  belt  is  put  into  a  state  of  initial  tension 
when  placed  upon  the  pulley.  In  spite  of  this  tension  there  is 
always  a  certain  amount  of  slip  between  pulley  and  belt,  and  slip 
decreases  the  efficiency  of  the  drive.  One  special  reason  for  slip, 
particularly  on  small  pulleys  running  at  high  speeds,  should  be 
pointed  out.  There  is  a  tendency  for  the  belt  to  carry  with  it  on 
the  under  side,  between  the  belt  and  pulley,  a  thin  layer  of  air 
which  destroys  the  adhesion  and  reduces  the  transmissible  power. 
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In  such  cases  it  has  been  found  advantageous  to  drill  holes  in 
the  face  of  the  pulleys  fairly  close  together  so  that  the  air  carried 
under  by  the  belt  may  be  readily  squeezed  out. 

It  must  not  be  forgotten  that  there  is  one  big  advantage  in  the 
possible  slip  of  belts,  inasmuch  as  any 
unduly  great  resistance  coming  upon  the 
follower  will  make  the  belt  slip  rather 
than  cause  excessive  stresses  in,  and 
possible  fracture  of,  any  of  the  machine 
parts. 

232.  Use  of  Jockey  Pulleys.— Since 
the  belt  stretches  very  considerably  under 
its  load,  it  must  be  tightened  from  time 
to  time  in  order  to  keep  constant  the 
tension  to  which  it  is  subjected.  A  new 
belt  is  particularly  troublesome  on  this 
account.  In  order  to  save  the  labour  of 
shortening  the  belt  and  re-making  the 
joint,  and  also  in  order  to  increase  the 
arc  of  contact  of  the  belt  on  the  pulleys, 
a  jockey  pulley  (Fig.  231)  is  frequently 
employed.  This  is  fitted  on  the  slack 
side  of  the  belt,  and  is  pressed  upon  the 
belt  by  means  of  a  spring  or  hanging 

weight.     Any  variations  in  the  length  of  the  belt  or  any  "  kick  " 

in   the   belt  are   thus  readily  taken   up,   and   the   tension   kept 

approximately  constant.     The  jockey  pulley  is  always  fitted  in 

such  a  way  as  to  increase  the  angle  of  contact. 

233.  Swell  of  Pulleys. — In  order  to  keep  the  belt 
upon  the  pulleys  when  power  is  being  transmitted, 
pulleys  are  occasionally  made  with  side  flanges.  More 
generally  the  rim  is  made  convex.  This  latter  device 
suffices  because  of  the  lateral  stiffness  of  the  belt. 
Suppose  a  belt  on  a  curved  pulley  were  tending  to  slip 
off.  On  account  of  its  lateral  stiffness,  the  belt  can- 
FIG.  232.  not  slip  bodily,  but  must  first  lie  on  the  pulley  in  some 
such  position  as  shown  in  Fig.  232.  As  the  pulley 
rotates,  it  always  tends  to  straighten  the  belt,  and  thus  to  carry 
it  up  to  the  point  of  maximum  diameter.  The  creep  of  belting 
up  a  sloping  pulley  is  therefore  a  useful  practical  property.  In 


FIG.  231. 
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cases  where  an  overload  comes  suddenly  upon  the  belt,  the  latter 
is  often  thrown  off  the  pulley  before  it  has  time  to  recover  its 
position. 

234.  Fast  and  Loose  Pulleys. — A  fast  and  loose  pulley  arrange- 
ment is  a  necessary  provision  for  a  workshop  machine.  In  work- 
shops where  power  is  generally  transmitted  to  the  machines  through 
a  main  line  of  shafting,  it  is  necessary  to  have  some  means  whereby 
one  machine  may  be  stopped  without  incommoding  the  rest.  A 
typical  arrangement  as  fitted  to  a  slotting  machine  is  shown  in 
Fig.  233.  The  main  line  shaft  is  not  shown,  but  the  driving  belt 


FIG.  233. 

is  represented  by  the  two  arrows  on  the  left-hand  side  of  the  end 
view.  Between  the  main  line  and  the  machine  shaft,  a  subsidiary 
shaft,  called  the  countershaft,  is  placed.  Two  pulleys  are  arranged 
side  by  side  on  the  countershaft,  one  being  firmly  keyed  to  it,  but 
the  other  riding  loose.  The  pulley  on  the  main  line  of  shafting  is 
made  sufficiently  wide  so  that  the  connecting  belt  may  run  on  either 
fast  or  loose  pulley.  The  countershaft  drives  the  machine  by 
means  of  another  belt.  To  stop  or  start  the  machine,  the  belt 
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FIG.  234. 


between  the  main  line  shaft  and  the  countershaft  must  be  moved 
on  or  off  the  loose  pulley.  This  is  effected  by  means  of  a  fork 
which  presses  laterally  upon  the  advancing  side  of  the  belt,  the 
arrangement  for  moving  it  being  known  as  the  striking  gear. 

It  should  be  noted  that  pressure  upon  the  side  of  a  belt 
leaving  a  pulley  has  no  effect  upon  its  motion,  but  if  pressure  be 
applied  laterally  to  the  advancing  side,  say  to  the  right  as  shown 
in  Fig.  234,  the  rotation  of  the  pulley  carries 
the  belt  as  a  whole  to  the  right  of  its  original 
position.  An  important  corollary  to  be  de- 
duced from  this  is  that  the  necessary  con- 
dition for  the  transference  of  motion  by 
belting  is  that  the  advancing  side  of  the  belt 
must  always  lie  in  the  plane  of  the  pulley  on 
to  which  it  passes.  If  a  belt  approaches  a 
pulley  at  an  angle  inclined  to  the  middle 
plane  of  the  pulley,  it  will  fall  to  one  side 
after  a  small  angle  of  rotation.  The  retreating 
side  of  the  belt  may  be  moved  from  the  plane 
of  the  pulley  without  interfering  with  the  con- 
tinuity of  the  motion,  since  it  has  then  ceased  its  contact  with 
the  pulley.  This  condition  for  the  guidance  of  belts  over  pulleys 
will  be  again  considered. 

235.  Speed  Cones. — The  velocity  ratio  between  shafts  connected 
by  belting  is  fixed  by  the  pulley  diameters.  In  many  cases,  e.g. 
lathes,  workshop  machines,  etc.,  it  is  often  desirable  to  have  a 
variable  velocity  ratio.  This  can  be  effected  by  having  on  each 
shaft  a  combination  of  various  sizes  of  pulleys  called  a  speed 
cone.  Speed  cones  may  have  continuous  surfaces  (Figs.  235 
and  236)  or  stepped  surfaces  as  shown  on  the  countershaft  and 
machine  shaft  in  Fig.  233.  There  are  two  conditions  that  deter- 
mine the  diameters  of  speed  cones :  (1)  the  limiting  velocity 
ratios  to  be  transmitted,  and  (2)  the  practical  necessity  of  using 
the  same  length  of  belting  at  the  various  speeds.  In  regard  to 
the  latter  condition,  it  is  desirable  to  keep  the  same  tension  in  the 
belt  at  various  speeds.  Otherwise  the  tension  might  become  so 
great  when  the  belt  is  moved  upon  a  new  set  of  pulleys,  that  it 
might  exceed  the  strength  of  the  belt.  Alternately  the  belt 
might  become  so  slack  that  the  force  of  friction  is  insufficient 
to  withstand  the  force  to  be  transmitted.  Within  small  limits, 
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therefore,  the  theoretical  length  of  the  belting  in  various  positions 
on  the  speed  cones  should  be  constant. 


FIG.  235. 


FIG.  236. 


236.  Length  of  Belting. — There  are  various  practical  methods 
of  determining  the  length  of  belting,  such  as  by  the  use  of  string, 
etc.,    which    need    not   here    be    discussed.     The    mathematical 
expression  for  this  distance  might,   however,  very   suitably   be 
given.     There  are  two  separate  cases  to  be  considered:  (1)  open 
belt  drive ;  and  (2)  crossed  belt  drive. 

237.  Length  of  Open  Belt. — Let  the  angle  between  the  straight 
portions  of  the  belt  be  2a  (Fig.  237). 


FIG.  237. 


Also 


/.  angle  CAE  =  — -{-  a 
angle  DBF  =  ^—  a 

r     —  Tc 

sm  a  =  -A—J — - 
a 


where  rit  r2  are  the  radii  of  the  pulleys,  and  d  is  the  distance  AB. 
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.-.  length  of  belt  =  2(OE  +  EF  +  FD) 

) 


=     r,  a 


|  -  a)  j 


Now  {<P  -  (r,  - 


When  e£  is  large  in  comparison  to  rx  —  r2,  a  can  be  replaced 
by  sin  a,  and  all  terms  after  the  second  can  be  neglected  in  the 
expansion  of  {d2  —  (rj  —  ?' 


/.  L  =  2 


77 


d 


d  — 


(1) 


It  can  be  seen  from  this  expression  that  as  — ,  the  velocity 

r2 

ratio  transmitted,  increases,  the  length  (rj  +  r2)  diminishes. 

238.  Length   of   Crossed   Belt. — Let  the  angle  between  the 
belting  be  2a  (Fig.  238). 


TT 


Also 


FIG.  238. 

/.  angle  CAE  =  angle  DBF  =  ^  +  a 

ri 

sin  a  =  — 


Length  L  =  2(CE  +  EF  +  FD) 
;  .      =  2ri(J+  a) 


.     (2) 
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It  is  clear  from  this  expression  that  L  is  constant  if  a  and 
ri  +  T2  are  constant.  Since  a  varies  with  (rx  +  r2),  L  is  constant 
when  (?*!  +  rz)  ig  constant.  Hence  the  simple  rule  in  the  design 
of  speed  cones  for  a  crossed  belt  is  that  the  sum  of  the  radii  of 
the  corresponding  parts  of  the  cones  should  be  constant.  A  speed 
cone  with  a  continuous  surface  is,  for  example,  truly  conical 
(Fig.  236)  when  the  belt  is  crossed. 

239.  Transmission  of  Motion  by  Belting  between  Non-parallel 
Shafts. — Belting  may  in  certain  cases  be  used  to  transmit  motion 


,\ 


J 


FIG.  239. 


between  non-parallel  shafts.  It  has  been  seen  previously  that 
the  underlying  condition  for  the  transference  of  motion  by  belting 
is  that  the  advancing  part  of  the  belt  must  lie  in  the  plane  of  the 
pulley  upon  which  it  passes,  that  is,  that  the  point  at  which  the 
belt  is  delivered  from  one  pulley  must  lie  in  the  plane  of  the  other 
pulley.  This  condition  must  be  kept  in  mind  when  designing 
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pulleys  to  transmit  motion  between  non-parallel  shafts.  In 
practically  all  these  cases,  motion  can  be  transmitted  in  one 
direction  only ;  when  the  motion  is  reversed,  the  belt  is  thrown  off 
the  pulleys. 

When  two  shafts  are  at  right  angles  and  in  different  planes 
this  condition  may  be  fulfilled  by  the  use  of  two  pulleys  only,  if 
a  judicious  choice  of  their  positions  be  made.  In  Fig,  239  three 
views  of  such  an  arrangement  is  shown,  the  arrows  giving  the 
direction  of  motion.  Clearly  in  this  case  the  point  at  which  the 


FIG.  240. 

belt  is  delivered  from  each  pulley  lies  in  the  plane  of  the  other 
pulley.     The  motion  cannot  be  reversed. 

In  the  most  general  case  of  non-parallel  shafts  guide  pulleys 
must  be  used.  In  Fig.  240  an  example  of  the  use  of  guide  pulleys 
is  shown. 

EXAMPLE  1. — A  shaft  which  rotates  at  a  constant  speed  of  240  revolutions 
per  minute  is  connected  by  belting  to  a  parallel  shaft  10  feet  distant,  which  has 
to  run  at  80,  120,  or  160  revolutions  per  minute.  The  minimum  diameter  of 
the  speed  cone  on  the  driver  is  10  inches.  Determine  the  remaining  diameters 
of  the  two-speed  cones  (1)  for  a  crossed  belt,  (2)  for  an  open  belt. 


BELTS   AND   BELTING  253 

Let  du  dtt  d3  be  the  diameters  of  the  speed  cone  on  the  driver,  and  let  d^ 
<Z5,  d6  be  the  corresponding  diameters  of  the  speed  cone  on  the  driven  shaft  for 
the  lowest,  intermediate,  and  highest  speeds.  When  the  belt  is  on  the  minimum 
diameter  of  the  driver  cone,  the  driven  shaft  is  running  at  its  minimum  speed  of 
80  revolutions  per  minute. 

/.  diameter  of  driven  speed  cone  at  lowest  speed  =  10  x  -2s40ft 

=  30  inches. 

(1)  The  condition  that  the  length  of  the  crossed  belt  should  be  constant  is 
satisfied  by  making  the  sum  of  the  diameters  of  the  speed  cones  constant,  and 
in  this  case  equal  to  40  inches. 

For  the  intermediate  speed  -/  =  |f&  and  d2  +  d5  =  40. 

as 
:.  dz  =  13-33  inches  ;  d5  =  26'67  inches. 

For  the  highest  speed  ^  =  i|g  and  ds  +  d6  =  40. 
<*« 

/.  d3  =  16  inches  ;  d6  =  24  inches. 

(2)  For  the  open  belt  the  length  of  the  belt  is  constant  and  equal  to 

(r  —  r 
L  =  wfa  +  r4)  +  2d  +  ^  1        4 

(5 


=  7r(5  +  15)  +  240 
=  303-66  inches. 

-£  - 


For  the  intermediate  speed 
and  7r(r2  +  r8)  +  240  +  ^^p-  =  303'66 

/.  7r(2r2  +  r2)  +  ^2  i^  =  63'66 

/.  37rr2  +  ^Q  =  63-66 
.'.  d2  =  13-44  inches ;  d5  =  26-88  inches. 
For  the  highest  speed  -^  =  £fg 

and  7r(r3  +  re)  +  240  +      ^      =  303'66 

63-66 


/.  cZ3  =  16-2  inches ;  d6  =  24-3  inches. 

240.  Force  transmitted  by  Belting. — Suppose  a  piece  of  belt- 
ing rests  upon  a  fixed  pulley  and  supports  two  weights,  Wx  and  W2, 
at  its  extremities  (Fig.  241).  Neglecting  friction,  W1  =  W2  for 
equilibrium.  Taking  friction  into  account,  the  greatest  difference 
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between  Wt  and  W2  must  be  F,  the  frictional  force  between  the 
belt  and  pulley. 

.*.  Wi  =  W2  -f-  F  for  the  limiting  state  of  equilibrium  ; 
or  Tj  =  T2  +  F  where  Tj  and  T2  are  the  corresponding 
tensions  in  the  belt. 

The  tension  T2  in  the  belt,  therefore,  gradually  increases  to  Tx 
as  the  belt  wraps  round  the  pulley.  The 
frictional  force  F  is  clearly  dependent  upon  the 
magnitude  of  0,  the  angle  of  contact  between 
belt  and  pulley,  and  also  upon  the  coefficient 
of  friction. 

Assume  now  that  the  pulley  is  caused  to 
rotate  and  carry  a  continuous  belt  with  it.  The 
condition  that  there  is  no  relative  motion  be- 
tween pulley  and  belt  must  be  exactly  the 
same  as  before,  i.e.  Tj  —  T2  must  not  be  greater 
than  F.  In  other  words,  a  driving  pulley  only  moves  the  belt 
because  of  the  frictional  force  between  the  two.  It  matters  little 
what  the  actual  tensions  Tj  and  T2  are,  for  it  will  be  shown  later 
that  the  mean  tension  of  the  two  sides  of  the  belt  is  practically 
independent  of  the  power  transmitted,  and  may  be  taken  as 
approximately  equal  to  the  tension  when  the  belt  is  at  rest. 

Let  AB  be  the  driver  and  CD  the  follower  of  a  pair  of  pulleys 
(Fig.  229).  Let  TI  be  the  tension  in  the  tight  side  of  the  belt,  i.e. 
in  AD.  Let  T2  be  the  tension  in  the  slack  side  of  the  belt,  i.e.  in  BC. 

.*.  force  transmitted  =  Tx  —  T2 
.*.  work  done  =  (Tx  —  T2)v,  where  v  =  velocity  of  belt. 

It  is  interesting  to  note  that  the  same  quantity  of  work  may 
be  done  by  increasing  v  and  diminishing  Tj  —  T2.  A  ready 
method  of  increasing  v  without  altering  the  speed  of  the  driver 
or  other  conditions  of  the  drive  is  by  increasing  proportionately 
the  diameters  of  the  pulleys  upon  the  driving  and  driven  shafts. 
By  doing  so,  the  possibility  of  slip  is  minimized  (see  par.  249). 

241.  Velocity  Ratio  transmitted  by  Belting. — It  has  already 
been  pointed  out  that  one  of  the  disadvantages  of  a  belt  drive  is 
that  the  velocity  ratio  transmitted  is  not  exact.  With  the  trans- 
mission of  power,  and  especially  when  the  power  is  variable,  there 
is  a  certain  amount  of  slip  between  belt  and  pulley  that  cannot 
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be  theoretically  determined.  On  this  account,  belting  is  not  used 
when  it  is  desired  to  transmit  a  definite  velocity  ratio. 

An  approximate  velocity  ratio  is  obtained  by  neglecting 
(1)  the  thickness,  (2)  the  stretch  of  the  belt,  and  (3)  any  possible 
slip.  Allowance  for  each  of  these  factors  can  be  made  separately. 

Let  r1}  r2  be  the  radii  of  two  pulleys  and  o^,  o>2  their  respective 
angular  velocities.  Then  the  linear  speed  of  the  belt  passing  over 
the  two  pulleys  is  constant  and  equal  to  co^  or  o)2r2. 


,«v 


242.  (1)  Allowance  for  Thickness  of  Belt.—  It  will  be  clear 

that  neglecting  slip,  the  outer  surface  of  ^ 

the  pulley  has  the  same  velocity  as  the 

inner  surface  of  the  belt. 

Let  t  =  thickness  of  belt.  \  /         ^ 

Let    mean    velocity    of   belt  =  v  =  »        **L 

velocity    of    belt    midway    between    its 


By  allowing  for  the  thickness  of  the 
belt,  the  effective  radius  of  each  pulley  is 
increased  (Fig.  242). 


Hence 

"        N 


v  =  w^  +  j\  =  a)2(r2  +  | 


243.  (2)  Allowance  for  Creep  of  Belt. — The  phenomenon  of 
creep  of  belt  arises  through  the  difference  in  tension  on  the  two 
sides  of  a  belt.  It  may  be  best  understood  by  means  of  a  simple 
experiment.  A  belt  with  two  weights,  Wj,  W2,  at  its  extremities, 
is  supported  on  a  fixed  pulley  (Fig.  243).  Let  the  weight  W1  be 
greater  than  the  weight  W2,  but  let  the  difference  between  the  two 
be  smaller  than  the  total  frictional  force  between  belt  and  pulley. 
Hence  since  the  pulley  is  fixed,  the  belt  will  not  slip.  When  in 
position,  make  a  mark  B  on  the  belt  opposite  to  a  mark  A  on 
the  pulley. 

Now  let  the  pulley  rotate  slowly  so  that  the  point  A  reaches  the 
point  Ax.  A  strip  of  belting,  formerly  off  the  pulley  and  subjected 
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to  a  tension  W2,  now  lies  upon  it,  and  is  subjected  to  a  tension 
which  varies  between  W2  and  Wj.  The  original  length  of  this 
strip  was  AAl ;  the  final  length  will  be  greater,  since  the  mean 
stress  is  increased,  i.e.  the  original  point  B  does  not  coincide  with 
AJ  in  the  final  position,  but  lies  at  Bx  nearer  Wj. 

Similarly,  if  a  mark  A  be  placed  on  the  pulley  opposite  to  the 
mark  B  on  the  belt  as  in  Fig.  244,  and  the  motion  be  reversed, 
whilst  A  has  moved  to  Alt  B  will  only  move  to  Bx.  In  both  cases, 
creep  is  towards  the  side  of  the  greater  tension. 

These  cases  are  analogous  to  the  cases  of  the  driven  and  the 


A      0     %3i 


iW, 

i 

i 


2  r--. 

FIG.  243.  FIG.  244. 

driving  pulley  respectively,  and  hence  may  be  combined  to  study 
the  case  of  continuous  belting.  Since  the  same  weight  of  belt 
must  pass  any  given  point  in  a  given  time,  the  speed  of  the  belt 
must  be  greater  where  the  elongation  is  greater,  that  is,  where  the 
tension  is  greater.  The  length  of  the  belting  received  by  the 
driven  pulley  in  unit  time  determines  its  speed;  similarly,  the 
length  of  the  belting  received  by  the  driving  pulley  in  unit  time 
determines  its  speed.  The  driven  pulley,  therefore,  has  the  speed 
of  the  slack  side  of  the  belt  and  the  driving  pulley  that  of  the 
tight  side. 

In  order  to  determine  the  difference  in  the  length  of  the  belt  on 
either  side  of  the  pulley,  the  relation  between  the  stress  and  strain 
of  leather  must  be  known.  Leather  is  not  perfectly  elastic,  but 
for  moderate  stresses  gets  stiffer  as  the  stress  increases.  The 
factor  of  time,  too,  is  of  considerable  importance,  making  very 
indefinite  the  relationship  between  stress  and  strain.  Assume 
that  the  load  extension  diagram  for  leather  within  the  elastic 
limit  is  parabolic  in  form. 
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Then  E  =  —  where  E  ==  modulus  of  elasticity 

6 

/  =  stress 

extension 

and  = 


original  length 
Hence,  the  original  length  of  the  tight  side  I  becomes  I  +  ~^r- 1 

iV, 


and  the  original  length  of  the  slack  side  I  becomes  I  -\ 

where  flt  /2  are  the  stresses  in  the  tight  and  slack  sides  respec- 
tively. 

Let  dlt  d2  be  the  diameters  and  Nlf  N2  the  revolutions  per 
minute  of  the  driving  and  driven  pulley  respectively. 

/.  peripheral  velocity  of  driving  pulley  =  TrdlN1 


which  varies  as  I  -\ 

.-.  peripheral  velocity  of  driven  pulley  = 

which  varies  as  I  -\  —  ^r^» 


_  ,~ 

~x 


The  number  of  revolutions  made  by  the  driven  pulley  is  there- 
fore not  so  great  as  when  determined  by  the  formula  which 
neglects  creep.  When  no  power  is  transmitted,  the  tensions  on  the 
two  sides  of  the  belt  are  equal,  and  there  is  consequently  no  creep. 

It  should  be  borne  in  mind  that  since  the  elongations  of  belt- 
ing are  not  proportional  to  the  stresses,  (Tj  +  T2)  is  not  constant, 
as  is  assumed  in  the  ordinary  theory  of  belting.  Let  the  load 
extension  diagram  be  parabolic,  as  previously  assumed,  and  let 
the  stresses  be/1?/2,  and/0,  corresponding  to  the  tensions  Tx,  T2, 
and  the  initial  tension  T0.  If  21  be  the  original  length  of  the 

belt,  the  initial  elongation  will  be  —  fp**  and  ^e   approximate 

elongations  on  the  tight  and  slack  sides     J^  *•  and  -^r2  respectively. 

_rL  K 

But  the  total  length  of  the  belt  must  be  constant. 
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Hence  the  sum  of  the  tensions  when  running  is  greater  than 
twice  the  initial  tension.  This  result  has  been  proved  correct  by 
experiments  made  by  Mr.  W.  Lewis.* 

244.  (3)  Allowance  for  Slip  of  Belt.—  Slip  of  belting  may  be 
denned  as  the  relative  motion  between  pulley  and  belt.  The 
difference  in  the  linear  speeds  of  pulley  rim  and  belt  is  the 
measure  of  the  slip. 

Assume  that  there  is  a  slip  of  xi  per  cent,  between  the  driving 
pulley  and  the  belt.  If  the  peripheral  velocity  of  the  pulley  is 
(neglecting  the  thickness  of  the  belt),  the  linear  velocity  of 


the  belt  is  only  —  ^  ~  Xl 

Assume  that  there  is  a  slip  of  x^  per  cent,  between  the  belt 
and  the  driven  pulley.    The  peripheral  velocity  of  the  driven 

pulley  eo2r2  is  —  TTT^  Per  cent'  °f  ^at  °f  ^e  belt. 


100  —  x2  100  — 
That  is,  *>2r2  =     ~m         -j 


This  may  be  re-written  eo2r2  =  —      —  o^,  where  n  will  be  the 


total  percentage  of  slip  between  the  driving  and  the  driven  pulley. 

T$Z_di    100  —  71 

•Nj""^'     100 

EXAMPLE  2.  —  A  pulley  20  inches  in  diameter  is  driven  at  a  speed  of  500 
revolutions  per  minute  by  means  of  a  belt  \  inch  thick.  What  must  be  the 
speed  of  the  belt— 

(1)  Neglecting  the  thickness  of  the  belt. 

(2)  Taking  the  thickness  into  account. 

(3)  Assuming  also  in  the  latter  case  a  slip  of  4  per  cent.  ? 

(1)  Velocity  of  belt  =  cor  =  ^  '^  x  10 

=  524  feet  per  second. 

(2)  Velocity  of  belt  =  o/r  +  0 

2*r.500  rth  . 
=  —  60-'<10  +  *> 
=  537  feet  per  second. 

(3)  Velocity  of  belt  , 


—  559  feet  per  second. 
*  Trans.  Am.  Soc.  Mech.  Eng.,  1907. 
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245.  Ratio  between  Tx  and  T2  in  the  Limiting  Conditions  of 
Equilibrium. — Before  the  power  transmissible  by  belting  can  be 
fully  determined,  it  is  necessary  to  find  the  ratio  between  the 
tensions  on  the  tight  and  slack  sides  of  the  belt.  Let  Fig.  245 
represent  a  driving  pulley  rotating  clockwise.  Let  0  be  the  total 
arc  of  contact,  and  p  the  coefficient  of  friction  between  belt  and 
pulley. 

Consider  the  forces  acting  on  an  elemental  piece  of  belt  sub- 
tending an  angle  SB  at  the  centre  of  the  pulley.  These  forces  are 
T  and  (T  +  ST),  the  tensions  at  the  two  extremities  of  the  belt, 


J+dJ 


d 

/ 
c 


f 


FIG.  245.  FIG.  246. 

the  reaction  E  acting  radially,  and  the  force  of  friction  /*E  oppos- 
ing the  possible  slip  and  acting  perpendicularly  to  E. 

Draw  the  force  diagram  abed  (Fig.  246). 

ab  =  T,  Ic  =  T  +  8T,  cd  =  jLtE,  and  da  =  E.  Since  the  forces 
are  assumed  to  be  in  equilibrium,  the  force  polygon  closes. 

Eesolve  the  forces  radially,  i.e.  along  da. 


on 

=  2T  sin  -JT-,  since  the  last  term  is  negligible     (7) 

a 


Eesolve  the  forces  tangentially,  i.e.  perpendicular  to  da. 


Rfl  fit) 

=  (T  +  ST)  cos  d    -  T  cos 


(8) 
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Since  89  is  small,  sin  -^   may  be  taken  as  equal  to      ,  and 

cos  ^  may  be  taken  as  unity. 

2t 

/.  Equation  (7)  becomes  .  .  .  .  E  =  T8B    ...     (9) 
and  Equation  (8)  becomes  .  .  .  juK  =  8T      .     .     .  (10) 

<sm 

.-.  dividing,        = 


Integrating  between  the  corresponding  limits  Ta  and  T2  and 
6  and  0. 


where  c  is  the  base  of  the  hyperbolic  logarithms. 

Eemembering  that  loge  x  =  2'3  Iog10  x,  this  equation  may  be 
written — 


246.  Determination  of  Angle  of  Contact  —  It  must  be  par- 
ticularly noted  that  when  two  pulleys  transmitting  power  are 
unequal  in  size,  the  angle  6  must  be  taken  as  the  minimum  angle 
of  contact,  i.e.  the  angle  of  contact  on  the  smaller  pulley.  Obviously 
slip  will  commence  where  the  frictional  force  is  smaller. 

The  angle  6  may  be  readily  found,  either  graphically  or  by 
calculation.  In  the  latter  case  for  open  belts 

~=  angle  FED  =  angle  EAB  (Fig.  237). 

A 


For  crossed  belts 


?  =  £  —  angle  ABF  =  £  —  angle  BAE(Fig.  238). 
22  2 


In  the  latter  case,  the  arcs  covered  on  the  two  pulleys  are 
clearly  the  same,  and  both  are  larger  than  the  arc  in  the  former 
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case.  On  this  account  greater  power  can  be  transmitted  with 
crossed  belts  than  with  open  belts,  other  things  being  equal.  It 
must  be  borne  in  mind  that  0  in  the  formula  (11)  must  be  expressed 
in  circular  measure. 

EXAMPLE  3.  —  A  shaft  running  at  90  revolutions  per  minute  is  to  drive 
another  at  225  revolutions  per  minute  and  transmit  14  H.P.  The  belt  is  4^ 
inches  wide  and  T^  inch  thick,  and  the  coefficient  of  friction  between  belt  and 
pulley  is  O25.  The  distance  between  the  axes  of  the  shafts  is  9  feet,  and  the 
smaller  pulley  is  24  inches  diameter.  Calculate  the  stress  in  (1)  an  open  belt, 
(2)  a  crossed  belt  connecting  the  pulleys. 

_ 


33,000 


14  x  33,000 
i  —  J-2  =  10  7   =  326  Ib. 


(1)  By  graphical  construction  or  otherwise,  the  angle  of  contact  for  an  open 
belt  is  found  to  be  200°  for  the  larger  pulley,  and  160°  for  the  smaller.  The 
smaller  angle  must  be  used  in  calculating  the  tension  ratios.  160°  =  2-79 
radians. 

/.  2-3  Iog10  ^  =  pO  =  0-25  x  2-79 


T,  =  648  Ib. 

f*M  Q 

.'.  stress  =  jj — -=-  =  328  Ib.  per  square  inch. 
%  x  \^ 

(2)  By  graphical  construction,  the  angle  of  contact  for  a  crossed  belt  is  found 
to  be  227°,  being  the  same  for  both  pulleys.    227°  =  3'96  radians. 

/.  2-3  Io1        =  0-25x3-96 


-2^)  =  326 
T,  =  518  Ib. 

e  -i  Q 

.*.  stress  =  -n =-  =  263  Ib.  per  square  inch. 

4i  x  & 

247.  Centrifugal  Tension. — So  far  no  account  has  been  taken  of 
the  centrifugal  force  induced  in  that  part  of  the  belt  in  contact 
with  the  pulleys.  The  effect  of  this  centrifugal  force  is  to  augment 
the  load  throughout  the  belt  by  an  amount  which  is  known  as  the 
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centrifugal  tension.  Centrifugal  tension  is  negligible  at  low  speeds, 
but  becomes  a  very  important  factor  when  the  speed  of  the  belt 
is  more  than  about  2500  feet  per  minute.  If  the  maximum 
tension  of  a  belt  is  limited  by  considerations  of  strength,  the  effect 
of  centrifugal  tension  is  to  decrease  the  driving  power  of  the  belt. 
Indeed,  at  a  speed  of  about  10,000  feet  per  minute,  the  centrifugal 
tension  is,  approximately,  equal  to  the  strength  of  the  belt,  which 
will  therefore  cease  to  drive. 

To  find  an  expression  for  the  centrifugal  tension  of  a  belt,  let  — 

w  =  weight  of  unit  length  of  belt. 
v  =  linear  velocity  of  belt. 
r  =  radius  of  pulley. 

Consider  an  elemental  portion  of  belt  which  subtends  an  angle 
86  at  the  centre  of  the  pulley  (Fig.  247). 
The  weight  of  this  piece  of  belt  is  wrSB. 


.  >f      I*  W  v*  ^Q 

/.  centrifugal  force  =  ---  =  —  80 

9     T         9 

The  belt  is  kept  in  equilibrium  by  two  equal  forces,  T3,  acting 
tangentially  at  the  extremities.  From  the  force  diagram  (Fig.  248)  — 


FIG.  247.  FIG.  248. 


on 

Centrifugal  force  =  2T3  sin  -=-  =  T380 


89  •  11     1 

since  -gr  is  a  very  small  angle. 


=          ....     (14) 
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In  using  this  formula,  great  care  must  be  exercised  in  fixing 
the  units.  Eeference  should  be  made  to  par.  60,  p.  50,  where 
the  formula  is  further  discussed. 

The  centrifugal  tension  in  a  belt  is  independent  of  both  the 
initial  tension  and  the  tension  required  for  the  transmission  of 
power.  If,  for  example,  TI  and  T2  are  the  necessary  tensions  in 
the  tight  and  slack  sides  respectively  of  a  belt  for  the  transmission 
of  a  given  horse-power  at  a  given  speed  when  the  centrifugal 
tension  is  neglected,  it  is  clear  that  the  actual  tensions  in  the  belt 
are  (Tx  +  T3)  and  (T2  +  T3)  respectively  when  the  centrifugal 
tension  is  superimposed.  That  is  to  say,  the  belt  must  be  designed 
to  withstand  a  tension  of  at  least  (Tx  +  T3). 

248.  Maximum  Power  transmitted  by  a  given  Belt. — It  has 
just  been  pointed  out  that  the  effect  of  centrifugal  tension 
is  to  decrease  the  driving  power  of  the  belt.  Allowing  for  the 
centrifugal  tension,  there  is  a  definite  velocity  at  which  maximum 
power  is  transmitted  by  a  given  belt. 

Let  T  be  the  maximum  working  load  to  which  a  given  belt 
can  be  subjected,  Tx  and  T2  the  tensions  on  the  tight  and  slack 
sides  respectively  for  the  transmission  of  the  power  under  the 
given  conditions,  and  T3  the  tension  due  to  the  centrifugal  action. 
Let  v  be  the  linear  velocity  of  the  belt. 

.*.  power  transmitted  =  (Tj  —  T2)v      .     .     (15) 


Also  T  =  T1  +  T3  =  T1  +  ^    .     .    .     (16) 

tj 

From  (15)  it  is  apparent  that  the  power  transmitted  increases 
with  v  if  (Tj  —  T2)  remains  constant,  whilst  from  (16)  it  is 
apparent  that  as  v  increases,  Tx,  and  therefore  (Tx  —  T2),  diminishes, 
since  T  is  constant  for  any  given  belt.  Both  terms  of  (15)  there- 
fore vary,  the  one  increasing  as  the  other  diminishes.  The 
problem  is  to  find  the  value  of  v  for  which  the  product  (Tx  —  T2)v 
is  a  maximum. 

T 

Assuming  that  ~r  =  e/*0,  the  power  transmitted  may  be  ex- 

pressed in  terms  of  the  one  variable  v. 

Power  transmitted  =  P  =  (Tj  —  T2)v  =  T^fl  --  e  j 


=  (T  -  Tjjfo,  where  k  =  (l  - 
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Differentiating  with  regard  to  v,  and  equating  to  zero  for  a 
maximum, 


._ 

dv  \  g  /        g 


=T__ 


f  •  m 

.'.  for  maximum,  T  =  --  ,  or  v  = 

9 

T 

It  will  be  noticed  that  T3  =  -.     This  result  may  therefore  be 

o 

remembered  in  the  convenient  form  that  for  the  transmission  of 
maximum  power,  the  speed  of  the  belt  must  be  such  that  the 
stress  due  to  centrifugal  tension  is  one-third  of  the  maximum 
working  strength  of  the  belt.  The  tension  of  the  belt  for  driving 
purposes,  i.e.  the  friction  tension,  is  then  two-thirds  the  maximum. 

EXAMPLE  4.  —  Leather  belting  weighing  0*036  Ib.  per  cubic  inch  has  a 
maximum  permissible  tension  of  300  Ib.  per  square  inch.  '  Find  the  maximum 
H.P.  that  can  be  transmitted  by  a  belt  10  ins.  x  T7g  in.  if  the  ratio  of  the  friction 
tensions  be  2. 

Volume  of  1  foot  of  belt  =  10  x  ^  x  12  c.  ins. 
Weight  of  belt  per  linear  foot  =  10  x  ^  x  12  x  0-036 

=  1-89  Ib. 

Maximum  load  carried  by  belt  =  10  x  ^  x  300 

=  1312-5  Ib. 

When  maximum  load  is  transmitted,  the  centrifugal  tension  amounts  to  |  of 
the  load  carried  by  the  belt. 

T    _  wv*  _  1312-5 

13-y:  -3- 

9  4   '»—       f~  t  >_.     — 

•••  =437'5xrs9 

v  -  86-3  feet  per  second. 

The  maximum  friction  tension  in  the  belt  is  f  of  the  load  carried  by  the  belt. 

Tj  =  875  Ib.     T2  =  437-5  Ib. 

Maximum  H.P.  transmitted  =  (T*~T2)v      437^x^3 

550  550 

=  68-7 

249.  Design  of  Belts.  —  The  size  of  a  belt  depends  upon  the 
maximum  load  to  which  it  is  subjected.  When  //,,  6,  the  horse- 
power to  be  transmitted,  and  the  speed  of  the  belt  are  given,  the 
tension  Tj,  on  the  tight  side  may  be  calculated,  and  hence  an 
approximate  size  of  belt  determined.  Knowing  the  weight  per 
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foot  run  of  this  proposed  belt,  the  centrifugal  tension  may  be 
calculated,  and  the  belt  re-designed  to  withstand  safely  the  load 
TI  +  T8. 

It  must  be  noted,  however,  that  the  value  of  Tx  +  T3  obtained 
in  this  way  represents  the  minimum  tension  in  the  belt  necessary 
for  the  transmission  of  the  given  horse- power.  The  actual  tension 
may  be  much  higher,  depending  as  it  does  upon  the  initial  tension 
in  the  belt. 

Perhaps  an  example  may  make  this  point  clear.  Suppose  in 
a  given  case  that  Tx  —  T2  must  equal  say  400  Ib.  in  order  to 
transmit  a  given  horse-power,  and  that  p,  and  0  are  such  that  ef* 
=  2.  In  order  to  save  complexity  assume  that  the  speed  is  so 
small  that  centrifugal  tension  may  be  neglected.  Evaluating  TI 
and  T2  by  means  of  (11),  Tx  =  800  Ib.  and  T2  =  400  Ib.,  and 
the  original  tension  may  be  taken  as  600  Ib.  But  there  is  no 
guarantee  in  practice  that  the  tension  in  the  belt  is  this  amount. 
It  may  be  less  or  greater,  say  500  Ib.,  or  say  700  Ib.  In  the 
first  case,  the  requisite  tensions  for  the  transmission  of  the  horse- 
power would  be  700  Ib.  and  300  Ib.,  and  in  the  second  case 
900  Ib.  and  500  Ib.  In  the  first  case,  therefore,  4*  must  equal 
J^  or  2 '34,  whilst  in  the  second  case,  it  need  only  equal  fgg  or 
1*8.  That  is  to  say,  in  the  first  case  the  belt  will  not  transmit 
the  required  horse-power,  whilst  in  the  second  case  it  could 
transmit  more  than  the  required  horse-power.  By  these  illustra- 
tions, it  can  be  seen  that  belting  must  have  a  minimum  tension 
before  a  given  horse-power  can  be  transmitted,  and  the  ordinary 
calculations  only  determine  what  that  minimum  tension  is.  It 
by  no  means  follows  that  a  belt  designed  in  this  way  can  with- 
stand the  actual  tension  to  which  it  may  be  subjected  because 
of  its  high  initial  stress.  The  initial  tension  in  the  belt  might 
conceivably  be  so  great  as  to  cause  fracture  before  the  required 
horse- power  is  transmitted. 

A  further  point  to  be  taken  into  consideration  is  the  effect 
of  the  pressure  upon  the  bearings.  The  resultant  force  acting 
upon  each  bearing  is  the  vector  sum  of  Tt  and  T2,  and  more  work 
is  therefore  lost  in  friction  at  the  bearings  as  the  initial  tension 
in  the  belt  is  increased. 

To  summarize,  care  must  be  exercised  in  fixing  the  initial 
tension  in  belts.  The  belt  must  not  be  so  slack  that  it  fails  to 
drive  properly  without  excessive  slip,  nor  so  tight  that  it  wastes 
power  in  excessive  friction  at  the  bearings.  It  is  necessary  in 
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practice  to  provide  a  moderate  excess  of  initial  tension  over  the 
theoretical  amount  in  order  to  be  assured  of  a  reasonable  margin 
of  safety  for  changes  in  atmospheric  conditions  affecting  tensions 
and  surface  conditions. 


EXERCISES  XX 

1.  A  pulley  15  inches  in  diameter  drives  a  pulley  60  inches  in  diameter  by 
means  of  a  belt  ^  inch  thick.     The  driver  makes  200  revolutions  per  minute. 
Find  the  speed  of  the  driven  pulley — 

(a)  neglecting  the  thickness  of  the  belt ; 

(6)  taking  the  thickness  into  account ; 

(c)  assuming  also  in  the  latter  case  a  total  slip  of  5  per  cent. 

2.  It  is  required  to  transmit  motion  from  one  shaft  to  a  parallel  shaft  by 
means  of  belting,  and  the  maximum  and  minimum  velocities  ratios  are  to  be 
9  to  1  and  4  to  1.     The  distance  apart  of  the  two  shafts  is  10  feet,  and  the  smaller 
pulley  of  the  speed  cone  on  the  faster  shaft  is  to  be  6  inches  in  diameter.    Find 
the  diameters  of  all  the  other  pulleys  of  the  two  speed  cones  if  the  belt  is  a 
crossed  belt,  and  also  the  length  of  the  belt.     Find  also  the  length  of  an  open 
belt  connecting  the  9  to  1  pulleys.    Would  this  belt  be  of  the  right  length  for 
the  4  to  1  pulleys  ?  (Lond.  B.Sc.  1905.) 

3.  Two  parallel  shafts  16  feet  apart  are  provided  with  pulleys  20  and  30 
inches  in  diameter  respectively,  and  are  connected  by  means  of  a  crossed  belt. 
If  it  were  desired  to  alter  the  direction  of  rotation  of  the  driven  shaft  without 
altering  that  of  the  driving  shaft,  find  by  how  much  the  belt  would  need  to  be 
shortened. 

4.  A  shaft  is  to  be  driven  at  varying  speeds  by  means  of  an  open  belt  and 
speed  cones  from  another  shaft  which  revolves  at  a  uniform  rate.    The  driver 
makes  120  revolutions  per  minute,  and  the  follower  is  required  to  revolve  at  the 
different  speeds  of  100,  200,  and  300  revolutions  per  minute.    The  distance 
between  the  centres  of  the  shafts  is  8  feet.    When  the  driven  shaft  is  rotating 
at  100  revolutions  per  minute,  the  diameters  of  the  pulleys  on  the  driver  and 
driven  are  respectively  12£  inches  and  15  inches.    Determine  the  diameters  of 
the  remaining  four  pulleys  in  order  that  the  belt  may  remain  unchanged  in  length 
as  it  passes  from  one  pair  of  pulleys  to  another.  (Lond.  B.Sc.  1912.) 

5.  A  compressor  is  driven  by  a  gas  engine  of  18  I.H.P.  running  at  240  revo- 
lutions per  minute,  by  means  of  a  belt  \  inch  thick  from  the  engine  pulley,  which 
is  1  foot  in  diameter.    The  compressor  is  double-acting,  mean  pressure  50  pounds 
per  square  inch,  cylinder  diameter  8  inches,  stroke  14  inches.     If  the  mechanical 
efficiency  of  the  engine  is  82  per  cent.,  of  the  compressor  86  per  cent.,  and  if  the 
slip  of  the  belt  is  5  per  cent.,  find  the  maximum  speed  at  which  the  compressor 
can  be  run  and  the  minimum  diameter  of  the  pulley  fitted  to  it. 

(Lond.  B.Sc.  1910.) 

6.  A  pulley  12  inches  in  diameter  running  at  200  revolutions  per  minute,  is 
connected  by  belting  to  another  pulley  which  has  to  run  at  120  revolutions  per 
minute.     The  belting  is  ^  mch  thick,  6  inches  wide,  and  weighs  0'04  Ib.  per 
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cubic  inch.  Allowing  a  slip  of  3  per  cent,  between  the  belt  and  each  pulley, 
determine  the  size  of  the  second  pulley.  Calculate  also  the  stress  in  the  belt 
due  to  centrifugal  tension. 

7.  A  pulley  of  diameter  D,  running  at  100  revolutions  per  minute,  drives  a 
pulley,  6  inches  in  diameter,  at  800  revolutions  per  minute,  by  means  of  a  belt 
J  inch  thick.     Allowing  for  a  slip  of  3  per  cent.,  find  D. 

If  the  horse-power  transmitted  by  the  belt  is  8,  and  the  working  tension  per 
inch  width  of  belt  is  100  pounds,  find  the  width  of  the  belt,  assuming  that  the 
tension  on  the  tight  side  is  twice  the  tension  on  the  slack  side. 

(Lond.  B.Sc.  1910.) 

8.  A  pulley  is  fixed  to  the  crank  shaft  of  an  engine  as  shown  in  Fig.  249. 
The  thrust  along  the  connecting  rod  is  5000  Ib.  when  the  crank  makes  an  angle 
of  60°  with  the  line  of  dead  centres.    The  ratio  of  Tj  to  T2  is  2.    Find  the 


FIG.  249. 

values  of  Tl  and  T2  and  the  resultant  thrust  pressure  on  the  crank  shaft  in 
magnitude  and  direction.  Length  of  crank  1  foot,  and  of  connecting  rod  4  feet. 
Diameter  of  pulley  4  feet. 

9.  How  many  times  must  a  hemp  rope  1^  inches  in  diameter  be  passed 
round  a  post  if  a  force  of  5  Ib.  at  the  slack  end  is  just  to  hold  it  when  it  is  about 
to  break  on  the  tight  side  ?    The  breaking  strength  of  a  1|  inch  hemp  rope  may 
be  taken  as  18,000  Ib.,  and  ft  =  0'4.     Prove  the  formula  you  employ. 

(Lond.  B.Sc.  1907.) 

10.  A  strap  hangs  over  a  fixed  pulley,  and  a  weight  of  W  pounds  hangs  from 
one  end.    Given  that  the  angle  of  contact  of  the  strap  on  the  pulley  is  6,  and 
that  the  coefficient  of  friction  between  the  strap  and  the  pulley  rim  is  ft,  find  the 
necessary  pull  at  the  other  end  of  the  strap :  (a)  in  order  to  raise  the  weight  W 
slowly ;  (&)  in  order  to  lower  it  slowly.    What  width  of  belt  would  you  adopt  to 
transmit  10  H.P.,  given  the  following  data  : — Revolutions  of  pulley  per  minute 
150,  diameter  of  pulley  20  inches,  angle  of  contact  180°,  coefficient  of  friction 
0'22,  maximum  tension  per  inch  width  of  belt  80  pounds  ?          (Lond.  B.Sc.) 

11.  A  5  H.P.  motor,  the  armature  of  which  runs  at  500  r.p.m.,  is  connected 
by  a  belt  to  a  shaft  which  is  to  run  at  300  r.p.m.     Assume  that  the  ratio  of  the 
tensions  of  the  tight  and  slack  sides  of  the  belt  is  2  to  1.     Find  the  width  of  the 
belt,  allowing  a  maximum  tension  of  100  Ib.  per  inch  of  width.     The  diameter 
of  the  pulley  on  the  armature  is  10  inches.  (I.C.E.) 
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12.  The  tup  of  a  drop  forging  plant  is  sometimes  lifted  by  means  of  a  belt 
passed  over  a  revolving  pulley  on  a  main  shaft  running  above  the  hammers. 
The  belt  over  the  pulley  is  arranged  so  that  one  end  is  attached  to  the  tup 
whilst  the  other  end  hangs  free,  and  within  reach  of  the  smith  operating  the 
hammer. 

Suppose  the  arc  of  contact  between  the  belt  and  the  pulley  is  180°,  and  that 
the  coefficient  of  friction  between  the  leather  and  the  pulley  is  O5,  find  what 
weight  of  tup  could  be  lifted  when  the  smith  exerts  a  pull  of  50  Ib.  on  the  free 
end  of  the  belt.  (I.C.E.) 

13.  An  engine  running  at  50  revolutions  per  minute  drives  a  main  shaft 
through  belts  or  ropes  at  300  revolutions  per  minute.     If  300  H.P.  have  to  be 
transmitted,  sketch  the  arrangement  of  drive  you  would  propose,  and  calculate 
the  dimensions  of  the  belt  or  ropes  required.  (I.C.E.) 

14.  Leather  belting  passing  round  a  pulley  8  inches  in  diameter  is  used  to 
transmit  power.     The  angle  of  contact  of  the  belting  with  the  pulley  is  135 
degrees.    Assuming  no  slip  and  that  the  coefficient  of  friction  is  0*2,  find  the 
ratio  of  the  tensions  in  the  tight  and  slack  sides  of  the  belt. 

If  the  speed  of  the  pulley  is  600  revolutions  per  minute  when  transmitting 
12  H.P.,  what  is  the  resultant  pressure  produced  upon  the  pulley  by  the  tensions 
in  the  belt  ? 

15.  A  rope  fastening  a  vessel  to  a  quay  is  coiled  with  six  complete  turns 
round  a  stanchion,  ft  =  0*2.     If  the  pull  in  the  rope  from  the  vessel  is  35,000  Ib., 
determine  the  pull  in  the  free  end  of  the  rope  to  prevent  slipping. 

16.  A  weight  of  1800  Ib.,  which  is  attached  to  a  chain  wound  upon  a  barrel, 
6  inches  in  diameter,  is  raised  by  means  of  a  belt  pulley,  keyed  on  the  same 
axle,  and  having  a  diameter  of  36  inches.    Find  the  tensions  in  the  belt  when 
the  angle  of  contact  of  the  belt  is  150°,  and  the  coefficient  of  friction  between 
belt  and  pulley  is  0'4.     What  is  meant  by  the  "  mean  tension,"  and  what  is  its 
amount  ?     What  width  of  belt  would  probably  be  required  ? 

(Lond.  B.Sc.  1906.) 

17.  A  motor  drives  a  pump  by  means  of  a  belt  on  a  5  feet  diameter  pulley. 
The  pump  runs  at  150  revolutions  per  minute  and  delivers  600  gallons  per 
minute  against  a  head  of  125  feet.     The  contact  between  the  belt  and  the  pulley 
is  180°,  and  the  coefficient  of  friction  0-25.   Assuming  that  the  over-all  efficiency 
of  the  pump  is  60  per  cent.,  determine  the  dimensions  of  the  belt  and  the  horse- 
power of  the  motor.     The  pull  on  the  belt  is  not  to  exceed  80  Ib.  per  inch  of 
width.  (Lond.  B.Sc.  1914.) 

18.  A  motor  car  weighing  1800  Ib.    has  two   driving  wheels  32  inches 
diameter,  each  fitted  with  a  brake  wheel  15  inches  diameter.    To  each  brake 
wheel  is  fitted  a  strap  one  end  of  which  is  fixed,  the  strap  embracing  300°. 
When  the  motor  is  running  on  the  level  at  10  miles  per  hour,  the  engine  is 
suddenly  disconnected  and  the  brakes  applied,  the  pull  on  the  slack  side  of  each 
strap  being  40  Ib.     Find  the  distance  it  will  travel  before  coming  to  rest.    The 
resistances  other  than  the  brakes  are  equivalent  to  a  force  of  30  Ib.  acting  at  the 
circumference  of  each  driving  wheel,  and  the  coefficient  of  friction  for  the  straps 
and  brake  wheels  is  0'25.  (Lond.  B.Sc.  1910.) 

19.  A  leather  belt  9  inches  wide  weighs  4  pounds  per  square  foot  of  surface. 
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Calculate  the  centrifugal  tension  in  the  belt  when  it  is  running  on  a  pulley, 
8  feet  diameter,  which  is  making  200  revolutions  per  minute. 

20.  A  flexible  chain  weighs  2£  Ib.  per  foot  of  length.     Determine  the  hoop 
tension  in  the  chain,  due  to  centrifugal  force,  when  it  revolves  in  a  circle  of 
15  inches  radius  at  1500  revolutions  per  minute. 

21.  Determine  the  velocity  at  which  the  power  transmitted  by  a  belt  is  a 
maximum.    Prove  that  under  these  circumstances  the  ratio  of  the  tension  on  the 
tight  side  to  the  tension  on  the  slack  side  is 

(Lond.  B.Sc.  1908.) 

22.  A  6-inch  leather  belt,  %  inch  thick,  and  weighing  0*4  Ib.  to  the  foot, 
connects  two  pulleys  each  3  feet  in  diameter,  on  parallel  shafts.     The  belt  is 
found  to  slip  when  the  moment  of  resistance  is  400  foot-pounds  and  the  revolu- 
tions 500.    If  the  coefficient  of  friction  between  belt  and  pulleys  is  0*24,  find  the 
greatest  tension  in  the  belt.  (Lond.  B.Sc.  1905.) 

23.  A  countershaft  which  runs  at  300  revolutions  per  minute  is  required  to 
transmit  10  H.P.  from  a  main  line  shaft  to  a  machine.    The  driving  pulley  of 
the  machine  shaft  is  12  inches  in  diameter.     The  main  shaft  runs  at  100  revo- 
lutions per  minute,  and  the  machine  shaft  at  900  revolutions  per  minute.    The 
diameter  of  the  main  shaft  pulley  is  3  feet.     Assuming  ^  to  be  Q'3  in  each  case, 
and  the  belt  f  inch  thick,  determine  the  width  of  each  belt,  taking  account  of  the 
centrifugal  tensions.   The  weight  of  a  cubic  inch  of  belt  may  be  taken  as  0*035  Ib., 
and  the  tension  per  square  inch  as  350  Ib.  (Lond.  B.Sc.) 

24.  Calculate  the  centrifugal  tension  in  a  belt  which  runs  over  two  pulleys 
at  a  speed  of  5500  feet  per  minute.     The  belt  is  8  inches  wide,  j5^  inch  thick, 
and  weighs  0*036  pound  per  cubic  inch.     If  €^e  =  2,  and  the  maximum  permis- 
sible tension  in  the  belt  is  250  pounds  per  square  inch,  find  the  horse-power  that 
can  be  transmitted  at  the  above  speed.  (Lond.  B.Sc.  1913.) 

25.  Deduce  an  expression  for  the  tension  in  a  belt  due  to  centrifugal  force, 
and  prove  that  the  velocity  at  which  the  maximum  power  can  be  transmitted  is 

*  mi     ' 

-~,  where  T  is  the  maximum  tension  in  the  belt,  and  w  the  weight  of  the 

belt  per  foot  run.  What  maximum  H.P.  can  be  transmitted  per  square  inch  of 
cross-section  if  the  tension  in  the  belt  is  not  to  exceed  360  Ib.  per  square  inch, 
if  the  ratio  of  the  tension  in  the  tight  side  to  the  tension  in  the  slack  side  is  1*8, 
and  the  weight  of  1  cubic  inch  of  belt  is  0*036  pound  ?  (Lond.  B.Sc.  1908.) 


CHAPTER  XXI 
ROPE   AND  CHAIN   DRIVES 

EOPE  DKIVES 

250.  Ropes  for  Driving  Purposes. — Ropes  may  be  used  in  place  of 
belts  when  much  power  is  to  be  transferred  continuously  between 
two  lines  of  shafting,  as  in  the  case  of  the  main  drive  of  a  factory 
or  workshop.  Ropes  for  this  purpose  are  usually  made  of  cotton 
or  manilla.  Manilla  was  at  first  principally  used,  but  has  since 
been  largely  replaced  by  cotton.  Though  manilla  is  much  the 
stronger  of  the  two,  it  is  less  elastic  and  has  more  internal 
friction  and  wear.  Since  it  is  less  elastic,  slipping  is  more  liable 
to  occur ;  and  since  it  is  subject  to  more  wear,  its  durability  is 
reduced  in  comparison  to  a  cotton  rope. 

The  rope  is  made  continuous  by  splicing  the  two  ends  together. 
This  is  an  operation  demanding  considerable  skill,  as  the  diameter 
of  the  splice  should  not  be  greatly  in  excess  of  the  diameter 
of  the  original  rope.  To  prevent  the  joint  from  breaking,  the 
length  of  the  splice  should  be  equal  to  about  eighty  times  the 
diameter  of  the  rope. 

To  an  even  greater  degree  than  belts,  the  life  of  a  rope  is 
of  more  importance  than  the  maximum  power  it  can  transmit. 
Although  for  hauling  purposes  the  strength  of  a  rope  may  be 
taken  as  1000  Ib.  per  square  inch,  for  driving  purposes  the 
working  tension  should  not  exceed  about  200  Ib.  per  square 
inch.  As  far  as  possible  the  initial  tension  in  a  rope  should 
only  be  due  to  its  own  weight.  Suitable  conditions  for  this 
purpose  are  obtained  in  the  case  of  a  horizontal  drive  if  the 
distance  between  the  shaft  centres  is  about  40  feet.  With 
vertical  or  other  drives,  or  with  short  horizontal  drives,  the  rope 
must  be  placed  in  initial  tension,  and  its  durability  is  thereby 
impaired.  Not  only  so,  but  the  stretch  of  the  rope  is  increased, 
thus  necessitating  more  frequent  shortening  of  the  rope  with  its 
consequent  re-splicing  unless  jockey  pulleys  are  employed. 
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The  wear  of  ropes  is  partly  superficial  and  partly  internal, 
the  latter  being  due  to  the  abrasion  of  the  strands  over  one 
another.  To  reduce  the  wear,  the  size  of  a  pulley  for  a  cotton 
rope  should  not  be  less  than  thirty  times  the  diameter  of  the 
rope,  or  for  a  manilla  rope  forty-five  times.  This  difference  in 
size  allows  for  the  disparity  in  the  elasticity  of  the  materials. 

To  increase  the  angle  of  contact  between  rope  and  pulley,  it  is 
advisable  to  have  the  driving  side  on  the  bottom  and  the  slack 
side  on  the  top  (Fig.  250).  When  the  power  fluctuates  consider- 


FIG.  250. 


ably,  as  in  the  case  of  rolling  mills,  the  slack  side  may  with 
advantage  be  on  the  bottom,  as  the  effect  of  the  irregular  driving 
on  the  ropes  is  thereby  reduced. 

Although  cross  driving  (Fig.  251)  may  be  effected  by  means  of 
ropes,  there  is  naturally  considerable  wear  at  the  crossing  point. 


FIG.  251. 

It  should  be  noted  that  this  wear  does  not  take  place  in  a  crossed 
belt  drive,  because  of  the  natural  twist  of  the  belt  at  the  place  of 
crossing. 

251.  Rope  Pulleys. — To  keep  the  rope  in  its  plane  of  revolu- 
tion, grooves  must  be  provided  upon  the  pulleys,  though  these 
form  some  restriction  upon  the  wider  adoption  of  rope  drives. 
The  shape  of  these  grooves  is  shown  in  Fig.  252.  The  sides  of  the 
groove  are  straight,  and  inclined  to  one  another  at  an  angle  which 
varies  between  30°  and  45°.  The  rope  must  come  into  contact 
with  the  straight  faces  and  not  with  the  bottom  of  the  groove. 
In  this  way  the  rope  grips  the  pulleys  better,  and  the  power  that 
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can  be  transmitted  is  augmented.  The  grooves  for  jockey  pulleys 
and  other  pulleys  which  only  guide  the  rope  should  have  a 
different  shape.  In  these  the  rope  should  rest  on  the  bottom  of 
the  groove  and  not  on  the  sides  (Fig.  253). 


FIG.  252. 


FIG.  253. 


252.  Effect  of  Groove  on  Ratio  ^  —  As  stated  above,  the  effect 

12 

of  the  groove  on  rope  pulleys  is  to  increase  the  driving  tension 
of  the  rope.     Let  2a  be  the  angle  of  the  groove,  and  let  the 


reaction  between  the  rope  and  either  side  be         (^g.  254). 

2t 

These  forces  do  not  act  in  the  plane  of  the  pulley,  and  so  it  is 
necessary  to  find  the  equivalent  reaction  R  in  that   direction. 

By  drawing  the  triangle  of  forces  connecting  -£  and  R  as  shown 

2i 

in  Fig.  255,  R  obviously  equals  Rjsina.      The   equivalent  co- 


Fia.  254. 


planar  forces  acting  on  an  elemental  piece  of  rope  subtending  an 
angle  86  at  the  centre  of  the  pulley  (Fig.  256),  are  therefore 
T  +  8T,  T,  R,  and  ^Rj.  The  fractional  force  /^  is  of  course 
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proportional  to  the  actual  reaction  Ex  between  rope  and  pulley, 
and  not  to  the  equivalent  reaction  E. 
Drawing   the  force  diagram  and 
solving  as  in  the  case  of  belts  (par. 
245),  we  find  that — 

E  =  E!  sin  a  =  TS0 

ST        1*89  T!         4*- 

•   —  — •  — or      — -  =  € sm  « 

'    T       sin  a  T2 

253.  Continuous  and  Multiple 
Rope  Drives, — As  the  flexibility  of 
ropes  diminishes  with  the  increase  in 
their  size,  it  is  not  desirable  to  use  FIG.  256. 

thick  ropes  for  the  transmission  of 

large  powers.  Two  methods  of  driving  may  be  adopted  for  large 
powers,  namely,  the  continuous  rope  or  the  multiple  rope 
systems.  In  the  continuous  rope  or  American  system,  so  called 
because  it  is  largely  adopted  in  that  country,  a  single  rope 
passes  several  times  over  the  pulleys,  a  jockey  pulley  being 
employed  to  carry  the  rope  from  the  last  groove  to  the  first.  In 
the  multiple  rope  or  English  system,  a  separate  rope  is  used  for 
each  groove. 

Each  system  has  its  advantages  and  disadvantages.  In  the 
multiple  rope  system,  care  must  be  taken  in  splicing  the  various 
bights  so  that  their  lengths  and  tensions  are  uniform,  for  it  is 
obvious  that  if  the  power  is  unevenly  distributed  amongst  the 
ropes,  the  rope  subject  to  the  greatest  tension  is  liable  to  break 
before  the  rest.  On  the  other  hand,  however,  an  excess  of  rope 
strength  may  easily,  and  is  generally,  supplied  in  this  system,  so 
that  if  one  fails  its  renewal  may  be  left  until  a  convenient  season. 
With  a  continuous  rope,  there  is  but  one  splice  required,  and  the 
trouble  of  taking  up  slack  is  considerably  reduced.  If  the  rope 
breaks,  however,  power  cannot  be  transmitted  until  it  is  mended 
or  replaced.  If  in  the  continuous  rope  system  each  bight  be 
simultaneously  on  the  point  of  slipping  over  the  smaller  pulley, 
the  tensions  in  all  the  tight  sides  are  equal.  In  practice,  however, 
this  condition  does  not  obtain.  There  is  not  a  uniformity  of  tension, 
and  consequently  the  liability  to  breakage  is  as  great  as  in  the 
multiple  rope  system.  In  spite  of  its  defects,  the  continuous 
rope  drive  is  very  useful  in  certain  special  cases. 

T 
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254.  Transmission  of  Power  by  Ropes. — As  with  belts,  the 
power  transmitted  by  ropes  is  (Tx  —  T2)v}  and  increases  with 
the  velocity  of  the  rope.  The  effect  of  centrifugal  tension  upon 
the  power  transmitted  cannot,  however,  be  given  very  exactly. 
Unlike  belts,  ropes  are  wedged  into  the  grooves  in  which  they 
run,  and  the  resulting  force  on  the  rope,  "  stiction,"  as  it  is  some- 
times called,  opposes  the  centrifugal  force.  According  to  some 
authorities,  the  two  are  approximately  equal,  so  that  the  upper 
limit  to  the  permissible  velocity  of  ropes  is  not  fixed  by  con- 
siderations of  centrifugal  tension.  On  the  other  hand,  other 
authorities  assert  that  the  maximum  efficiency  speed  is  80  feet 
per  minute. 

Tests  have  recently  been  made  by  Professor  Bonte,  of  Karls- 
ruhe, to  determine  the  efficiency  of  rope  drives  under  various 
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conditions  of  loading  and  velocity.  The  driving  and  driven 
pulleys  were  each  15  feet  in  diameter,  and  special  care  was  taken 
to  machine  the  grooves  to  the  same  size.  In  order  to  reduce 
bending  losses,  three  exceedingly  flexible  ropes  were  used,  each 
1'57  inches  in  diameter.  The  results  of  the  experiments  are 
shown  very  clearly  by  the  curves  of  Figs.  257  and  258.  It  will 
be  seen  from  the  curves  of  Fig.  257  that  the  efficiency  falls  off 
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very  slightly  between  the  standard  British  rope  speed  of  82  feet 
per  second  and  the  maximum  speed  in  the  test  of  114  feet  per 
second.  Even  if  the  permissible  stress  in  the  rope  is  reduced 
because  of  the  centrifugal  tension,  these  tests  show  that  the 
efficiency  of  the  drive  is  not  seriously  impaired.  It  will  be  seen 
from  the  curve  in  Fig.  258  that  the  overloaded  rope  gives  the 
highest  efficiency. 

Important  though  the  efficiency  may  be,  overloading  a  rope 
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obviously  decreases  its  immunity  from  breakdown  and  also  its 
life,  and  so  a  designer,  in  fixing  the  load  carried  by  a  rope,  has 
to  compromise  between  having  a  reduced  efficiency  of  drive  or 
frequent  stoppages  for  repairs  and  renewals.  In  practice,  it  is 
probably  better  to  have  an  effective  loading  of  the  rope  of  about 
200  Ib.  per  square  inch  and  a  velocity  of  not  less  than  80  feet 
per  second.  The  rope  should  be  very  flexible,  and  the  pulleys 
made  of  large  diameter  with  the  grooves  accurately  turned. 


CHAIN  DEIVES 

255.  One  of  the  disadvantages  of  belt  and  rope  drives  is  that 
the  velocity  ratio  between  two  shafts  is  not  definite,  but  varies 
on  account  of  the  slip  due  to  ordinary  impulses  or  temporary 
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overloads.  The  disadvantages  of  slip  do  not  apply  to  chain  drives, 
which  at  all  times  provide  positive  transmission.  The  velocity 
ratio  is  nevertheless  variable  to  some  extent,  but  the  variability  is 
periodic  and  of  definite  amount  and  is  independent  of  external 

conditions.  Fig.  259  shows  one  form 
of  chain  wrapping  round  a  suitable 
toothed  wheel,  which  is  known  as  a 
sprocket  wheel.  As  the  pitch  line 
of  the  wheel  is  not  circular  but  is  a 
polygon,  the  velocity  ratio  cannot  be 
constant  throughout  the  revolution  of 
the  wheel.  Let  Fig.  260  represent 
two  sprocket  wheels  carrying  a 
coarse  pitch  chain.  In  the  given 
position  the  gearing  is  equivalent  to  a  four-bar  chain  PQES  and 

PQ 

the  velocity  ratio  is  -^.     When  the  wheels  have  moved  into  the 

position  shown  in  Fig.  261,  draw  PtL  parallel  to  S^.      The 

P  L 

velocity  ratio  is  then  jrt-,  which  is  clearly  less  than  the  former. 


The  variation  of  velocity  ratio  is  zero  if  the  sprocket  wheels  are 


FIG.  260. 


equal  in  size,  and  in  other  cases  may  be  reduced  by  decreasing 
the  pitch  of  the  chain.  In  the  case  of  the  chain  drive  of  a 
bicycle,  the  variation  of  velocity  ratio  may  amount  to  5  per  cent, 
or  more. 

When  transmitting  power,  the  tension  in  the  slack  side  of  the 
chain  is  practically  zero,  and  hence  the  work  done  may  be  taken 
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as  equal  to  the  tension  in  the  tight  side  multiplied  by  the  distance 
moved  through. 

For  an  efficient  chain  drive,  two  conditions  must  be  fulfilled, 
viz. :  (1)  The  chain  must  be  so  designed  that  it  enters  and  leaves 
the  sprocket  wheel  with  as  little  noise  and  loss  of  power  as 
possible,  and  (2)  the  wear  of  the  pin  joints  of  the  chain  must  be  a 


FIG.  261. 

minimum.  The  theoretical  shape  of  the  teeth  to  satisfy  the  first 
condition  may  be  seen  very  simply  by  considering  the  wheel  to  be 
fixed  and  the  chain  to  wrap  upon  it.  Each  link  in  wrapping 
round  the  wheel  will  rotate  about  the  centre  of  the  pin  at  one 
end,  and  hence  the  centre  of  the  pin  at  the  other  will  describe 
a  circular  arc  (Fig.  259).  The  shapes  of  the  teeth  are  therefore 
circular  arcs  struck  from  the  angular  points  of  the  pitch  polygon 
as  centres  and  with  radii  equal  to  the  pitch  of  the  chain  less  the 
radius  of  the  pin.  Because  of  the  wear  of  the  pin  joints,  this 
shape  is  not  adopted  in  practice. 

The  second  condition  is  very  important.  The  wear  at  the 
joints  of  the  chain  increases  slightly  the  pitch  of  the  links.  Since 
the  pitch  of  the  teeth  on  the  wheel  remains  constant,  the  inequality 
of  the  two  pitches  causes  much  trouble  and  noise.  Special  pre- 
cautions have,  therefore,  to  be  taken  to  reduce  this  wear  to  a 
minimum. 

For  the  transmission  of  power,  two  designs  of  chains  meet 
practical  requirements.  These  are  the  roller  chain  and  the  silent 
chain,  the  latter  the  invention  of  Mr.  Hans  Eenold. 

256.  Roller  Chains  and  Wheels. — The  bush  roller  chain  was 
originally  designed  for  use  on  bicycles,  and  has  since  been  exten- 
sively used  for  the  rear  drive  of  nao-tor-cays.  The  gearing  element 
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in  this  chain  is  a  roller  mounted  on  a  pin,  and  the  pins  are  con- 
nected at  their  extremities  by  links.  The  exact  form  of  the  wheel 
teeth  has  been  the  subject  of  careful  study  and  experiment.  The 
best  form  seems  to  consist  of  a  root  circle  the  size  of  the  roller, 
two  faces  inclined  at  60°  and  tangential  to  the  root  circle,  and 
an  arc  of  a  circle  at  the  top  determining  the  height  of  the  tooth, 
as  shown  in  Fig.  262. 

When  new  the  chain  should  ride  upon  the  root  circle  of  the 
teeth,  but,  the  pitch  increasing  with 
the  wear,  this  condition  cannot  long 
be  fulfilled.  As  wear  takes  place,  one 
roller  will  take  up  its  position  upon 
the  root  circle  and  the  others  their 
positions  on  the  side  of  the  tooth  as 
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FIG.   262. 


FIG.  263. 


shown  in  Fig.  263.  In  consequence  the  chain  works  somewhat 
unsteadily  and  with  a  certain  amount  of  noise,  even  though  each 
pin  is  provided  with  a  roller  to  relieve  the  friction  when  the  chain 
enters  and  travels  with  the  wheel.  The  chain,  however,  is  of 
very  robust  design,  and  has  the  great  practical  advantages  of 
withstanding  considerable  rough  usage  and  neglect. 

257.  Silent  Chain. — The  so-called  silent  chain  is  built  up  of 
a  number  of  thin  discs  whose  shape  is  shown  in  Fig.  264.  These 
discs  are  fitted  with  carefully  designed  bearings  or  bushes,  and 
mounted  upon  a  pin  in  such  a  way  that  the  discs  of  one  link  of 
the  chain  are  alternate  with  those  of  the  next,  as  shown  in 
Fig.  265.  The  angle  between  the  working  faces  of  the  disc  is 
usually  60°.  The  chain  wheel  has  teeth  whose  working  faces  are 
straight  (Fig.  266).  This  figure  also  illustrates  the  wrapping  and 
unwrapping  action  of  the  chain  upon  the  wheel. 

The  special  feature  of  this  type  of  chain  is  that  the  action 
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remains  smooth  and  quiet  even  after  the  pitch  has  increased 
slightly.  With  the  increase  in  the  pitch,  the  chain  engages  with 
the  teeth  at  a  larger  radius  than  before,  that  is,  the  pitch  radius 
of  the  wheel  is  also  virtually  increased  as  shown  in  Fig.  267. 
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FIG.  265. 


When  new  the  chain  should  be  as  deeply  in  engagement  with  the 
teeth  as  possible.  When  worn,  it  is  in  its  final  position  when  in 
danger  of  riding  over  the  tops  of  the  teeth.  As  the  method  of 
gearing  is  unaffected,  the  efficiency  of  the  drive  will  be  uniform 
throughout  the  life  of  the  chain.  The  only  impact  whilst  the 


FIG.  266. 


FIG.  267. 


chain  is  wrapping  round  the  wheel  is  due  to  the  angular  move- 
ment of  the  link  round  the  pin.  It  will  be  clear  that  there  is  no 
sliding  action  between  the  chain  and  the  teeth  of  the  wheel. 

The  number  of  teeth  on  the  wheel  should  not  be  less  than 
fifteen.  It  is  obvious  that  for  a  60°  face  angle  the  flanks  of  the  tooth 
of  a  pinion  having  twelve  teeth  will  be  parallel  to  each  other  and 
to  the  radius  passing  through  the  centre  of  the  tooth.  If  fifteen  be 
adopted  as  the  minimum  number  of  teeth,  the  teeth  are  sufficiently 
thick  at  the  bottom  to  satisfy  the  requirements  of  good  design. 
The  angle  between  the  corresponding  faces  of  adjacent  teeth  on 
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the  wheel  is  360°  divided  by  the  number  of  teeth  on  the  wheel. 
In  order  to  reduce  the  impact  between  chain  and  wheel  it  is 
desirable  to  have  as  large  a  number  of  teeth  on  the  wheel  as 
possible. 


EXERCISES  XXI 

1.  A  rope  pulley  with  10  ropes  and  a  peripheral  speed  of  4000  feet  per 
minute  transmits  140  horse-power.      Find  the  tensions  in  the  rope  on  the  tight 
and  slack  sides  if  the  angle  of  lapping  is  180°,  the  angle  between  the  sides  of  a 
groove  45°,  and  the  coefficient  of  friction  between  pulley  and  rope  =  0'20. 
Neglect  the  effect  of  centrifugal  force.     Prove  any  formulae  you  use. 

(Lond.  B.Sc.  1910.) 

2.  A  rope  drives  a  grooved  pulley,  the  speed  of  the  rope  being  5000  feet  per 
minute.     Find  the  horse-power  transmitted  by  the  rope  from  the  following 
data  : — p  =  0'25  ;  angle  of  groove  =  45°  ;  angle  of  lap  =  200° ;  weight  of  rope 
per  foot  run  =  0*28  pound ;  maximum  permissible  tension  in  the  rope  =  200 
pounds.  (Lond.  B.Sc.  1911.) 

3.  A  rope  drive  between  two  pulleys,  one  revolving  at  100,  and  the  other  at 
150  revolutions  per  minute,  has  to  transmit  350  H.P.    Determine  from  the  data 
given  below  the  number  of  1|  inch  diameter  ropes  needed,  and  the  diameters  of 
the  two  pulleys — 

(1)  Angle  of  groove  of  pulley,  60° ;  angle  of  contact  of  ropes  with  pulleys, 

165°. 

(2)  Coefficient  of  friction  between  rope  and  pulley,  0*28. 

(3)  Weight  of  rope  per  foot  length,  0'69  Ib. ;  effective  cross-sectional  area 

of  rope  nine-tenths  that  of  the  circle  having  the  diameter  =  1  \  inches. 

(4)  Stress  not  to  exceed  350  Ib.  per  square  inch  of  rope  sectional  area. 
Allowance  must  be  made  for  centrifugal  forces,  and  the  diameters  of  the  pulleys 
must  be  such  as  to  allow  of  the  ropes  running  at  their  best  speed. 

(Lond.  B.Sc.  1914.) 
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CAMS 

258.  General  Purpose  of  Cams. — A  cam  is  a  plate  which  transmits 
intermittent  motion  to  its  follower  either  by  means  of  its  curved 
edge  or  by  means  of  a  groove  cut  in  its  surface.  The  cam  has 
generally  a  rotary  motion,  though  sometimes  it  has  a  reciprocating 
or  an  oscillatory  motion ;  the  motion  of  the  follower  may  be  either 
reciprocating  or  oscillatory. 

The  varieties  of  motion  which  may  be  imparted  by  the  use  of 
cams  are  very  numerous,  and  hence  cams  have  very  wide  applica- 
tions. When  imparting  oscillatory  motion,  a  rotating  cam 
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mechanism  has  the  general  appearance  shown  in  Fig.  268.  The 
cam  plate  A,  fixed  to  the  revolving  shaft  C,  actuates  the  cam 
plate  B,  and  thus  imparts  an  oscillatory  motion  to  the  shaft  D. 
When  imparting  reciprocating  motion,  the  general  appearance  of 
the  mechanism  is  shown  in  Fig.  269.  The  rotating  cam  plate  A 
actuates  a  rod  B  which  is  constrained  by  guides  to  move  over 
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a  straight  line.  With  the  advent  of  the  internal  combustion 
engine,  valves  of  the  latter  type  have  come  into  great  prominence, 
and  are  now  in  general  use,  in  spite  of  some  disadvantages. 

In  the  two  types  of  cam  mechanism  illustrated,  the  constraint 
is  incomplete,  and  force-closure  must  be  adopted  to  obtain  the 
return  motion  of  the  follower.  The  attachment  of  a  light  spring, 
or  the  weight  alone  of  the  piece  B,  will,  in  general,  suffice  to  fix 
the  relative  positions  of  the  two  pieces.  Generally,  when  force- 
closure  is  adopted,  a  roller  is  fixed  to  the  oscillatory  or  recipro- 
cating piece  in  order  to  reduce  wear  at  the  line  of  contact. 

Complete  constraint  may  be  obtained  by  causing  a  pin  E  on 
the  oscillatory  arm  B  to  move  in  a  slot  on  A,  as  shown  in  Fig.  270. 


FIG.  270. 

The  centre  of  the  pin  moves  over  what  is  known  as  the  pitch  line 
of  the  cam.  The  profiles  of  the  slot  are  the  envelopes  of  the 
circles  described  with  centres  on  this  pitch  line  and  with  radii 
equal  to  the  radius  of  the  pin.  Certain  allowances  are  made  in 
practice  for  clearances. 

259.  Principles  underlying  the  Design  of  Cam  Mechanisms. — The 
shape  of  the  profile  of  the  driver  determines  the  motion  trans- 
mitted to  the  follower  of  a  cam  mechanism.  In  general,  the 
velocity  of  the  driver  is  uniform  and  that  of  the  follower  variable. 
Although  cams  may  be  designed  so  that  the  velocity  ratio  between 
follower  and  driver  meets  given  requirements  throughout  the  com- 
plete motion,  it  is  usual  for  the  relative  positions  of  driver  and 
follower  to  be  assigned  at  various  intervals  of  time. 

Some  cams  are  of  very  elaborate  shape,  according  to  the 
complexity  of  motion  imparted  to  the  follower,  but  the  principles 
underlying  their  design  are  the  same  as  those  involved  in  the 
design  of  the  simplest  cam.  These  principles  may  therefore  be 
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illustrated  by  the  consideration  of  the  simple  case  when  a  cam 
imparts  a  single  reciprocating  motion  to  a  follower  during  one 
revolution  of  the  cam-shaft.  The  inlet  and 
outlet  valves  of  internal  combustion  engines 
are  frequently  operated  by  cams  of  this  descrip- 
tion. 

Let  ADC  (Fig.  271)  represent  this  cam. 
The  difference  between  the  maximum  and 
minimum  radii  of  the  cam,  i.e.  BD,  will  be 
the  total  lift  of  the  valve.  Assuming  that  the  * 
cam  rotates  clockwise,  the  lift  will  commence 
at  A  and  cease  at  C,  so  that  the  angle  of 
lift  is  AOD  and  the  total  angle  of  action  AOC. 
The  radius  of  the  circle  ABC  is  called  the 
least  radius  of  the  cam.  If  the  cam  is  not 
integral  with  the  cam-shaft  EFG  but  keyed  to 
it,  the  distance  AE  is  called  the  least  metal  of 
the  cam.  It  should  be  noted  that  the  displace- 
ment of  the  roller  relative  to  the  cam-shaft  can  be  better  seen 
by  assuming  that  the  roller  moves  round  the  fixed  cam. 

As  shown  in  Fig.  272,  there  are  many  cam  profiles  which 
would  give  a  lift  equal  to  BD  in  an  angle  of 
cam  lift  equal  to  AOB.  In  the  design  of  cam 
profiles,  it  is  obviously  necessary  to  fix  inter- 
mediate points  as  well  as  those  at  the  bottom 
and  top  of  the  lift.  In  doing  so,  two  points  must 
be  taken  into  consideration  : — 

(1)  The  lateral  pressure  exerted  by  the  cam 
should  not  be  excessive,  and  (2)  the  force 
necessary  to  accelerate  the  reciprocating  parts 
should  be  a  minimum. 


FIG.  271. 


FIG.  272. 


260A.  Reduction  of  Lateral  Thrust. — In  regard  to  the  first 
point,  it  will  be  seen  from  Fig.  273  that  in  the  general  case 
some  proportion  of  the  force  exerted  by  the  cam  in  lifting 
the  follower  is  expended  uselessly  on  lateral  thrust.  This  force 
is  increased  as  the  slope  of  the  cam  increases,  i.e.  as  the  attempt 
is  made  to  increase  the  rate  of  lift  of  the  follower.  Not  only, 
therefore,  does  lateral  thrust  increase  the  power  necessary  to  lift 
the  follower,  but  it  causes  wear  on  the  bearings  of  the  reciprocating 
rod.  This  wear  is  the  cause  of  much  objectionable  noise,  which 
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FIG.  273. 


in  itself  is  a  sufficient  reason  for  the  reduction  of  the  lateral 
thrust.  In  specifying  the  lift  and  the  angle  of  cam  action  of  a 
follower,  it  is  therefore  desirable  to  note  that  the  rate  of  lift  is  not 
such  as  to  cause  an  undue  lateral  force. 

In  fulfilling  this  first  general  principle,  a  further  principle, 
though  of  more  limited  application,  must  not 
be  overlooked.  In  the  case  of  cams  which 
operate  valves  whose  purpose  is  to  pass  a  work- 
ing fluid  or  gas,  and  particularly  those  on  in- 
ternal combustion  engines  when  the  vapour 
enters  the  cylinder  by  induced  pressure,  it  is 
desirable  to  attain  the  maximum  lift  as  quickly 
as  possible.  The  period  during  which  the  inlet 
valve  can  remain  open  is  limited,  and  the  sooner 
the  valve  attains  its  maximum  lift  the  longer 
can  it  remain  full  open  during  the  fixed  total 
angle  of  cam  action.  The  greater,  therefore, 
will  be  the  bulk  of  vapour  entering  the  cylinder, 
and  the  power  developed  by  the  engine  will  be  correspondingly 
increased.  It  will  be  noted  that  the  increase  in  the  rate  of  lifting 
the  valve  is  accompanied  by  an  increase  in  the  lateral  thrust. 
In  practice,  a  compromise  must  be  effected  to  satisfy  these  two 
principles. 

260B.  Determination  of  Accelerating  Force. — The  second  point 
is  likewise  of  importance.  Since  the  follower  is  at  rest  during 
part  of  the  revolution  of  the  cam-shaft,  it  will  require  a  force  to 
accelerate  it  to  its  maximum  upward  velocity,  and  will  exert  a 
force  as  it  comes  to  rest  at  the  top  of  its  lift.  It  is  desirable 
to  prevent  this  accelerating  force  from  being  excessive,  so  that  the 
action  of  the  driver  will  remain  smooth. 

In  order  to  determine  the  magnitude  of  the  accelerating  force 
in  any  given  case,  the  curve  of  follower  displacement  must  first  be 
drawn  to  a  linear  base  of  cam  angles.  These  displacements  are 
obtained  very  easily  if  the  cam  be  supposed  fixed  with  the  roller 
moving  in  the  opposite  direction  to  that  of  the  cam's  actual  motion. 
The  intercept  of  each  radial  line  within  the  shaded  area  (Fig.  274) 
represents  the  follower  displacement  for  the  corresponding  angle 
of  cam  action.  When  the  curve  of  follower  displacement  is  drawn 
to  a  linear  base  of  cam  angles,  that  is,  to  a  time  base,  it  may  be 
differentiated  twice  by  one  of  the  methods  given  in  Chap.  V. 
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First  the  curve  of  velocity  aud  then  the  curve  of  acceleration 
will  be  obtained.  The  scales  of  each  diagram  can  be  found  as 
in  Chap.  V,  par.  65,  and  hence  the  magnitude  of  the  accelerating 

W 

force    (P  =  —  X  acceleration)   determined   at  various   positions. 

t/ 

Conversely,  if  the  acceleration  diagram  be  first  drawn,  the  displace- 
ment diagram  may  be  obtained  by  double  integration. 

Some   criticism  may  here   be   directed   to  the  cams,  which, 
according  to  many  text-books,  are  ^_ 

supposed  to  impart  uniform  lift  to 
the  valve  during  the  rotation  of  the 
cam-shaft.  The  lift  of  these  cams 
being  uniform,  the  speed  of  the 
follower  must  be  constant  and  the 
acceleration  therefore  zero  during 
the  whole  of  the  lift.  That  is  to 
say,  at  the  moment  the  follower 
begins  to  move,  an  infinite  accele- 
rating force  is  exerted  upon  it  by 
the  cam.  This  is  obviously  impos- 
sible ;  in  such  a  case  the  cam 
would  jam  instead  of  lifting  the 

follower.  In  practice  the  root  of  the  cam  is,  unwittingly,  perhaps, 
modified  slightly  from  the  theoretical  shape  so  that  the  cam  does 
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FIG.  275. 


not  actually  jam,  but  the  accelerating  force  is  of  necessity  high, 
and  the  design  is  unsatisfactory. 

In  theoretical  questions  on  cams,  simple  displacement  curves 
can  be  drawn  by  assuming,  either  that  the  cam  imparts  harmonic 
motion  to  the  follower,  or  that  it  causes  uniform  acceleration 
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during  the  first  half  and  uniform  retardation  during  the  second 
half  of  the  displacement  of  the  follower. 

In  the  first  case  the  displacement  curve  is  a  double  sine  curve, 
and  may  either  be  plotted  from  a  book  of  tables  or  be  drawn  very 
readily  by  the  method  shown  in  Fig.  275.  On  the  follower  dis- 
placement QE  describe  a  semicircle.  Divide  the  circumference  of 
the  semicircle  and  the  base  PQ  into  the  same  number  of  equal 
parts — in  this  case  six — and  let  projections  from  corresponding 
points  meet.  The  points  of  intersection  lie  upon  the  required 
curve. 

In  the  second  case,  the  acceleration  diagram  consists  of 
two  equal  rectangles,  one  above  and  one  beneath  the  base  line. 


ACCELERATION 
DIAGRAM. 


VELOCITY 
DIAGRAM. 


DISPLACEMENT 
DIAGRAM,        16 


FIG.  276. 

Integrating  twice  by  the  method  of  par.  68,  Chap.  V,  the 
velocity  curve  is  a  triangle  and  the  displacement  curve  a  double 
parabola,  one  apex  being  at  A  and  the  other  at  B  (Fig.  276).  A 
ready  method  of  constructing  a  parabola,  commencing  at  the  apex, 
is  indicated  in  the  figure.  The  length  of  the  ordinate  at  any 
point  is  proportional  to  the  square  of  the  distance  of  the  foot  of 
the  ordinate  from  the  apex.  Thus,  for  horizontal  distances  1,  2, 
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3,  and  4  units  in  the  half  angle  of  cam  lift,  the  ordinates  are 
1,  4,  9,  and  16  units  respectively  in  the  half  displacement  of  the 
follower. 

In  practice,  approximations  to  double  sine  and  double  para- 
bolic curves  will  probably  be  used. 


CONSTRUCTION  OF  CAM  PROFILES 

261.  Class  1.  Line  of  Stroke  of  Reciprocating  Piece  passing 
through  Centre  of  Cam-Shaft. — Cams  of  this  class  may  have  a 
very  complicated  profile,  since  they  may  be  designed  to  impart 
a  varying  and  intermittent  reciprocating  motion  to  the  follower 
during  one  revolution  of  the  cam-shaft.  The  method  of  design 
can,  however,  be  readily  illustrated  by  drawing  the  shape  of  the 
cam  for  one  only  of  the  movements  of  the  follower.  Let  the 
follower  be  initially  at  rest,  and  finally  come  to  rest  after  attain- 
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FIG.  278. 
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ing  a  maximum  lift  BD  within  the  angle  AOD  of  cam  lift 
(Fig.  277).  The  least  radius  of  the  cam  is  OB.  Neglect  at  first 
the  effect  of  the  roller  on  the  reciprocating  piece.  Draw  a  dis- 
placement diagram  to  meet  any  conditions  that  have  been  imposed, 
care  having  been  taken  that  these  satisfy  the  principles  of  par.  259. 
Let  Fig.  278  represent  this  diagram,  QK  being  equal  to  BD  and 
PQ  proportional  to  the  angle  AOD.  On  the  assumption  that  the 
angular  velocity  of  the  cam-shaft  is  constant,  divide  the  angle 
AOB  and  the  distance  PQ  into  the  same  number  of  equal  parts. 
In  this  example  four  have  been  taken.  The  displacement  of  the 
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follower  for  each  cam  angle  can  then  be  measured  in  Fig.  278, 
being  l^,  2^,  3^,  and  QK,  taken  in  order.  Set  off  along  OA 
produced  Aa  =  l^,  Ab  =  2^,  Ac  =  3^,  and  Ad  =  QK  =  BD. 
With  O  as  centre  and  radius  Oa,  draw  a  circular  arc  to  meet 
01  produced ;  similarly  with  radius  0&,  draw  an  arc  to  meet  02 
produced;  with  radius  Oc  draw  an  arc  to  meet  03  produced; 
and  so  on.  These  points  of  intersection,  together  with  the  points 
A  and  D,  will  lie  on  the  profile  of  the  cam.  By  finding  a  suffi- 
ciently large  number  of  such  points,  the  profile  of  the  cam  can 
be  accurately  drawn.  This  construction  may  be  readily  applied 
to  the  determination  of  the  complete  shape  of  the  cam  for  any 
complex  reciprocating  motion  of  the  follower,  and  is  the  same 
whether  the  follower  be  ascending  or  descending.  If  the  follower 
is  to  remain  at  rest,  the  cam-plate  must  clearly  be  circular.  By 
considering  each  ascending  and  descending  motion  separately,  the 
shape  of  the  driving  face  of  the  cam  may  be  found  for  each 
period,  and  hence  the  complete  outline  drawn. 

In  the  special  cases  when  the  displacement  curve  is  a  double 
sine  curve  or  double  parabola,  it  is  not  necessary  to  draw  the 
separate  displacement  diagram  as  in  Fig.  278.  When  the 
follower  has  harmonic  motion,  a  semicircle  may  be  drawn  upon 
the  follower  displacement  Ad,  and  the  sub-divisions  found  by 
dividing  the  circumference  of  the  semicircle  into  the  same  number 
of  equal  parts  as  the  angle  of  cam  lift  and  projecting  these 
points  upon  the  diameter,  as  explained  in  the  last  paragraph, 
thus  giving  the  points  a,  5,  c,  .  .  .  Similarly  for  a  double 
parabolic  displacement  curve.  Divide  each  half  lift  of  the 
follower  displacement,  commencing  at  the  top  and  bottom,  into 
parts  proportional  to  the  squares  of  the  numbers  of  divisions 
in  the  half  angle  of  cam  lift.  For  example,  suppose  that  eight 
equal  divisions  of  the  angle  of  cam  lift  are  taken.  Divide  the 
half  lift  of  the  follower  into  parts  proportional  to  (I)2,  (2)2,  (3)2, 
and  (4^,  starting  from  the  top  and  also  from  the  bottom.  These 
points  will  give  the  lift  of  the  follower  corresponding  to  the  various 
angles  of  cam  action. 

262.  Effect  of  a  Roller. — In  order  to  reduce  wear  between  the 
reciprocating  piece  and  the  cam,  a  roller  is  fitted  to  the  extremity 
of  the  reciprocating  piece.  The  size  of  the  roller  modifies  slightly 
the  shape  of  the  cam. 

When  a  roller  is  fitted,  the  reciprocating  piece  will  have  the 
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same  motion  as  the  centre  of  the  roller.  It  is  first  necessary 
to  draw  the  pitch  line  of  the  cam,  that  is,  the  path  over  which  the 
centre  of  the  roller  moves.  This  construction  is  the  same  as  that 
just  given.  Before  commencing  it,  care  must  be  taken  to  increase 
the  given  least  radius  of  the  cam  by  a  distance  equal  to  the  radius 
of  the  roller.  From  the  pitch  line  thus  obtained,  the  actual  shape 
of  the  cam  is  found  by  drawing  within  the  pitch  line  circular 
arcs  with  radius  equal  to  that  of  the  roller,  and  drawing  their 
envelope  as  shown  in  Fig.  274.  The  pitch  line  is  there  shown 
dotted,  and  the  cam  profile  by  the  full  line. 

This  curve  is  not  the  same  as  the  locus  of  points  obtained  by 
marking  within  the  pitch  line  a  distance  equal  to  the  radius  of 
the  roller  along  the  radial  lines  of  the  cam.  Let  the  curve  ABC 
represent  the  pitch  line  of  a  cam,  and  DEF  the  cam  profile 
(Fig.  279).  When  the  roller  is  on  a  steep  face  of  the  cam,  it  is 
apparent  that  there  may  be  a  big  difference  between  the  actual 
point  of  contact  D  and  the  point  G  obtained  by  marking  off  the 
radius  radially  from  A. 

In  the  case  where  the  roller  drops  suddenly,  as  it  frequently 


FIG.  279. 


FIG.  280. 


FIG.  281. 


does,  the  cam  should  not  be  left  with  a  sharp  internal  corner  as  at 
P  (Fig.  280),  but  is  rather  made  with  a  fillet  whose  radius  is 
equal  to  that  of  the  roller,  as  at  Q  (Fig.  281). 

263.  Clearance  between  Cam  and  Roller. — An  important  point 
to  be  taken  into  consideration  in  the  case  of  valves  for  internal 
combustion  engines,  is  that  there  must  be  a  certain  amount  of 
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clearance  between  the  roller  and  cam  when  the  valve  is  in  its 
bottom  position.  This  is  to  ensure  that  the  valve  falls  pro- 
perly on  its  seat.  In  practice  a  minimum  clearance  of  5  or  6 
thousandths  of  an  inch  must  be  allowed.  In  consequence  of  this 
clearance,  excessive  noise  results  in  some  engines  when  the  cam 
strikes  the  roller.  This  noise  is  reduced  and  may  be  entirely 
obviated  by  paying  attention  to  the  initial  accelerating  force 
necessary  to  actuate  the  valve.  By  reducing  this  force  to  a 
minimum,  the  question  of  noisy  running — in  so  far  as  it  is 
caused  by  cam  action — is  largely  settled. 

264.  Class  2.  Line  of  Stroke  of  Reciprocating  Piece  eccentric 
to  the  Axis  of  the  Cam-Shaft. — An  important  case  arises  when  the 
direction  of  motion  of  the  reciprocating  piece  is  out  of  alignment 
with  the  axis  of  the  cam-shaft.  In  Fig.  282  let  0  be  the 


FIG.  282. 


centre  of  the  cam-shaft  and  AB  the  line  of  stroke  of  the 
reciprocating  piece.  Let  the  radius  of  the  circle  PQ  represent 
the  cam-shaft  radius  +  the  least  metal  of  the  cam.  Draw  OA 
perpendicular  to  the  line  of  stroke  AB,  and  draw  a  circle  AK 
with  centre  0  and  radius  OA.  In  this  class  of  cam,  a  good 
profile  is  obtained  by  selecting  the  involute  to  the  circle  AE 
as  the  driving  face.  Let  FCD  be  such  a  curve,  C  being  the 
intercept  on  AB,  i.e.  the  position  of  a  particle  actuated  by 
the  cam. 

It  is  a  well-known  property  of  an  involute  that  the  generating 
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line  is  a  normal  to  the  curve  at  the  point  of  generation.  Hence 
the  lines  AC  and  DE  are  normal  to  the  involute.  It  is  not 
difficult  to  prove  that  as  the  involute  revolves,  each  generating 
line  in  turn  lies  along  the  line  AB.  For  example,  let  BA 
produced  meet  DE  in  G.  Then  angle  AOE  =  angle  AGD, 
since  each  with  the  angle  AGE  equals  two  right  angles.  Hence 
when  OE  has  swung  to  the  position  OA,  ED  will  have  moved  to 
the  position  AB. 

This  property  of  a  revolving  involute  is  important  since  it  is 
clear  that  the  pressure  between  the  cam  and  reciprocating  piece 
will  always  lie  along  the  line  AB,  that  is,  there  will  be  no  lateral 
thrust. 

On  further  investigation,  a  disadvantage  of  involute-shaped 
cams  reveals  itself.  Since  AH  =  ED  =  CA  +  arc  EA 

.-.  CH  =  arc  EA 

Therefore  the  change  in  position  of  the  reciprocating  piece  is 
proportional  to  the  angle  turned  through  by  the  cam-shaft,  that  is, 
the  upward  velocity  of  the  reciprocating  piece  is  uniform.     It  has 
been  seen   previous^  that  this  is 
an  unsatisfactory  condition  in  cams 
unless  means  be  taken  to  reduce 
the  necessary  accelerating  force  at 
the  commencement  of  the  stroke. 
This  may  be  done  by  modifying  the 
root  of  the  cam. 

265.    Effects   of    the   Boiler.— 

Before  enlarging  the  last  point,  it 
is  necessary  to  mention  some  of  the 
effects  of  a  roller  upon  this  cam. 
In  the  first  place,  the  lowest  pos- 
sible position  of  the  roller  is  that 
in   which  it  is  just  tangential  to 
the  circle  of  least  radius  PQ.     Let 
X  be  the  centre  of  the  roller  in  this 
position,  and  Q  the  point  of  contact 
(Fig.  283).     The  involute  profile  of  the  cam  will  therefore  first 
touch  the  roller  at  the  point  C,  and  as  the  root  of  the  cam  cannot 
be  involute,  it  may  be  made  circular  CQ,  to  embrace  the  roller. 
In  the  second  place,  the  height  of  the  cam  above  the  circle  of 
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least  radius  is  not  in  this  case  the  lift  of  the  valve.  Let  XY  be 
the  lift  of  the  valve.  Join  YO.  The  valve  attains  its  maximum 
lift  when  the  highest  point  of  the  cam  lies  along  the  line  OY. 
The  height  of  the  cam  is  therefore  YT  minus  the  radius  of  the 
roller;  or  as  it  may  be  expressed,  (OY  —  OX).  It  is  apparent 
from  the  figure  that  XY  is  greater  than  OY  —  OX,  that  is,  the 
lift  is  greater  than  the  height  of  the  cam. 

In  the  third  place,  the  point  of  contact  is  no  longer  on  the 
line  CY  towards  the  end  of  the  stroke.  The  circle  described  about 
0  with  radius  OU  represents  the  path  of  the  top  of  the  cam.  This 
cuts  the  line  CY  at  the  point  Z,  where  the  upward  thrust  between 
cam  and  reciprocating  piece  ceases  to  be  vertical. 

A  displacement  diagram  is  shown  by  the  curve  PjQR  in 
Fig.  284,  It  will  be  seen  that  the  rate  of  displacement  is 

uniform  in  the  first  part  of  the  stroke, 
until,  indeed,  D  reaches  the  point  Z 
(Fig.  283).  In  order  to  acquire  the 
uniform  velocity  signified  by  this 
line,  the  lower  part  of  the  curve  must 
be  modified  to  P2QR  so  as  to  reduce 
the  requisite  accelerating  force.  This 

ANGLE  OF  CAM  LIFT    Q     modification  increases   slightly  the 
FJG  2g4  angle  of   cam  lift,    and  of   course 

modifies  likewise  the  root  of  the  cam. 

In  practice  the  root  of  the  cam  need  only  be  given  a  radius 
slightly  greater  than  that  of  the  roller,  and  how  much  greater 
depends  upon  the  limit  set  upon  the  initial  accelerating  force. 

It  has  already  been  pointed  out  that  in  volute- shaped  cams 
exert  no  lateral  thrust  on  the  guide  spindle  throughout  practically 
the  whole  lift.  A  further  important  advantage  over  the  ordinary 
shaped  cam  for  internal  combustion  engines  is  that  the  angle  of 
cam  action  for  a  given  lift  is  less  than  that  for  a  cam  of  the  ordinary 
type.  The  comparison  of  these  cams  need  not  be  further  touched 
upon  here.  Those  interested  in  this  subject  are  referred  to  an 
article  by  the  author  published  in  The  Engineer,  July  26,  1910. 

266.  Class  3.  Cam  driving  a  Flat  Plate. — Sometimes  a  recipro- 
cating follower  has  the  roller  at  its  extremity  replaced  by  a  flat 
plate.  This  modifies  considerably  the  shape  of  the  cam.  Let  Ad 
be  the  lift  given  during  an  angle  of  cam  action  AOD  (Fig.  285). 
Draw  the  displacement  diagram  (Fig.  286),  and  from  it,  as  before, 
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set  off  the  displacements  Aa,  AZ>,  Ac,  ...  corresponding  to  the  cam 
angles  A01,  A02,  A03.  .  .  .  With  centre  0  and  radius  Oa  draw 
a  circle  to  cut  01  produced  in  E.  At  E  draw  a  line  EL  perpen- 
dicular to  EO.  If  the  plate  be  assumed  to  move  round  the  cam 


d 


FIG.  285. 

in  a  counter-clockwise  direction  whilst  the  latter  is  stationary,  it 
will  be  obvious  that  the  plate  after  this  particular  interval  of  time 
must  lie  along  the  line  just  drawn.  That  is  to  say,  the  cam  profile 
is  tangential  to  the  line  EL.  Drawing  similar  tangents  FM,  GN, 
...  for  each  displacement  point,  and  also  the  tangents  at  A  and  D, 
the  cam  profile  is  obtained  by  drawing  the  envelope  to  all  such 
lines. 
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It  must  be  noted  that  with  this  particular  type  of  cam,  the 
point  of  contact  is  not  always  in  the  line  of  stroke  OA.  Hence 
the  face-plate  must  be  rigidly  attached  to  the  moving  spindle  to 


FIG.  286. 


counteract  the  stresses  set  up  due  to  the  bending  moment  between 
plate  and  spindle. 

267.  Class  4.  Cam  driving  an  Oscillating  Lever. — Let  0  be  the 


H 


Fia.  287. 


centre  of  the  cam-shaft,  and  PQ  the  circle  of  least  diameter  of  a 
cam  for  driving  an  oscillating  lever  (Fig.  287).  Let  the  oscillating 
lever  AB  be  pivoted  at  A,  and  have  a  roller  fitted  at  B  to  rest 
upon  the  cam.  As  before,  it  is  first  necessary  to  draw  the  pitch 
line  of  the  cam.  With  centre  0  and  radius  OB,  draw  the  circle 
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BD.  This  circle  gives  the  minimum  radius  of  the  pitch  line  of 
the  cam. 

Suppose  the  lever  BA  has  to  oscillate  through  the  angle  BAG 
whilst  the  cam-shaft  rotates  uniformly  through  the  angle  BOD. 
Draw  the  displacement  diagram  as  before,  and  determine  the 
angular  displacements  BAa,  BA&,  BAc,  .  .  .  corresponding  to  the 
angle  of  cam  action  B01,  B02,  B03,  .  .  . 

In  finding  the  pitch  line,  imagine  as  before  that  the  arm  moves 
in  the  contrary  direction  to  the  cam,  whilst  the  cam  itself  is  fixed. 
After  the  first  interval  of  time  the  line  of  centres  OA  takes  up 
the  position  OE,  where  the  angle  AOE  equals  the  angle  B01. 
With  0  as  centre  draw  the  circular  arc  through  a.  The  centre  of 
the  roller  must  lie  on  this  arc,  and  also  on  an  arc  drawn  with  E  as 
centre  and  radius  equal  to  AB.  Let  these  arcs  cut  in  p.  p  is 
therefore  a  point  on  the  pitch  line  of  the  cam.  Finding  a  series 
of  such  points  and  joining  by  a  fair  curve,  the  pitch  line  may  be 
drawn.  The  profile  of  the  cam  is  obtained  in  the  usual  way  by 
drawing  within  the  pitch  line  a  number  of  circular  arcs,  whose 
radius  equals  that  of  the  roller,  and  drawing  their  envelope. 

268.  Effect  of  Obliquity  of  Oscillating  Lever.— As  long  as  the 

ratio  lenf th  of. lever  is  high,  the  displacement  of  the  centre  of 
radius  ol  cam 

the  roller  may  be  assumed  to  be  along  a  straight  line  OBC  which 


FIG.  288. 


passes  through  the  centre  of  the  cam-shaft.  For  smaller  ratios  the 
effect  of  B  passing  over  a  circular  arc  must  be  taken  into  account. 
Let  O  (Fig.  288)  be  the  centre  of  rotation  of  a  cam  and  A  the  centre 
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of  oscillation  of  the  lever.  Neglecting  the  effect  of  a  roller,  it  is 
desired  to  oscillate  BA  through  the  angle  BAG,  whilst  the  cam 
rotates  uniformly  through  the  angle  BOD. 

Suppose  it  is  found  from  the  displacement  curve  that  the 
angle  of  oscillation  is  BAE  for  an  angle  of  rotation  BOF.  With 
centre  0  and  radius  OE  describe  a  circular  arc  cutting  OF  pro- 
duced in  K.  Neglecting  the  obliquity  of  the  lever,  the  point  K 
would  be  a  point  on  the  profile  of  the  curve. 

In  the  case  illustrated  in  Fig.  288  the  rotation  of  K  through 
the  angle  FOB  would  carry  it  past  E  to  lie  upon  OB  produced. 
The  apparent  angle  of  cam  action  is  therefore  greater  than  the 
true.  The  actual  point  on  the  cam  contour  still  lies  on  the  arc 
through  E,  but  is  now  at  L,  where  the  angle  KOL  equals  the 
angle  BOE. 

Similarly  for  the  determination  of  all  other  points  on  the 
cam  during  the  upstroke  of  the  lever.  For  example,  to  give  the 
maximum  oscillation  BAG,  the  true  angle  of  cam  lift  is  BOD, 
whereas  the  apparent  angle  is  BOG  where  the  angle  DOG  equals 
the  angle  BOG.  On  the  downstroke  the  angle  due  to  the  obliquity 
of  action  decreases  in  value  until  it  finally  becomes  zero  when  the 
cam  has  moved  through  the  total  angle  of  cam  action. 

269.  Class  5.  Cylindrical  Cams. — A  cylindrical  cam  consists  of 
a  series  of  detachable  plate  profiles  fastened  rigidly  to  a  rotating 


FIG.  289. 


drum,  and  imparting  motion  to  a  follower  in  the  direction  of  the 
axis  of  the  drum.     Such  cams  are  very  useful  in  machines  of  the 
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automatic  class.  In  these  machines,  say  one  to  manufacture  bolts, 
it  is  not  only  necessary  for  the  job  to  rotate,  but  it  must  move 
endways  at  different  times  to  allow  the  various  cutting  operations 
to  take  place.  Cylindrical  cams  effect  this  object.  The  roller  A 
(Fig.  289)  resting  against  the  cam  profile  B,  is  attached  rigidly 
to  a  lever  which  actuates  the  spindle  C.  C  is  constrained  so  that 
whilst  free  to  revolve,  it  can  only  be  moved  along  its  own  axis  by 
the  lever.  As  the  rotating  drum  D  revolves,  the  spindle  C  can  be 
made  to  move  in  either  direction,  being  fully  under  the  control  of 
the  cams  fixed  to  the  drum  D.  The  job  rotates  with  the  headstock 
mandril,  but  also  receives  an  intermittent  reciprocating  motion 
from  C. 

EXERCISES  XXII 

1.  A  cam  attached  to  a  shaft  has  uniform  angular  velocity.    The  edge  of  the 
cam  works  in  contact  with  a  roller  1  inch  in  diameter  which  is  carried  by  a 
straight  bar  which  is  perpendicular  to  the  axis  of  the  shaft.    The  axis  of  the 
roller  intersects  the  axis  of  the  bar  at  right  angles.     The  axis  of  the  bar  when 
produced  does  not  intersect  the  axis  of  the  shaft,  but  is  at  a  perpendicular 
distance  of  O75  inch  from  it.     The  axis  of  the  shaft  and  the  axis  of  the  roller 
are  2  inches  apart  when  they  are  nearest  to  one  another.     Draw  the  outline  of 
the  cam  so  that  the  bar  carrying  the  roller  shall  have  harmonic  motion  in  the 
direction  of  its  axis  and  a  stroke  of  2  inches.  (Lond.  B.Sc.  1911.) 

2.  The  axis  of  the  valve  spindle  for  a  petrol  engine  is  perpendicular  to  the 
axis  of  the  cam-shaft  and  distant  f  inch  from  it  at  the  nearest  place.     The 
driving  face  of  the  cam  is  an  involute  drawn  to  a  circle  of  1^  inches  diameter. 
The  minimum  radius  of  the  cam  is  f  inch,  and  the  lift  of  the  valve  is  f  inch. 
The  face   of  the  cam  works  in  contact  with  the  roller  1^  inches  diameter. 
Determine  the  maximum  radius  of  the  cam  and  the  angle  of  cam  action  for  the 
valve  to  receive  its  full  lift.  (Lond.  B.Sc.  1914.) 

3.  Design  a  cam  to  lift  a  spindle  a  vertical  distance  of  4  inches  whilst  the 
cam  makes  J  revolution,  and  allow  the  spindle  to  drop  in  f  revolution,  with 
equal  intervals  between  these  movements.     The  diameter  of  the  cam-shaft  is 
l|  inches ;  the  least  metal  is  1  inch  ;  and  the  diameter  of  the  roller  is  1  inch. 
The  line  of  stroke  of  the  spindle  passes  through  the  centre  of  the  cam-shaft. 
The  spindle  must  move  with  harmonic  motion. 

4.  Design  cams  to  fulfil  the  same  conditions  as  those  of  Questions  J  and  3, 
except  that  the  spindle  moves  with  uniform  acceleration  during  the  first  half  and 
uniform  retardation  during  the  second  half  of  the  stroke,  instead  of  having 
harmonic  motion. 

5.  A  vertical  slider  is  operated  by  means  of  a  cam,  the  centre  of  rotation  of 
which  is  in  the  line  of  stroke.    The  slider  has  a  roller  1  inch  in  diameter  at  its 
lower  end,  and  the  cam  is  a  circle  3  inches  diameter  centred  at  the  point  of 
bisection  of  a  radius.     If  the  cam-shaft  rotates  uniformly,  plot  a  time-displace- 
ment curve  for  the  slider. 
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6.  Show  how  to  design  a  cam  to  raise  a  valve  with  harmonic  motion  through 
2  inches  in  one-third  of  a  revolution,  to  keep  it  fully  raised  through  one-twelfth 
of  a  revolution,  and  to  lower  it  with  harmonic  motion  in  one-sixth  of  a  revolution. 
The  diameter  of  the  roller  is  to  be  J  inch,  and  the  thickness  of  metal  in  the  cam 
must  not  be  less  than  |  inch.    The  diameter  of  the  cam-shaft  is  2  inches,  and  the 
axis  of  the  valve  may  be  taken  to  pass  through  the  axis  of  the  shaft.     Assume 
the  cam-shaft  to  rotate  uniformly. 

7.  OA  (Fig.  290)  is  an  arm  which  is  required  to  oscillate  about  the  axis  0 

up  and  down  through  the  angle  AOA'  under  the 
action  of  a  cam  fixed  to  a  shaft  1  inch  in  diameter 
whose  axis  is  C.  The  shaft  revolves  with  uniform 
velocity  about  its  axis.  The  arm  carries  a  roller 
1  inch  in  diameter  whose  axis  is  A,  and  the  cam 
works  against  this  roller.  When  moving,  the  arm 
is  to  have  simple  harmonic  motion.  Each  swing 
of  the  arm  is  performed  during  one-third  of  a 
revolution  of  the  shaft,  and  the  arm  has  equal 
periods  of  rest  at  the  end  of  each  swing.  Draw, 
FIG.  290.  full  size,  the  outline  of  the  cam,  showing  clearly 

the   construction    lines.      OA  =  00  =  6    inches. 
Angle  AOA'  =  30°.     Angle  AOC  =  15°.  (Lond.  B.Sc.  1908.) 

8.  In  Fig.  291  is  shown  a  valve  and  lever  operated  by  a  cam  rotating  at 
uniform  speed,  and  also  the  diagram  of  the  valve's  displacement  on  a  time  base. 


•TIME  OF   ONE  REV.  REPRESENTED   BY    fe" 

FIG.  291. 
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Determine  the  necessary  outline  for  the  cam,  assuming  the  driven  end  of  the 
lever  to  move  in  a  straight  line.  (Lond.  B.Sc.  1910.) 

9.  AB  (Fig.  292)  is  a  circular  cam  fixed  to  a  shaft  whose  axis  is  C.    D  is  a 
roller,  1  inch  in  diameter,  on  the  end  of  a  lever, 

which  is  made  to  oscillate  about  an  axis  0  by 
the  action  of  the  cam  on  the  roller.  The  cam 
has  uniform  rotary  motion  about  the  axis  C. 
Taking  0  as  a  pole,  draw  a  polar  angular  ve- 
locity diagram  for  the  oscillating  lever  for  one 
complete  revolution  of  the  cam. 

(Lond.  B.Sc.  1910.) 

10.  A  vertical  spindle,  supplied  with  a  plane 
horizontal  face  at  its  lower  end,  is  actuated  by 
a  cam  keyed   to   a  uniformly  rotating  shaft. 
The  line  of  stroke  of  the  spindle  passes  through 
the  centre  of  the  cam-shaft.     The  spindle  is 

raised  through  a  distance  of  1^  inches  in  J,  remains  at  rest  for  J,  is  lowered  in 
£,  and  remains  at  rest  for  the  remainder  of  a  complete  revolution  of  the  cam- 
shaft. Design  the  cam,  assuming  that  the  least  radius  of  the  cam  is  2  inches 
and  that  the  spindle  has  harmonic  motion. 


FIG.  292. 


CHAPTER   XXIII 
SPHERIC   MOTION — HOOKE'S   JOINT 

270.  Conic  Mechanisms. — The  spheric  motion  of  a  particle  has 
already  been  defined  in  Chap.  VII.,  and  one  particular  case, 
that  of  a  conical  pendulum,  considered. 

When  a  body  moves  so  that  each  particle  passes  over  a  sphere 
of  fixed  radius,  it  is  said  to  have  spheric  motion.'  The  plane 
motion  of  a  body  is  therefore  only  the  particular  form  of  spheric 
motion  when  the  radius  of  the  sphere  is  indefinitely  increased, 
and  it  is  to  be  expected  that  the  treatment  of  the  two  cases  will 
be  to  a  large  extent  similar.  The  great  difficulty  in  the  study  of 
spheric  motion  is  that  of  picturing  graphically  the  motion  of  a 
body. 

The  instantaneous  centre  of  rotation  of  a  body  having  plane 
motion  (par.  90)  corresponds  to  the  instantaneous  axis  of  rota- 
tion of  a  body  having  spheric  motion.  The  proposition  of  par.  95 
is  replaced  by  the  proposition  that  the  instantaneous  axes  of  rota- 
tion of  three  bodies  having  spheric  motion  lie  in  one  plane. 

The  analogy  between  plane  and  spheric  motion  might  be 
extended  to  plane  and  spheric  mechanisms.  The  quadric  cycle 
chain  of  Fig.  91  becomes  the  conic  quadric  cycle  chain  of  Fig.  294. 
However,  it  is  not  necessary  to  study  fully  the  general  propositions 
relating  to  spheric  motion,  as  they  are  of  very  limited  application 
to  engineers.  In  the  majority  of  examples  of  spheric  motion, 
such  as  bevel  wheels,  ball  bearings,  etc.,  the  problems  involved 
are  preferably  treated  in  special  ways. 

Comparatively  few  mechanisms  involving  spheric  motion, 
conic  mechanisms  as  they  are  called,  are  utilized  in  practice. 
Some  forms  of  the  steam  engine  have  been  invented  under  this 
category  and  called  disc  engines,  because  of  their  general  appear- 
ance. The  best  known  is  the  Tower  Spherical  Engine,  and  this 
has  been  described  and  examined  very  fully  in  Kennedy's 
"  Mechanics  of  Machinery,"  §  65.  Disc  engines  have  not,  however, 
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been  largely  applied,  and  so  need  not  be  specially  discussed.  The 
only  conic  mechanism  that  is  at  all  widely  used  is  Hooke's  Joint, 
a  coupling  to  connect  two  shafts  whose  axes  are  not  exactly  in 
alignment. 

271.  Hooke's  Joint. — The  action  of  a  Hooke's  joint  cannot 
readily  be  seen  when  its  practical  form  is  studied.  As  a  spheric 
mechanism  it  is  better  studied  in  the  form  suitable  for  a  model  as 


FIG.  293. 

shown  in  Fig.  293.  In  this  figure  the  two  shafts  A  and  B  are  in 
the  plane  of  the  paper,  and  are  inclined  at  a  small  angle  a.  They 
have  at  their  extremities  semicircular  jaws  which  are  connected 
by  a  rigid  cross  PQKS,  whose  arms  are  at  right  angles.  The 
centre  of  the  cross  is  at  0,  the 
point  of  intersection  of  the  axes 
of  the  two  shafts.  The  arms  of  the 
cross  are  of  equal  length,  and  their 
extremities  rest  in  bearings  on  the 
semicircular  jaws.  As  the  shaft  A 
revolves,  the  two  extremities  PQ 
of  the  cross  move  over  a  circular 
path  whose  plane  is  perpendicular 
to  the  axis  of  A.  Similarly,  as  the 
shaft  B  revolves,  the  two  extre- 
mities ES  of  the  cross  move  over 
a  circular  path  whose  plane  is  per- 
pendicular to  the  axis  of  B.  A  diagrammatic  form  of  the  joint 
is  shown  in  Fig.  294.  Each  of  the  links  lies  on  a  great  circle  of 


CL 

FIG.  294. 
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the  sphere.  (Great  circles  are  those  circles  which  lie  at  the  inter- 
section of  the  sphere  with  a  plane  passing  through  its  centre.) 
Three  links,  b,  c,  and  d,  subtend  an  angle  of  90°  at  the  centre, 
whilst  the  fourth,  a,  subtends  an  angle  of  180° — (angle  between 
the  axes  of  the  shafts).  The  path  of  the  pin  at  the  extremity 
of  b  lies  on  the  great  circle  perpendicular  to  the  axis  of  A; 
similarly  the  path  of  the  pin  at  the  extremity  of  c  lies  on  the 
great  circle  perpendicular  to  the  axis  of  B.  It  is  apparent  from 
this  figure  that  Hooke's  joint  is  a  conic  quadric  cycle  chain.  It 
may  be  deduced,  therefore,  that  the  relative  motion  between  the 
parts  is  similar  to  that  between  the  links  of  the  quadric  cycle 
chain  of  Fig.  91. 

272.  Motion  transmitted  by  Hooke's  Joint. — The  velocity  ratio 
between  two  shafts  connected  by  Hooke's  joint  is  not  uniform, 
but  varies  because  of  the  movement  of  the  cross  relative  to  either 
shaft.  The  motion  transmitted  may  be  found  by 
the  determination  of  an  expression  giving  the 
relative  displacement  of  the  shafts  and  then  dif- 
ferentiating with  regard  to  the  time,  once  for  the 
velocity  and  twice  for  the  acceleration. 

Let  AO,  OB  (Fig.  295)  represent  the  plan 
view  of  the  axes  of  two  horizontal  shafts  inclined 
at  an  angle  a,  and  let  the  lines  aOa,  perpen- 
dicular to  AO,  and  bOb,  perpendicular  to  OB, 
represent  the  plan  view  of  the  loci  of  the  ex- 
tremities of  the  jaws  on  A  and  B  respectively. 
Looking  in  the  direction  of  the  axis  of  A,  the 
elevations  of  the  loci  of  these  points  are  the  circle 
PTQ  and  the  ellipse  PEQ  respectively  (Fig.  296). 
If  I  be  the  length  of  each  arm  of  the  cross,  the  circle  PTQ  has 
radius  of  length  I,  whilst  the  ellipse  has  semi-major  axis  and 
semi-minor  axis  of  lengths  I  and  I  cos  a  respectively. 

Suppose  that  P  and  K  are  the  extremities  of  the  cross  on  the 
shafts  A  and  B  respectively,  and  that  A  moves  through  an  angle 
0,  i.e.  the  arm  OP  moves  to  the  position  OPl  (Fig.  296).  The 
position  of  the  arm  OK  may  be  easily  found  by  utilizing  the  well- 
known  principle  of  projection  that  if  two  lines  OP,  OK  are 
perpendicular,  and  are  projected  upon  a  plane  parallel  to  one,  their 
projections  likewise  are  perpendicular.  When  the  arm  OP  has 
moved  to  OPj,  for  example,  the  actual  position  of  K  must  lie  on  a 
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circle  with  centre  0  whose  plane  is  perpendicular  to  the  plane  of 
the  paper.  The  projection  of  this  circle  is  a  line  perpendicular  to 
0?!-  Drawing  OEX  perpendicular  to  OPX,  its  intersection  with 
the  ellipse  gives  the  new  position  of  the  point  E.  Hence  the 
angle  EOEj  equals  9. 

0  is  not  the  actual  angle  through  which  the   point  E   has 


passed,  but  only  the  projection  of  that  angle.  The  actual  angle 
may  be  found  by  drawing  EXC  parallel  to  OT  to  cut  the  circle  in 
C  and  joining  OC.  Draw  EXN  and  CM  perpendicular  to  OT. 
Since  the  vertical  displacement  of  the  point  E  is  EXN  =  CM,  and 
OC  is  the  radius  at  which  it  moves,  the  angle  TOC  is  the  actual 
angle  (/>  through  which  E  has  passed,  whilst  P  has  moved  through 
the  angle  9.  The  triangle  OMC  is  therefore  the  true  shape  of  the 
triangle  ONEj.  Produce  CRl  to  meet  OQ  in  D. 

The  relationships  between  the  displacements  9  and  <f>  may  be 
found  from  the  following  considerations : — 

CM 

tan  (/>  __  OM       ON      ETD 

—  cos  a 


tanfl 


CD 


ON 


from  the  well-known  property  of  the  ellipse. 
/.  tan  <j>  =  tan  9  cos  a  *  . 


(1) 


*  It  should  be  noted  that  if  T  and  Q  be  taken  as  the  initial  positions  of  the 
extremities  of  the  cross,  this  expression  becomes 

tan  6  =  tan  <    cos  a 


304  THE   THEOKY   OF   MACHINES 


7T 


Since  it  is  obvious  from  the  figure  that  <f>  =  6  for  values  7, ,  77, 

2 

Q 

-gT-,  and  277,  it  follows  that  the  mean  velocity  transmitted  each 

a 

quarter  of  a  revolution  is  constant.  To  obtain  the  exact  velocity 
ratio  at  any  instant,  it  is  only  necessary  to  differentiate  (1)  with 
regard  to  time. 

„  .  d<t>  „  .  dO 

:.  sec2  0  -£  =  sec2  6  cos  a  -j-. 

dt  dt 

Now  -$•  and  -37  are  the  angular  velocities  of  B  and  A  respectively. 
dt  dt 

Let  co  be  the  constant  angular  speed  of  the  driver  A. 

i  i      -i        c  -n  se°2  0 

.*.  angular  velocity  of  B  =  cot  =  co  cos  a  — «— r 

sec2  (f> 

1  +  tan2  6 

=  co  cos  a  1        — 5-5 
1  -f-  tan2  <p 

=  co  . 


1  —  sin2  0  sin2  a 
on  simplification. 

Similarly  it  may  be  proved  that 

1  —  cos2  <f>  sin2  a 

OJi  =  CO 

cos  a 

The  maximum  value  of  the  ratio  —  is  ,  and  occurs  when 

co        cos  a 

sin  6  =  1,  i.e.  when  0  —  ^,  -^,  etc. ;  the  minimum  value  is  cos  a, 

and  occurs  when  sin  0  =  0,  i.e.  when  0  =  77,  277,  etc.  During 
each  revolution  there  are  two  equal  maxima  and  two  equal  minima 
values  of  the  velocity  ratio. 

The  position  of  the  driver  A  when  the  velocity  ratio  is  unity 
may  be  found  by  solving  the  equation — 

coi  sec2  0 

—  =  cos  a  — 5-7  =  1 

co  sec2  </> 

1  +  tan2  0                     1  +  tan2  0 
/.  COS  a  n— r— — 5-7  =  cos  a  ^-  .      '  „  ^ sr^  =  1 


*  If  T  and  Q  (Fig.  296)  be  taken  as  the  initial  positions  of  the  extremities  of 
the  cross,  this  expression  becomes 


cos  a 
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/.  cos  a  (1  +  tan2  0)  =  1  +  tan2  6  cos2  a 
:.  tan2  6  cos  a  (1  —  cos  a)  =  (1  —  cos  a) 

/.  tan  6  =  .  / and     tan  d>  =»  \/cos  a  . 

\/    cos  a 

Another  equation  giving  this  relationship  is 
sin2  0  = 
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cos  a 


(3a) 


(35) 


Assuming  that  the  driver  A  rotates  at  constant  angular 
velocity,  the  acceleration  of  the  shaft  B  may  be  found  by 
differentiating  equation  (2)  with  regard  to  time. 

dd 


2  sin  6  cos  6  sin2  a  cos  a  co 


dt 


~d 


(1  —  sin2  0  sin2  a)2 
sin  26  sin2  a  cos  a 


(4) 


(1  -  sin2  6  sin2  a)2 

The  variation  in  the  velocity  of  the  driven  shaft  therefore 
increases  with  the  increase  in  the  angle  between  the  shafts.  This 
limits  the  utility  of  the  joint.  In  practice,  Hooke's  joint  may  be 
usefully  employed  as  a  flexible  coupling  between  two  shafts  whose 
axes  are  subject  to  slight  variations  in  direction  as  long  as  the 
maximum  inclination  does  not  exceed  about  30°.  It  is  utilized 
on  practically  all  motor  cars  and  testing  machines,  and  is  also 
frequently  employed  in  agricultural  machinery,  where  the  nature 
of  the  work  necessitates  great  elasticity  in  the  framework  of  the 
machine  and  makes  rigid  joints  impracticable.  It  has  recently 
been  successfully  applied  to  war  vessels  for  connecting  the  pro- 
peller shaft  to  the  main  shaft,  so  that  the  propeller  may  be  inclined 
at  an  angle  to  the  axis  of  the  ship. 

273.  Double  Hooke's  Joint. — The  variation  in  the  velocity 
ratio  between  two  shafts  may  be  entirely  eliminated  by  the  use  of 


A  B 

FIG.  297. 

two  Hooke's  joints.     The  two  shafts  A   and   B  (Fig.  297)  are 
coupled  by  means  of  a  connecting   link  C,  which  has  a  Hooke's 

x 
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joint  at  either  extremity.  If  the  inclinations  of  A  and  B  to  C  are 
equal,  and  if  the  forks  at  both  ends  of  C  lie  in  the  same  plane,  the 
variation  in  the  velocity  ratio  at  one  end  of  C  will  be  counter- 
acted by  the  variation  at  the  other  end,  and  hence  a  uniform 
motion  will  be  transmitted  from  A  to  B.  If,  however,  the  forked 
ends  of  C  are  in  different  planes,  the  variation  in  the  velocity 
ratio  will  be  cumulative  and  increase  the  irregularity  of  working 
of  A  and  B. 

EXERCISES  XXIII 

1.  Two  shafts,  inclined  at  an  angle  of  60°,  are  connected  by  a  Hooke's 
coupling.    Find,  if  the  driving  shaft  revolves  at  a  uniform  rate,  the  limits  of 
variation  in  the  speed  of  rotation  of  the  driven  shaft.     How  would  you  draw  a 
curve  of  relative  displacements  of  these  two  shafts  for  one  complete  revolution 
of  the  driver  ?  (Lond.  B.Sc.  1906.) 

2.  Describe  a  method  of  finding  the  angular  velocity  ratio  of  the  two  shafts 
of  a  single  Hooke's  joint,  and  prove  that  your  construction  is  correct.     When 
the  axes  of  the  two  shafts  are  at  45°,  find  the  maximum  and  minimum  velocity 
ratios.    Give  an  example  of  some  practical  application  of  this  joint. 

(Lond.  B.Sc.  1908.) 

3.  Prove  the  formula  which  gives  the  relation  between  the  angular  velocities 
of  two  shafts  connected  by  a  Hooke's  coupling,  the  axes  of  the  shafts  being 
inclined  to  one  another.    The  axes  of  two  shafts  intersect  at  an  angle  of  150°. 
The  shafts  are  connected  by  a  Hooke's  coupling.    On  a  straight  base  8  inches 
long,  representing  360°,  draw  a  curve  whose  ordinates  represent  the  angular 
velocity  of  the  driven  shaft  for  one  revolution,  the  angular  velocity  of  the  driving 
shaft  being  constant  and  represented  by  an  ordinate  2  inches  long. 

(Lond.  B.Sc.  1912.) 

4.  A  shaft,  rotating  at  uniform  speed,  drives  another  through  a  Hooke's 
coupling.    The  axes  of  the  shafts  intersect,  but  are  not  in  the  same  straight 
line.     Determine  the  formulae  which  give  the  angular  velocity  and  angular 
acceleration  of  the  driven  shaft  for  any  position  of  the  arms  of  the  coupling. 
If  the  axis  of  one  shaft  is  20°  out  of  line  with  the  axis  of  the  other,  and  if  the 
driving  shaft  has  a  uniform  speed  of  100  revolutions  per  minute,  calculate  the 
maximum  speed  and  maximum  acceleration  of  the  driven  shaft. 

(Lond.  B.Sc.  1913.) 

5.  Prove  that  the  velocity  ratio  given  by  a  Hooke's  joint  connecting  two 
shafts  including  an  angle  0,  is  given  by  the  expression — 

TT  i    .A  cos  9 

Velocity  ratio  =  ^ 5 ^—^-p. 

1  -  cos''  a  sin2  0 
• 

Hence  determine  for  the  case  when  6  —  18°,  the  maximum  and  minimum 
velocity  ratios,  and  the  angles  turned  through  by  the  driving  shaft  when  the 
velocity  ratio  is  unity.  (Lond.  B.Sc.  1914  ) 
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SCKEW   MOTION — SCREW   GEARS 

274,  Screw  Pairs. — The  screw  motion  of  a  particle  has  already  been 
defined  in  the  analysis  of  motion  given  in  Chap.  VII.,  and  the  case  of 
a  particle  having  screw  motion  there  considered.  This  particle  was 
seen  to  trace  a  helical  path.  In  the  case  of  a  body  which  has  screw 
motion,  all  its  particles  remain  at  a  constant  distance  from  the 
axis  of  revolution  and  have  equal  rotational  and  translational 
movements.  The  path  of  each  particle  is  therefore  a  helix,  and 
these  helices  have  constant  pitch  but  varying  diameter. 

In  order  to  constrain  two  bodies  to  have  screw  motion  rela- 
tively to  each  other,  the  surface  of  one  must  fit  over  that  of  the  other, 
and  some  form  of  helical  thread  must  be  provided,  positive  on  one 
body  and  negative  on  the  other.  The  contact  between  the  bodies 
is  in  this  case  over  a  surface  and  the  constrained  motion  is  sliding. 
The  shape,  i.e.  cross  -  section  of 
the  thread,  is  immaterial  from 
a  kinematical  standpoint,  though 
very  important  from  a  practical 
one,  and  is  fully  discussed  in  text- 
books on  Machine  Design.  Suffice 
it  to  say  here  that  the  shape  is 
generally  of  V-form  or  square 
(Fig.  298).  A  bolt  and  nut  form 
the  most  common  example  of  two  bodies  whose  relative  displace- 
ment involves  screw  motion. 

A  thread  may  be  readily  cut  upon  a  cylindrical  surface. 
Imagine  that  a  cylinder  is  caused  to  rotate  uniformly  in  a  lathe, 
whilst  a  tool  moves  parallel  to  the  axis  of  the  cylinder  at  a  uniform 
velocity  (see  par.  223).  If  the  point  of  the  tool  be  ground  to  the 
required  shape  of  the  thread,  it  will  cut  a  continuous  groove  of  the 
correct  cross-section  in  the  material  of  the  cylinder.  By  a  some- 
what similar  process  on  another  body,  it  is  possible  to  bore  a  hole 
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the  same  diameter  as  that  of  the  cylinder,  and  to  leave  a  pro- 
jecting piece  which  fits  exactly  into  the  recess  cut  in  the  first  body. 
Hence  the  latter  body  will  fit  exactly  over  the  former  and  the 
relative  motion  between  the  two  will  be  the  same  as  that  between 
the  cylinder  and  cutting  tool. 

Screws  may  not  only  be  right-handed  or  left-handed,  like 
helices  (par.  88),  but  may  be  single  threaded,  double  threaded,  or 
even  triple  threaded.  In  a  single-threaded  screw,  there  is  but  one 
continuous  groove  on  the  surface  of  the  body;  in  a  double- 
threaded  screw  there  are  two  independent  grooves ;  and  in  the 
triple-threaded  screw,  three. 

275.  Mechanisms  containing  Screw  Pairs. — Although  in  a  screw 
pair,  the  path  traversed  by  each  moving  particle  is  helical,  this 

motion  is  seldom  if  ever  directly 
utilized  in  a  mechanism.  The  rota- 
tional and  translational  components 
of  screw  motion  can,  however,  be 
readily  employed.  For  example,  one 
of  the  simplest  machines  containing 
a  screw  pair  is  a  copying  press  (Fig. 
299).  In  this  machine  there  are 
three  elements.  The  base  plate  repre- 
sents the  element  a,  the  spindle  and 
handle  the  element  &,  and  the  plate 
the  element  c.  To  prevent  rotation 

the  plate  works  in  guides  in  the  arms  of  a.  Thus  a  and  "b  form 
a  screw  pair,  I  and  c  a  turning  pair,  and  c  and  a  a  sliding  pair. 
This  machine  has  a  large  mechanical  advantage,  as  a  small 
pressure  on  the  rim  of  the  handle  exerts  a  big  force  between 
c  and  a. 

276.  Derivation    of   Screw    Wheels. — From     a    kinematical 
standpoint,  the  most  important  example  of  screw  motion  occurs 
in   screw  wheels,   or   spiral  gearing  as   it  is   sometimes   called. 
Screw  wheels  are  employed  for  the  transference  of  rotary  motion 
between  two  shafts.     The  process  may  be  illustrated,  and   the 
screw  wheels  themselves  derived,  by  the  modification  of  a  bolt  and 
nut.    Suppose  a  bolt  and  nut  are  constrained  so  that  as  the  bolt 
rotates,  the  nut  has  a  linear  motion.     Cut  the  nut  axially  in  two, 
and  consider  the  motion  of  one  half.     Its  linear  motion  is  equiva- 
lent to  a  circular  motion,  if  the  radius  of  the  circle  be  assumed 
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indefinitely  large.  Eeducing  the  radius  of  the  circle,  and  at  the 
same  time  prolonging  the  length  of  the  half  nut  until  it  completes 
the  circumference  of  the  circle,  the  bolt  and  nut  become  the 
familiar  worm  and  worm  wheel  (Fig.  300).  By  altering  the 


FIG.  300. 


direction  of  the  axis  and  increasing  the  size  of  the  worm,  the  general 
case  of  screw  wheels  is  obtained. 

277.  Use  of  Screw  Wheels.— It  has  been  seen  in  Chap.  XIV., 
par.  175,  that  motion  may  be  transmitted  by  means  of  skew 
gearing  between  two  shafts  whose  axes  are  not  co-planar.  In  this 
case,  the  wheels  are  frusta  of  hyperboloids,  and  the  contact  between 
the  teeth  is  over  a  straight  line.  Because  of  the  difficulties  of 
manufacture,  such  gearing  is  seldom  employed,  and  screw  wheels 
are  generally  used.  Screw  wheels  are  formed  from  circular 
blanks  and  the  teeth  run  in  the  form  of  a  screw  over  the  pitch 
surfaces. 

When  two  shafts,  whose  axes  are  not  co-planar,  are  connected 
by  screw  wheels  whose  pitch  surfaces  are  cylindrical,  there  can 
only  be  point  contact  (Fig.  301).  This  is  a  serious  disadvantage 
when  power  has  to  be  transmitted  since  the  intensity  of  pressure 
must  be  high,  and  excessive  wear  of  the  teeth  will  take  place 
together  with  the  additional  objections  that  follow  excessive  wear, 
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Originally,  screw  wheels  were  manufactured  whose  teeth  had  a 
geometrical  point  of  contact,  and  this,  doubtless,  is  the  cause  of  the 
ill  repute  from  which  this  gearing  still  suffers. 
As  modern  methods  of  manufacture  ensure 
that  contact  between  the  teeth  is  over  a  line, 
the  amount  of  wear  and  accompanying  dis- 
advantages are  thus  reduced.  One  serious 
disadvantage  cannot  be  entirely  eliminated, 
namely,  the  axial  thrust  which  is  introduced 
along  one  or  both  axes.  This  thrust  must  be 
taken  up  on  a  bearing  and  introduces  friction 
which,  independently  of  the  friction  between 
the  teeth,  reduces  considerably  the  efficiency 
of  power  transmission. 

278.  Helical  Wheels  and  Worm  Gearing. 
— Helical  wheels  and  worm  gearing  are  two 
special  cases  of  screw  wheels.  Helical  gear- 
ing is  the  name  given  to  screw  wheels  when 
the  axes  of  the  wheels  are  co-planar  and 
parallel.  The  general  properties  of  screw 
wheels  and  helical  wheels  are  identical,  but 
as  the  particular  properties  of  helical  wheels  have  been  already 
described  in  Chap.  XVII.,  this  case  need  not  be  further  discussed. 
The  difference  between  screw  wheels  and  worm  gearing  is 
largely  dimensional.  In  worm  gearing  the  diameter  of  one  wheel, 
called  the  worm,  is  relatively  small  compared  to  that  of  the  other 
wheel,  called  the  worm  wheel.  The  diameter  of  the  worm  is  in  fact 
so  small  that  the  shaft  itself  is  generally  enlarged  to  carry  the  screw 
(Fig.  300).  The  screw  may  be  single  threaded  (Fig.  302),  double 
threaded  (Fig.  303),  triple  threaded  (Fig.  304),  or  even  quadruple 
threaded  (Fig.  305),  and  at  least  one  complete  thread  is  generally 
provided.  In  the  most  general  case  of  worm  gearing,  the  axes  of 
the  two  shafts  are  at  right  angles,  though,  of  course,  in  different 
planes.  Occasionally,  in  the  oblique  worm,  the  inclination  is 
other  than  90°.  On  the  worm  wheel  and  on  screw  wheels  in 
general  there  are  always  a  large  number  of  threads,  but  only 
a  portion  of  each  is  utilized. 

The  dimensional  difference  between  worm  gearing  and  screw 
wheels  causes  a  modification  of  the  velocity  ratio  transmitted 
which  further  demarcates  the  two  cases.  The  velocity  ratio  in 
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worm  gearing  is  seldom  greater  than  1  :  3,  whilst  in  screw  wheels, 
it  is  never  less  than  that  figure,  and  is  more  generally  nearly  unity. 

LEAD 


LEAD 


D 


FIG.  301. 


FIG.  305. 


Other  special  properties  of  worm  gearing  will  be  given  in  a  later 
paragraph. 

279.  Screw  Wheels— Definitions  and  Nomenclature.— Let  Fig. 
306  represent  a  helix  drawn  on  a  cylinder 
whose  diameter  is  d,  where  d  is  the  pitch 
circle  diameter  of  a  screw  wheel.  This 
curve,  whose  properties  have  already  been 
described  (par.  88),  will  represent  the  centre 
line  of  a  tooth  on  the  screw  wheel. 

To  get  the  most  general  case  of  a  screw 
wheel,  a  number  of  separate  helices  must 
be  traced  upon  the  cylinder,  but  only  a 
small  portion  of  them  utilized.  Let  the 
disc  abed  represent  a  screw  wheel.  Drawing 
the  development  of  the  surface  of  this  disc 
(Fig.  307),  there  will  appear  a  number  of  straight  lines  equally 
spaced  and  inclined  at  an  angle  a  to  the  axis.  The  wheel  is  in 


FIG.  306. 


FIG.  307. 


fact  equivalent  to  a  many- threaded  screw,  the  number  of  threads 
being  equal  to  the  number  of  helices  upon  the  cylinder.  Let  q 
and  r  be  the  extremities  of  two  adjoining  centre-lines.  Draw  qt 
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parallel  to  the  axis  to  meet  the  adjoining  centre-line  in  t.  Draw 
qs  perpendicular  to  rt.  The  distance  qr  is  known  as  the  circum- 
ferential pitch  pc  of  the  teeth ;  qs  is  the  normal  pitch  pn  and  qt  is 
the  axial  pitch  pa. 

It  is  not  only  necessary  to  differentiate  between  these  several 
pitches,  pC)  pn,  and  pa,  but  each  must  be  distinguished  from  the  pitch 
of  the  original  helix.  This  is  equal  to  the  axial  pitch  in  the  case 
of  a  single-threaded  screw,  or  double  the  axial  pitch  in  the  case  of 
a  double-threaded  screw,  and  is,  in  general,  equal  to  the  axial  pitch 
multiplied  by  the  number  of  teeth.  In  order  to  prevent  any 
ambiguity,  the  pitch  of  the  helix  will  in  future  be  designated  as 
the  lead  /.  The  lead  of  the  various  helices  of  a  screw  wheel  is  of 
course  constant. 

The  distinctive  property  of  the  normal  pitch  pn  should  be 
clearly  noted.  It  represents  the  shortest  distance  between  the 
centre  lines  of  two  teeth,  and  is  equal  to  the  thickness  of  the 
tooth  plus  the  width  of  the  gap  between  two  teeth,  both  distances 
being  measured  on  the  pitch  circle  circumference.  It  corresponds, 
therefore,  to  the  circumferential  pitch  of  the  spur  wheel.  When 
two  screw  wheels  gear  together,  the  normal  pitches  must  be  the 
same. 

280.  Relationships  between  the  Factors  which  specify  a  Screw 
Wheel.— 

Let  T  =  number  of  teeth  on  a  screw  wheel 
I  =  lead  or  pitch  of  each  helix 
d  =  pitch  circle  diameter 
and  a  =  pitch  angle 

As  the  number  of  threads  on  the  wheel  is  equal  to  the  number 
of  helices  in  the  distance  ef  (Fig.  306). 

•••  Txpa  =  l (1) 

A ,  pitch  circumference      nd 

Also  tan  a  =  —  -  =  -=- 

lead  / 

and  T .  pc  =  pitch  circumference  =  ird 

:.  T  .pc  =  Trd  =  I  tan  a  . (2) 

The  relationships  between  the  quantities  pc,  pnt  and  pa  may  be 
deduced  from  the  lengths  of  the  lines  qr,  qs,  and  qt  in  Fig.  307. 

Pn=PcGOSa  .......     (3) 

pn=pasma (4) 

pc=patena (5) 
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281.  Velocity  Ratio  transmitted  by  Screw  Wheels. — Let  Fig. 
308  represent  the  development  of  the  pitch  surfaces  of  two  screw 
wheels,  (1)  and  (2),  whose  axes  AA  and  BB  are  inclined  at  an 
angle  0.  Let  CD  be  the  common  line  of  slope  of  the  teeth.  Let 
the  pitch  angle  of  wheel  (1) 
whose  axis  is  AA  be  a,  and  that 
of  wheel  (2)  whose  axis  is  BB 
be  j8.  The  normal  pitch  of  the 
teeth  on  the  wheels  is  the  same, 
and  a  +  j3  =  0. 

On  considering  the  motion  of 
the  teeth  it  will  be  obvious  that 
the  number  of  teeth  passing  a 
given  point  must  be  the  same  for 
both  wheels.  That  is,  the  angular 
velocities  of  the  shafts  are  inversely  as  the  number  of  threads 
on  the  wheels.  Let  NI  and  N2  be  the  speeds  of  wheels  (1)  and  (2) 
respectively,  wheel  (1)  being  the  driver. 

Trd-i 


FIG.  308. 


But  the  normal  pitch  of  each  wheel  is  the  same. 

'''Pc=PnSGCa'      and      Pcff==PnSQC^ 

m  N2 d i  cos  a 

"  Nj      d%  cos  j8 

Hence  for  screw  wheels  the  velocity  ratio  depends  on  the  pitch 
angles  as  well  as  on  the  pitch  radii.  Wheels  of  equal  size  may  be 
made  to  give  a  reduction  of  speed,  or  equal  speeds  may  be  taken 
from  wheels  of  unequal  size.  Screw  wheels  have  herein  an  advan- 
tage over  the  ordinary  tooth  gearing,  inasmuch  as  in  the  former  the 

increase  in  the  ratio ^  diminishes  the  ratio  ~,  i.e.  a  smaller 

cos  p  w2.. 

diameter  driven  wheel  can  be  used  for  a  given  velocity  ratio. 
Unfortunately,  as  will  be  pointed  out  presently,  the  friction  and 
wear  of  the  teeth  are  thereby  increased. 

In  the  case  of  helical  wheels,  a  =  j8,  and  hence,  as  already 
seen  in  Chap.  XVII.,  the  velocity  ratio  depends  only  on  the  pitch 
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FIG.  309. 


diameters.     If,  as  is  preferable,  screw  wheels  are  designed  so  that 
a  =  j8,  the  same  result  applies. 

Another  special  case  occurs  when  the  axes  of  the  shafts  are  in 
different  planes  but  are  inclined  at  a  right  angle.    As  cos  j8  is  then 

,  ,      .        No      d*  cos  a 
equal  to  sin  a,  ^  =  £  ^    .     Also  since  pn  =pc  cos  a  =pa  sin  a, 

the  circumferential  pitch  of  one 
wheel  must  be  equal  to  the  axial 
pitch  of  the  other.  This  can  also 
be  seen  in  Fig.  309.  qr  is  the 
circumferential  pitch  of  wheel  (1) 
and  the  axial  pitch  of  wheel  (2), 
whilst  qt  is  the  axial  pitch  of 
(1)  and  the  circumferential  pitch 
of  (2). 

An    ordinary   toothed    wheel 

may  be  considered  as  a  limiting  case  of  a  screw  wheel  when  the 

pitch  angle  a  is  a  right  angle. 

282.  Choice  of  Pitch  Angles  of  Two  Screw  Wheels. — It  has  been 

seen  that  in  the  design  of  two 
screw  wheels,  the  two  pitch  angles 
play  an  important  part.  The  sum 
of  the  two  angles  is  equal  to  9, 
the  angle  between  the  two  axes, 
but  it  remains  to  be  seen  what 
other  conditions  influence  the 
choice  of  each  angle.  This  can  be 
best  done,  perhaps,  by  the  study 
of  a  definite  case.  Let  Fig.  310 
represent  two  wheels  whose  axes 
are  inclined  at  an  angle  6.  Let 
Vlf  Y2  represent  the  linear  velocity 
of  the  pitch  surfaces  of  wheels 
(1)  and  (2)  respectively,  and  let 
CD  represent  the  common  line  of 
slope  of  the  teeth.  When  two 
teeth  are  at  the  pitch  point,  the 
relative  motion  between  them  is 
sliding  only,  i.e.  the  direction  of 
their  relative  velocity  is  along  the  teeth.  Drawing  the  triangle  of 
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velocities,  PQ  proportional  to  V1}  and  PR  proportional  to  V2,  the 
joining  line  QR  must  be  parallel  to  CD,  and  be  proportional  to  the 
velocity  of  sliding  Vs  between  the  teeth.  Draw  PS  perpendicular 
to  CD  meeting  QR  in  S.  The  triangle  PQS  also  represents  to  some 
scale  the  forces  acting  on  the  teeth  of  wheel  (1).  PS  is  the  normal 
component,  i.e.  the  force  tending  to  break  the  teeth,  and  is  equal 
to  the  normal  component  of  the  force  on  the  teeth  of  wheel  (2). 
It  is  desirable  to  have  a  minimum  value  to  this  quantity. 

For  a  given  normal  component  of  pressure  on  the  teeth  it  is 
required  to  fix  the  angle  of  inclination  of  the  teeth  so  that  the 
velocity  of  sliding  Vs  is  a  minimum.  In  other  words,  for  a  given 
magnitude  of  PS  (Fig.  310)  it  is  required  to  fix  its  direction  so 
that  the  magnitude  of  the  perpendicular  QR  is  a  minimum.  This 
is  merely  a  geometrical  problem,  and  is  solved  by  making  PS 
bisect  the  angle  QPR.  In  other  words,  for  maximum  efficiency 
the  pitch  angles  a  and  j8  are  equal. 

283.  Design  of  Screw  Wheels. — The  determination  of  the 
various  factors  necessary  for  the  complete  specification  of  screw 
wheels  follows  similar  lines  to  that  of  ordinary  tooth  gearing.  As 
shown  in  an  earlier  chapter,  practical  considerations  influencing 
the  design  of  all  toothed  wheels  are  (a)  the  number  of  teeth  on 
each  wheel  must  be  an  integer,  and  (b)  the  pitch  of  the  teeth  must 
be  a  standard  value.  In  one  respect  only  does  a  screw  wheel  differ 
from  a  spur  wheel,  the  pitch  angle  being  a  variable  in  the  former, 
and  a  right  angle  in  the  latter. 

The  equations  to  be  fulfilled  in  design  are  : — 

d1+d2  =  2L (6) 

where  L  is  the  minimum  perpendicular  distance  between  the  axes 
of  the  wheels. 

,r  ,     .,        ,.         N9 
Velocity  ratio  =  =^?  = 

2 

(8) 

Assuming  a  diametral  pitch  P  for  the  worm  hob  or  cutter 
used  in  cutting  the  screw  teeth,  P  =  — ,  for,  as  seen  previously, 

Pn 

pn  corresponds  to  the  circumferential  pitch  of  an  ordinary  toothed 
wheel.  Since  Tx  X  pe'  =  TT  .  d^  we  have — 

T   =  P^   cos 
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As  a  first  choice  of  pitch  angles 

a  =  p     ........  (10) 

Furthermore,  in  the  determination  of  the  numerical  values  of 
T1?  T2,  dly  and  d2,  it  must  be  remembered  that  T^  and  T2  must  be 
integers,  and  that  P  is  a  standard  quantity  which  is  not  susceptible 
of  slight  variation. 

In  order  to  satisfy  the  last  two  conditions  in  the  solution  of 
the  similar  equations  for  spur  wheels,  it  was  found  necessary  to 
specify  that  the  distance  L  is  only  approximate  and  must  be 
susceptible  to  slight  variations.  Though  this  condition  may  be 
likewise  specified  in  the  case  of  screw  wheels,  a  fundamental 
difference  in  design  in  the  two  cases  is  that  screw  wheels  may  be 
designed  when  the  distance  L  is  exact  and  invariable.  In  this 
latter  case,  equation  10  must  be  omitted,  and  angles  a  and  jS  found 
by  trial  and  error  to  satisfy  the  remaining  equations.  In  order  to 
establish  clearly  the  difference  between  the  two  cases,  the  following 
examples  may  be  considered  :  — 

EXAMPLE  1.  —  Design  (a)  two  spur  wheels  ;  (b)  two  screw  wheels,  to  satisfy 
the  following  conditions  :  — 

Velocity  ratio  to  be  transmitted    ......      2 

Distance  between  centres  of  shafts    .....  10  inches 

Diametral  pitch  (spur  wheel)    .......      5 

Normal  diametral  pitch  (screw  wheel)   ....      5 

Angle  between  axes  of  shafts  (spur  wheels)     .    .      0° 

,,  „  „  (screw  wheels)  .     .  60° 

(a)  Spur  wheel. 

0^  +  ^  =  20   ...........     (1) 


/.  d2  =  6§  inches  ;  a^  =  13£  inches. 
Nurcber  of  teeth  {^  *  *  Jj  I  •»*}    ......    0) 

Since  the  number  of  teeth  must  be  an  integer,  it  is  clear  that  an  exact 
solution  of  the  problem  cannot  be  found.  Part  of  the  data  must  be  modified 
to  make  the  answer  practicable.  Assuming  that  the  distance  between  the  shafts 
may  be  slightly  modified,  wheels  with  33  and  66  teeth  may  be  chosen.  The 
pitch  diameters  are  then  6*6  and  13'2  inches,  and  the  distance  between  the  shaft 
centres  9'9  inches. 

(&)  Screw  wheels. 

dv  +  d2  =  20  ...........     (1) 


=  60°  ...........     (3) 

.} 
••.•••• 
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Choosing  first  the  best  pitch  angle, 

a  =  £  =  30  degrees (5) 

.'.  dl  =  13^  inches,  and  d2  =  6f  inches  as  before. 

/.  T!  =  57-7 ;  T2  =  28-85 

Let  the  actual  number  of  teeth  be  58  and  29.  By  rejecting  equation  (5), 
values  of  dlt  d.2,  a  and  j8  may  be  obtained  from  the  remaining  equations,  which 
will  completely  satisfy  the  conditions  of  the  problem. 

dlcosa  =  &£  =  11-6 
d2cosfi  =  *£  =  5-8 
dl  +  d2  =  20 
By  trial  a  =  28° ;  j8  =  32°. 

284.  Worm  Gearing. — The  fact  that  worm  gearing  is  only  a 
special  form  of  screw  gearing  has  been  already  established,  but 
further  distinctive  characteristics  of  worm  gearing  may  now  be 
mentioned. 

The  velocity  ratio  transmitted  by  worm  gearing  can  be  easily 
ascertained.  Tooth  gearing  in  general  has  a  velocity  ratio  inversely 
proportional  to  the  number  of  teeth  on  the  wheels,  and  in  the  case 
of  screw  gearing  the  number  of  teeth  is  the  same  as  the  number  of 
threads.  Hence,  in  the  case  of  worm  gearing,  the  nature  of  the 
thread  on  the  worm,  whether  single  or  double  threaded,  is  a 
deciding  factor  in  the  angular  velocity  transmitted.  If  the  worm 
is  single  threaded,  a  worm  wheel  with  n  threads  or  teeth  will  make 

-  revolutions  per  revolution  of  the  worm.  If  the  worm  is  double 
n 

2 

threaded,  the  worm  wheel  will  make  -  revolutions  under  the  same 

n 

conditions.  The  worm  has,  in  fact,  a  small  axial  but  a  large  cir- 
cumferential pitch,  whereas  the  worm  wheel  has  a  large  axial  but 
a  small  circumferential  pitch.  The  number  of  threads  on  the  worm 
wheel  should  in  practice  never  be  less  than  twenty-five. 

Worm  gearing  is  useful  inasmuch  as  a  very  slow  motion  may 
be  imparted  to  the  worm  wheel,  in  other  words,  a  small  force  on 
the  worm  may  be  made  to  overcome  a  big  resistance.  Unfor- 
tunately, although  the  mechanical  advantage  is  high,  the  mechani- 
cal efficiency  is  low.  The  worm  shaft  has  to  take  a  certain  amount 
of  axial  thrust,  and  the  friction  at  the  necessary  thrust  bearings 
together  with  the  friction  between  the  threads  reduces  considerably 
the  efficiency. 

A  further  important  characteristic  of  worm  gearing  is  that  it 
may  be  made  self-locking,  i.e.  the  pitch  angle  of  the  helix  may  be 
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made  such  that  the  direction  of  rotation  of  the  worm  wheel  cannot 
be  reversed,  no  matter  what  torque  is  applied  to  the  worm  wheel 
shaft. 

285.  Manufacture  of  Screw  Wheels. — There  are  three  machines 
for  forming  the  teeth  on  screw  wheels  which  have  been  successfully 
used,  viz.  (1)  a  lathe,  (2)  a  milling  machine,  or  (3)  a  gear  hobbing 
machine.  In  each  case,  a  double  motion,  rotary  and  rectilinear  must 
be  given  either  to  the  blank  in  which  the  teeth  are  to  be  cut,  or  to 
the  tool  itself.  Of  the  three  methods,  the  latter  is  proving  most 
satisfactory  and  is  now  chiefly  used.  A  tool  called  a  hob  is  made 
the  exact  size  of  the  worm  plus  clearance,  and  is  provided  with 
cutting  edges.  The  blank  has  recesses  machined  roughly  at  the 
correct  obliquity  corresponding  to  the  tooth  spaces.  The  hob 
and  blank  are  then  mounted  on  spindles  whose  centres  are  the 
correct  distance  apart,  and  each  is  given  independently  its  motion 
as  if  the  worm  drove  the  blank.  Teeth  are  thus  formed  with  con- 
tact over  a  straight  line.  By  the  standardization  of  hob  tools,  a 
very  satisfactory  method  of  manufacturing  screw  wheels  has  been 
obtained. 

EXERCISES  XXIV 

1.  Two  shafts  to  be  connected  by  screw  wheels  are  inclined  at  90°,  and  have 
to  transmit  a  velocity  ratio  of  2.    The  spiral  angle  is  45°,  normal  pitch  £  inch, 
and  the  driving  wheel  has  20  teeth.     Find  the  diameters  of  the  wheels  and  the 
distance  apart  of  the  shafts. 

2.  What  is  the  distance  apart  of  the  shafts  of  Question  2  if  the  spiral  angles 
of  the  driver  and  follower  be  35°  and  55°  respectively  ? 

3.  If  the  speed  of  the  driver  be  90  revolutions  per  minute,  determine  the 
velocity  of  sliding  between  the  teeth  of  Question  2. 

4.  Two  shafts  to  run  at  equal  speeds  are  inclined  at  90°,  and  are  connected 
by  screw  wheels.     The  spiral  angle  on  the  driver  is  30°,  and  on  the  follower 
60°.     Each  wheel  has  20  teeth   of  normal  pitch   £  inch.     Determine  the 
diameters  of  the  wheels  and  the  distance  apart  of  the  shafts. 

5.  If  in  Question  4  the  distance  apart  of  the  shafts  were  fixed  at  5|  inches, 
what  would  be  the  necessary  spiral  angles  to  fulfil  the  remaining  conditions? 

6.  Show  that  the  angular  velocity  ratio  of  a  pair  of  geared  screw  wheels 
is  independent  of  their  diameters,  and  depends  only  on  the  number  of  threads 
on  the  wheels.     A  pair  of  screw  wheels  have  axes  inclined  at  60°,  and  the 
least  distance  between  them  is  12  inches.     Find  the  pitch  diameter  to  give 
an  angular  velocity  ratio  of  2,  with  a  minimum  sliding  velocity  of  the  teeth. 
If  the  mean  peripheral  velocity  of  one  of  the  wheels  is  6  feet  per  second,  find 
the  sliding  velocity  of  the  teeth  of  both  wheels.  (Lond.  B.Sc.  1913.) 


PART  III 
DYNAMICS   OF  MACHINES 

CHAPTEK   XXV 
FRICTION 

286.  Force  of  Friction. — Smoothness  of  surface  is  only  a  relative 
term.  No  matter  how  exactly  shaped  a  surface  may  be,  it  is 
never  free  from  ridges  and  depressions  which  become  apparent  on 
microscopical  examination.  When  two  surfaces  are  in  contact, 
there  is  always  a  certain  amount  of  interlocking  due  to  the  crests 
on  one  fitting  into  the  hollows  of  the  other.  If  relative  motion 
occurs  between  the  surfaces,  a  force  is  introduced  which  retards 
that  motion.  This  force  is  known  as  the  force  of  friction. 

287.  Laws  of  Solid  Friction. — Ordinary  experience  teaches  us 
that  the  force  of  friction  depends  upon  the  degree  of  smoothness 
and  the  nature  of  the  surfaces  of  contact,  and  upon  the  pressure 
with  which  those  surfaces  are  forced  together.  In  view  of  the 
nature  of  the  problem,  however,  it  is  scarcely  to  be  expected  that 
any  exact  laws  can  be  deduced  to  give  the  frictional  resistance  in 
any  definite  case.  The  laws  of  solid  friction,  as  deduced  by  experi- 
mental investigations,  are — 

(1)  Within  certain  limits,  the  frictional  resistance  varies  as  the 

load  between  the  surfaces  of  contact ; 

(2)  The  frictional  resistance  is  independent  of  the  extent  of 

surface  over  which  the  load  is  distributed ;  and 

(3)  The   frictional  resistance  increases  with  the  decrease  of 

speed,  culminating  in  the  friction  of  repose. 
It  must  not  be  overlooked  that  although  friction  represents  a 
force  which  in   being   overcome   detracts   from   the   mechanical 
efficiency  of  a  machine,  it  is  nevertheless  a  necessity  of  e very-day 
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life  and  a  most  useful  ally  in  certain  classes  of  machinery.  Rolling 
motion  and  even  walking  are  only  possible  because  the  force  of 
friction  introduces  the  necessary  reacting  force  between  the  moving 
body  and  the  ground.  The  principle  of  action  of  many  machines 
depends  fundamentally  upon  the  presence  of  friction,  as  in  dynamo- 
meters, brakes,  belt  drives,  etc. 

In  most  machines,  however,  the  friction  between  the  moving 
parts  must  be  reduced,  as  it  has  a  deleterious  effect  upon  both  the 
mechanical  efficiency  and  the  life  of  the  machine;  upon  the 
mechanical  efficiency,  because  the  Motional  forces  must  be  over- 
come before  relative  motion  can  take  place,  and  hence  the  power 
supplied  is  always  greater  than  the  power  taken  out ;  upon  the 
life  of  the  machine,  because  the  constant  abrasion  of  the  surfaces 
of  contact  makes  them  wear,  and  they  must  therefore  be  renewed 
from  time  to  time  to  preserve  the  utility  of  the  machine. 

288.  Use  of  Lubricants. — The  friction  between  two  moving 
parts  in  contact  can  be  reduced  by  the  use  of  a  suitable  lubricant. 
In  the  ideal  case  the  effect  of  the  lubricant  is  to  separate  the  two 
surfaces  so  that  there  is  no  longer  metallic  contact.  The  internal 
pressure  in  the  lubricant  must  then  be  sufficiently  high  to  keep 
the  two  surfaces  apart,  and  the  only  force  to  prevent  relative 
motion  is  that  necessary  to  overcome  the  viscosity  of,  i.e.  shear,  the 
lubricant.  Under  such  conditions  there  is  no  wear  of  the  working 
parts,  and  the  frictional  force  is  reduced  very  considerably. 
Obviously  the  ideal  lubricant  is  a  fluid ;  in  general  some  kind  of 
oil  or  grease  is  employed. 

Unfortunately  the  ideal  conditions  cannot  be  obtained  in  prac- 
tice, for,  in  spite  of  lubrication,  there  is  still  a  certain  amount  of 
metallic  contact.  The  wear  and  frictional  force  are  indeed  reduced, 
but  made  more  indefinite  of  determination  than  ever.  The  fric- 
tional force  is  found  to  depend  not  only  upon  the  magnitude,  but 
upon  the  nature — steady,  reversing,  or  fluctuating — of  the  reactions 
between  the  surfaces  of  contact ;  also  upon  the  materials  of  those 
surfaces,  upon  the  kind  of  lubricant  employed,  and  upon  the  tem- 
perature of  the  lubricant.  It  cannot  be  expected  that  any  "  laws  " 
of  friction  can  be  stated  to  take  into  account  all  these  varying  con- 
ditions with  which  the  engineer  must  cope.  For  practical  conveni- 
ence, however,  the  first  law  of  solid  friction  is  used.  In  this,  the  ratio 
•p 
P  is  said  to  be  constant,  F  denoting  the  force  of  friction  and  R  the 
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F 

reaction  between  the  surfaces.   This  can  be  expressed  ^  =  u,  where 

K 

fji  is  a  number  called  the  coefficient  of  friction.  Instead  of  calling 
p.  a  constant  in  accordance  with  that  law,  it  may  be  adapted  to 
meet  the  varying  conditions  outlined  above  by  being  assigned 
different  values — values  for  the  varying  velocities,  the  varying 
materials  of  bearing  surfaces,  the  varying  lubricants,  etc.,  that 
obtain  in  practice.  Table  XI.  gives  mean  values  of  /A  deduced 
from  experimental  investigations. 

TABLE  XI. — COEFFICIENTS  OF  FBICTION. 

Metal  on  metal,  dry O2  to  0*4 

well  lubricated 0-05  „  0-08 

„         wood 0-2    „  0-6 

Wood  on  wood 0-15  „  0-4 

Hemp  rope  on  metal 0'25 

Leather  on  metal 0-3    „  0-5 

„       „    wood 0-3    „  0-5 

These  coefficients  are  only  suggestive  of  the  limiting  values 
and  must  always  be  used  with  caution. 

In  this  connection  reference  should  be  made  to  the  researches 
of  Mr.  Beauchamp  Towers  on  the  friction  of  a  lubricated  journal, 
Proc.  I.  Mech.  E.,  1883-4,  and  on  the  friction  of  pivot  and  collar 
bearings,  Proc.  I.  Mech.  E.,  1888,  1891 ;  to  the  work  of  Captain 
Dalton  on  the  braking  of  railway  vehicles,  Proc.  I.  Mech.  E., 
1878-9 ;  and  to  the  work  of  Mr.  W.  Lewis  on  the  efficiency  of 
screw-gearing,  Engineering,  vol.  41. 

289.  Sliding  Friction. — Consider  a  mass  of  weight  W  resting 
on  a  horizontal  plane.  When  there  is  no  motion,  the  reaction  K 
between  the  weight  and  the  plane  is  equal  to 
W  (Fig.  311). 

If  the  weight  W  be  moving  over  the  surface 
of  the  plane  a  frictional  retarding  force  /*E  is 
introduced.  It  is  of  the  utmost  importance  to 
remember  that  the  force  of  friction  always  acts 
in  the  direction  opposing  motion,  and  that  the  total  resistance 
which  acts  on  any  body  resting  on  a  rough  surface  will,  if  possible, 
assume  such  a  magnitude  and  direction  as  to  preserve  the  equili- 
brium of  that  body.  That  is  to  say,  a  force  P  =  /zK  must  be 
exerted  in  the  direction  of  motion  in  order  to  overcome  the  frictional 

¥ 
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resistances  and  keep  the  velocity  uniform^(Fig.  312).  The  normal 
reacting  force  K  equals  W  as  before,  but  the  total  reacting  force 
E!  is  compounded  of  K  and  /LiE.  The  force  Ex  is  therefore  inclined 
at  an  angle  <f>  to  the  vertical,  where  tan  <£  =  p.  In  other  words, 
the  introduction  of  the  frictional  force  deflects  the  direction  of 
the  reacting  force  by  an  angle  $  which  is  known  as  the  angle 
of  friction. 

The  angle  of  friction  may  be  specified  in  another  manner. 
Suppose  a  weight  W  is  resting  upon  a  rough  plane  inclined  at  an 
angle  a  to  the  horizontal  (Fig.  313).  Let  the  coefficient  of  friction 


rw 

«/ 


FIG.  312.  FIG.  313. 

between  weight  and  plane  be  p.  The  component  of  W  down  the 
plane  is  W  sin  a,  and  the  normal  reaction  is  W  cos  a.  The  con- 
dition that  sliding  should  be  about  to  take  place  is  that  the  com- 
ponent of  W  down  the  plane  should  just  be  equal  to  the  frictional 
force.  That  is,  W  sin  a  =  /xW  cos  a,  or  p.  =  tan  a.  But  p  has 
already  been  defined  as  equal  to  tan  0.  Hence  in  the  limiting 
condition  for  equilibrium,  the  angle  of  inclination  of  the  plane 
is  $. 

The  angle  of  friction  may  therefore  be  specified  as  the  inclina- 
tion to  the  horizontal  of  a  plane  down  which  a  weight  is  on  the 
point  of  sliding.  If  the  inclination  of  the  plane  be  less  than  </>  the 
weight  will  not  move ;  if  it  be  greater,  a  force  must  be  applied  to 
maintain  equilibrium. 

The  usefulness  of  the  angle  of  friction  lies  in  the  fact  that  it 
gives  the  direction  of  the  total  reacting  force  E1?  even  though  the 
magnitude  of  the  normal  reaction  E  be  unknown.  When  p  is 
given,  it  is  known  that  the  direction  of  the  total  reacting  force  is 
deflected  through  an  angle  (/>  where  tan  <£  =  p.  Perhaps  this  point 
can  be  clearly  brought  out  by  solving  the  following  example. 

EXAMPLE  1.— A  ladder  rests  against  a  wall  and  the  ground,  being  inclined 
at  an  angle  of  60°  to  the  horizontal  (Fig.  314).  The  coefficients  of  friction 
between  the  ladder  and  the  ground  and  the  ladder  and  wall  are  /ij  and  /*2 
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respectively.     Determine  the  position  of  a  load  W  so  that  the  ladder  is  on  the 
point  of  slipping. 


The  forces  acting  on  the  ladder  are  the  load  and  the  normal  reactions 
frictional  forces  at  the  ground  and  wall.  The  direction 
of  the  total  reaction  at  the  ground  is  inclined  at  an 
angle  fa  to  the  vertical,  where  tan  fa  =  pr  Similarly 
the  direction  of  the  total  reaction  at  the  wall  is  inclined 
at  an  angle  fa  to  the  horizontal,  where  tan  fa  =  /*2.  In 
both  cases  the  total  reaction  lies  on  the  side  of  the  normal 
opposite  to  the  direction  of  slipping.  The  forces  acting 
on  the  ladder  are  thus  reduced  to  three,  and  since  the 
ladder  is  in  equilibrium,  their  lines  of  action  are  con- 
current. The  vertical  line  through  the  intersection  of 
the  reactions  Rj  and  R2  therefore  gives  the  position  of 
the  load  W. 


and 


Y/////////// 

FIG.  314. 


290.  Friction  in  Screw  Constraints. — It  has  been  seen  previously 
that  a  particle  having  screw  motion  traces  a  helical  path,  and  that 
the  development  of  a  helical  path  is  a  straight  line  (par.  88). 
When  two  bodies  are  constrained  to  have  screw  motion,  some 
form  of  helical  surface  must  be  provided,  the  outer  surface  of  one 
fitting  into  the  inner  surface  of  the  other.  The  development  of 
these  surfaces  must  therefore  be  an  inclined  plane.  For  example, 
the  development  of  a  square-threaded  nut  is  shown  in  Fig.  315. 


FIG.  315. 


The  development  of  the  screw  must  be  similar  since  the  two 
surfaces  fit  into  each  other.  The  rotation  of  the  nut,  therefore, 
means,  in  effect,  its  movement  up  an  inclined  plane,  the  turning 
moment  which  causes  rotation  becoming  a  horizontal  force  P  in 
the  development. 

Let  p  be  the  pitch  at  radius  r  of  the  thread.    The  angle  of  slope 
of  the  thread  will  be  equal  to  the  angle  of  inclination  of  the  plane, 

that  is,  tan  a  =  ^.  Let  BA  represent  the  load  W  moved  by 
the  screw.  Neglecting  friction,  the  force  necessary  to  keep  W  in 
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equilibrium  on  the  plane  is  P  =  W  tan  a  (Fig.  316).     (It  should 
be  noticed  that  P  is  the  horizontal  force  CB  and  not  the  force  DB 

C D  parallel  to  the  plane.)     Taking  friction 

into  account,  there  are  two  cases  to  be 
considered,  motion  up  the  plane  and 
motion  down  the  plane. 

In  the  first  case,  since  friction  opposes 
—  motion,  the  reaction  Ex  is  inclined  at  an 
FIG.  316.  angle  </>  to  E  on  the  side  remote  from  BA 

(Fig.  317).     The  horizontal  force  is  therefore 

Pj  =  EB  =  W  tan  (<f>  +  a). 

In  the  second  case,  the  reaction  E2  is  inclined  at  an  angle  (f>  to 
E  on  the  same  side  as  BA  (Fig.  318),  and  the  horizontal  force 


C      B 


BF 


FIG.  317. 


FIG.  318. 


P2  =  FB  =  W  tan  ((/>  —  a).  If  ^  =  a,  W  will  just  remain  in 
equilibrium  on  the  plane.  If  (f>  be  less  than  a,  a  force  must  be 
applied  to  prevent  motion  down  the  plane. 

The  efficiency  of  the  inclined  plane  as  a  means  of  lifting  a 

.,..,,       c        P  tan  a 

weight  is  therefore  ^-  =  -  --  7-r-.  —  r. 
P!      tan  ((/>  +  a) 

These  results  may  be  applied  directly  to  the  case  of  a  screw. 


Since  tan  a  =  ~—  and  tan  </>  =  p,, 
.-.  PI  =  W  tan  (0  +  a)  = 


.  . 

1  —  tan  <f>  tan  a 


—  p/p 


Assuming  that  the  screw  is  turned  by  an  applied  force  Q  acting 
at   the   extremity  of  a  lever   of  length  /,  the   turning  moment 


In  tightening  a  nut  upon  a  bolt,  it  is  necessary  also  to  take 
into  account  the  friction  between  the  nut  and  the  body  upon 
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which  it  rests.     Let  TI  be  the  mean  radius  of  the  bearing  surface 
of  the  nut,  and  ^  the  coefficient  of  friction. 

/.  frictional  force   between   the  nut   and}  _ 
the  fixed  body  j— 

.*.  torque  required  to  overcome  this  friction  =  /^W^ 
/.  total  torque  necessary  to  turn  nut  =  Pjr  + 

When  the  load  W  is  lowered,  P2  =  W  tan  (<£  -  a)  = 


The  direction  of  the  force  P2  is  down  the  plane  if  (/>  be  greater 
than  a.  In  this  case  the  screw  is  said  to  be  self-locking.  If  0 
be  less  than  a  the  load  W  will  itself  reverse  the  motion  without 
the  application  of  an  external  force  (see  par.  53). 

In  the  case  of  a  screw  thread  whose  cross-section  is  not 
square,  the  frictional  force  is  augmented  because  of 
the  double  inclination  of  the  thread  (Fig.  319).  The 
load  W  has  two  components,  one  perpendicular  to 
the  axis  and  one  normal  to  the  surface  of  the  thread. 
The  normal  pressure  is  W  sec  6  where  6  is  the  half 
angle  of  the  thread.  As  the  frictional  resistance  is 
proportional  to  the  normal  pressure,  the  angle  of 

6 
friction  is  virtually  increased  to  —  ^-7,  or  the  coefficient 

.....  °°Sfl 

of  friction  to  p,  sec  6. 

For  a  Whitworth  thread  26  =  55°,  and  therefore  the  co- 
efficient of  friction  in  the  expression  PL  =  W  tan  (<f>  +  a)  may  be 
taken  as 


EXAMPLE  2.  —  A  7-inch  stop  valve,  designed  to  withstand  a  pressure  of 
250  Ib.  per  square  inch,  has  a  spindle  2£  inches  diameter  with  a  square-threaded 
screw,  3  threads  per  inch,  cut  upon  it.  Assuming  a  coefficient  of  friction  of  0'15, 
determine  the  efficiency  of  the  screw  and  the  torque  required  to  turn  the  spindle. 

Since  the  screw  has  3  threads  per  inch,  p  =  %  inch. 

Effective  diameter  of  thread  =  mean  of  external  and  internal  diameters  of 
the  screw  =  2  inches. 


Efficiency  = 


^ 
tan  (a  +  f)       Q-15  X  TT  X  2 


77  x  2^  -  0-15  x 
=  25'15  per  cent. 
Torque  =  Wr  tan  (a  +  ^) 
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But 


W  =  250  x  |(7)2  =  9620  Ib. 


Torque  =  9620  x  =« 


x  2TV  -  0-15  x  £ 
=  2005  Ib.-ins. 

291.  Friction  in  turning  Constraints— Friction  Circle. — When 
an  engine  crank  shaft  is  rotating  at  a  uniform  speed,  it  is  subjected 
to  a  turning  moment  together  with  a  resultant  force  whose  direc- 
tion lies  through  the  centre  of  rotation  of  the  shaft.  The  effect 
of  friction  is  to  reduce  the  turning  moment  on  the  shaft.  Let  P 
be  the  resultant  force  acting  on  a  journal  of  radius  r  whilst  at  rest. 
The  radius  of  the  journal  is  always  slightly  less  than  that  of  the 
bearing  in  which  it  rests,  and  this  difference  is  shown  considerably 
magnified  in  Fig.  320.  The  point  of  support  of  the  shaft  will  be 


FIG.  321. 

at  A,  on  the  line  of  direction  of  P.  A  is  known  as  the  seat  of 
pressure  for  the  bearing. 

When  motion  takes  place  the  seat  of  pressure  will  no  longer 
be  at  A.  On  account  of  friction,  the  shaft  will  "  creep  "  up  the 
bearing  in  a  direction  opposite  to  that  of  the  rotation.  The  creep 
will  stop  when  the  three  forces  P,  K,  and  the  fractional  force  /z,R 
are  in  equilibrium,  and  in  this  position  the  seat  of  pressure  is  at  B 
(Fig.  321). 

Compounding  R  and  //,R,  the  resultant  Rj  is  equal  and  opposite 
to  P,  and  hence  the  angle  between  OB  and  the  direction  of  Rj  is  0 
the  angle  of  friction.  Drop  a  perpendicular  00  from  0  upon  the 
line  of  action  of  Rx.  Then  the  length  of  OC  is  r  sin  <f>. 

Considering  the  equilibrium  of  the  shaft,  the  force  P  acting 
through  0  may  be  replaced  by  a  force  P  acting  through  B  together 
with  a  couple  whose  moment  is  P  .  OC,  that  is,  Pr  sin  ^.  This 
couple  continually  retards  motion. 
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The  magnitude  of  this  retarding  turning  moment  may  be 
readily  deduced  from  the  fact  that  the  reaction,  instead  of  passing 
through  the  centre  of  the  bearing,  is  displaced  by  an  amount  r  sin  <£, 
and  may,  indeed,  be  said  to  be  tangential  to  a  circle  whose  radius 
is  r  sin  </>.  This  circle  is  known  as  the  friction  circle  of  the 
journal. 

292.  Power  lost  in  Friction  at  a  Bearing.  —  Let  v  be  the  peripheral 
velocity  of  the  shaft. 

The  moment  of  friction  =  Pr  sin  <£ 

=  Pr  tan  <£,  since  0  is  generally  small 


v 
.'.  power  lost  in  friction  =  pJPr-  =  [jiPv  ft.-lb.  per  min. 


33,000 

293.  Friction  Axis  of  a  Link.  —  When  the  link  of  a  mechanism 
has  a  pin  joint  at  either  end,  the  direction  of  the  resultant  thrust 
on  the  link  lies  along  the  central  axis  of  the  rod  when  friction  is 
neglected,  but  has  another  direction  when  friction  is  taken  into 
account.  Consider  the  link  QE  of  a  quadric  cycle  chain,  having 
pin  joints,  as  in  Fig.  91.  Neglecting  friction,  the  thrust  in  QE 
lies  along  the  line  joining  the  centres  of  the  pins  at  Q  and  E. 
Taking  friction  into  account,  the  thrust  at  Q  is  tangential  to  the 
friction  circle  at  Q,  whilst  the  thrust  at  E  is  tangential  to  the 


FIG.  322. 

friction  circle  at  E.  The  resultant  thrust  therefore  lies  along 
the  common  tangent  to  the  two  friction  circles  at  Q  and  E,  and 
its  direction  is  known  as  the  friction  axis  of  the  link. 

On  further  consideration  it  will  be  seen  that  the  direction  of 
the  friction  axis  of  QE  has  not  yet  been  fully  defined.  Four 
tangents  may  be  drawn  to  the  friction  circles  at  Q  and  E,  from 
which  one  must  be  selected.  The  choice  is  determined  by  the 
direction  of  swinging  of  QE. 

Suppose  E  is  swinging  in  the  direction  of  the  arrow  (Fig.  322) 
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relatively  to  Q.  Neglecting  friction,  the  thrust  T  in  the  link  lies 
along  QK.  The  frictional  force  opposes  motion,  and  therefore 
acts  at  Q  in  the  direction  shown  by  the  arrow.  The  resultant 
thrust  at  Q  must  therefore  be  such  that,  combined  with  the 
frictional  force,  it  is  equivalent  to  the  original  thrust  T.  That 
is,  the  friction  axis  of  the  link  touches  the  friction  circle  at  Q 
on  the  upper  side.  If  the  direction  of  rotation  of  K  be  reversed 
(Fig.  323),  the  friction  axis  of  the  link  must  touch  the  friction 


circle  at  Q  on  the  lower  side.     In  each  case  the  moment  of  the 
frictional  force  opposes  the  turning  motion. 

The  choice  of  the  tangents  at  E  may  be  similarly  made  by 
considering  separately  the  rubbing  on  the  pin  at  E.  Hence  the 
direction  of  the  friction  axis  of  the  link  can  be  determined,  and 
the  correct  common  tangent  drawn  to  the  two  friction  circles  at 
Q  and  E. 

294.  Friction  Axis  of  a  Connecting  Rod. — The  above  reasoning 
may  be  illustrated  by  considering  the  connecting  rod  of  an  engine. 

Let  the  friction  circles  at  the 
gudgeon  and  crank  pins  be 
greatly  magnified  for  the  sake 
of  clearness.  Four  different 
positions  of  the  mechanisms 
FIG.  324.  are  shown,  and  it  will  be  seen 

that  the  friction  axis  is  dif- 
ferent in  each  case.  In  Fig.  324  the  connecting  rod  is  swinging 
outwards,  that  is,  the  angle  BAG  is  increasing,  and  hence  the 
friction  axis  touches  the  friction  circle  at  A  above  the  pin. 
At  the  same  time,  the  angle  ABC  is  decreasing,  and  hence  the 
friction  axis  touches  the  friction  circle  at  B  beneath  the  pin.  By 
similar  reasoning,  it  may  be  shown  that  the  friction  axis  in  the 
other  quadrants  is  as  shown  in  Figs.  325,  326,  and  327. 

An  easy  method  of  checking  the  position  of  the  friction  axis 
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is  by  noticing  the  effect  of  the  friction  upon  the  turning  moment 
of  the  engine.     It  will  be  seen  in  Chap.  XXVII.  that,  neglecting 


FIG.  325. 


FIG.  326. 


friction,  the  turning  moment  of  the  engine  is  the  effective  pressure 
X  ON"  (Fig.  324).     Taking  the  friction  of  gudgeon  and  crank  pins 


FIG.  327. 

A  and  B  into  account,  the  turning  moment  is  the  effective  pressure 
X  CIST!  (Fig.  324). 

295.  Dead  Angle  of  the   Steam-Engine   Mechanism. — In  the 

further  consideration  of  the  friction  of  the  steam-engine  mechanism, 
it  is  necessary  to  allow  for  the 
friction  at  the  crank  shaft  bear- 
ings.    The   force  acting   at  the  fJ\&  M 
crank  shaft   bearing  is  parallel 

to  the  thrust  in  the  connecting  "  /  /^"^    \  O 

rod,  and  is  tangential  to  the 
friction  circle  at  C,  as  shown  in 
Fig.  328.  Hence  the  couple  FlG-  328- 

tending  to  rotate  the  shaft  is  reduced  from  Q  .  CM  to  Q .  OM. 
Because  of  the  friction  of  the  pins  at  A,  B,  and  C,  there  will  be 


FIG.  329. 

a  small  angle  in  the  neighbourhood  of  each  dead  centre  during 
which  no  pressure  on  the  piston,  however  great,  will  move  the 
crank  when  at  rest.  This  angle  is  known  as  the  dead  angle. 
Its  limits  occur  when  the  tangent  to  the  friction  circles  at  A  and 
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B  is  tangential  also  to  the  friction  circle  at  C.     The  dead  angle 
at  the  inner  dead  centre  is,  for  example,  B1CB2  (Fig.  329). 

296.  Friction  in  Pivots. — The  special  case  of  turning  friction 
when  the  load  comes  on  a  shaft  axially  must  be  considered.  The 
shaft  may  be  vertical  and  rest  on  a  footstep  bearing,  or  it  may  be 
horizontal  and  carry  an  axial  thrust  as  in  the  case  of  the  thrust 
shaft  of  a  ship.  In  both  these  cases  the  centre  of  pressure  coin- 
cides with  the  centre  of  the  shaft  (assuming  that  the  load  on  the 
shaft  is  not  eccentric),  whether  friction  be  taken  into  account  or 
not,  and  hence  the  essential  problem  is  the  determination  of  an 
expression  giving  the  amount  of  work  lost  by  friction. 

The  difficulty  arises  in  this  connection  of  stating  the  theoretical 
assumptions  which  should  be  made,  since 
the  present  knowledge  of  the  friction  of 
pivots  or  collars  is  insufficient  to  fix 
with  any  exactitude  the  physical  changes 
which  take  place.  When  newly  fixed  in 
position,  the  intensity  of  pressure  for  a 
flat  collar  may  be  assumed  uniform  at 
the  various  radii,  but  obviously  when 
motion  takes  place,  wear  will  be  greater 
at  those  parts  where  the  velocity  of  rub- 
bing is  greater,  that  is,  at  the  outer  radii. 
This  will  simultaneously  alter  the  dis- 
tribution of  pressure  over  the  surface, 
since  it  is  obvious  that  the  pressure 
cannot  remain  constant  if  one  part  wears 
more  than  another.  Not  only  so,  but  it 
is  extremely  probable  that  the  coefficient  of  friction  is  different  at 
different  radii. 

There  remains  the  further  assumption  that  the  rate  of  wear  is 
uniform  over  the  surface.  This  assumption  likewise  presents  diffi- 
culties. The  materials  used  in  construction  are  not  homogeneous, 
and  it  is  very  improbable  that  a  collar  or  pivot  will  wear  uniformly 
and  keep  the  shape  of  the  surface  unaltered.  Furthermore,  the 
theory  of  uniform  wear  implies  that  the  intensity  of  pressure  in- 
creases from  the  outside  to  the  centre  of  the  shaft,  until  at  the  centre, 
where  the  motion  is  zero,  the  pressure  must  be  indefinitely  great. 

It  is  probable  that  of  the  two  assumptions,  the  latter  will  give 
results  of  greater  practical  value. 
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297.  Uniform  Pressure.—  (1)  Flat  Pivot—  Let  P  be  the  total 
load  on  the  bearing,  p  the  intensity  of  pressure,  and  r±  the 
external  radius  of  the  pivot  (Fig.  330). 

P 


Consider  an  elemental  ring  of  radius  r  and  thickness  8r. 

Load  on  ring  =  p  X  2>Trr8r 
.'.  moment  of  friction  about  axis  =  p,p  X  27rr8r  X  r 


:.  total  moment  of  friction  =  f  &2|fMgH*8 

/  o 


That  is,  the  radius  at  which  the  frictional  force  may  be  considered 
to  act  is  §7*!. 

298.  —  (2)  Flat  Collar.  —  Use  the  previous  notation,  but  let  rt  be 
the  external  radius  and  r2  the  internal  radius  of  the  collar  (Figs. 
331  A  and  33  IB).  As  before,  the  moment  of  friction  on  an  elemental 
ring  of  radius  r  and  thickness  8r  is  2p,irprz8r. 
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FIG.  831A. 


FIG.  831B. 


[TI 
:.  total  moment  of  friction  =  I 

J  r» 


-r? 


299.—  (3)  Conical  Pivot.—  Let,  a  be  the  semi-angle  of  the  cone, 
and  let  p  be  the  normal  pressure  (Fig.  332). 

Area  of  surface  of  contact  =  irr-f  cosec  a 


as  in  the  case  of  the  flat  pivot. 
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The  normal  pressure  on  the  bearing  is  therefore  independent 
of  the  angle  of  the  cone. 

Load  on  elemental  ring  =  p  cosec  a  27rr8r 

fri 
.'.  total  moment  of  friction  =  I    2fjLir  cosec  a  pr28r 

J  n 


t:sm  a 

300.  Uniform  Wear.— (1)  Flat  Pivot.— The  con- 
dition for  uniform  wear  is  that  the  product  of  the 

Fir    S^2 

intensity  of  pressure  and  the  velocity  of  rubbing 
at  every  point  should  be  constant.  That  is,  since  the  velocity 
of  rubbing  is  proportional  to  the  radius,  the  product  p .  r  should 
be  constant.  Let  p .  r  =  c. 

To  determine  the  constant,  consider  an  elemental  ring  of  radius 
r  and  thickness  8r. 

Load  on  ring  =  p  X  %7rr8r  =  2?rcSr 

fri 
.*.  total  load  on  pivot  =  P  =  /    27rcSr  =  ^TTCI\ 

J  o 
P 

"277^ 

.*.  moment  of  friction  of  elemental  ring  about  axis  =  2//,7rcr8r 

fri 

:.  total  moment  of  friction  =  I    2fjLncr8r  = 

•* 


That  is,  the  radius  at  which  the  frictional  force  may  be  considered 
to  act  is  ^. 

The  same  result  may  be  obtained  more  quickly  from  the 
following  considerations:  If  the  whole  surface  of  the  pivot  be 
divided  into  a  series  of  concentric  rings  of  equal  breadth,  the 
area  of  each  ring  is  proportional  to  the  radius,  and  the  intensity  of 

pressure  to  — -^ — .     Therefore  the  amount  of  load  on  each  ring  is 

constant  and  the  mean  radius  at  which  the  friction  acts  is  one-half 
the  radius  of  the  pivot. 

301. — (2)  Flat  Collar. — Use  the  same  notation  as  in  the  pre- 
ceding paragraph,  but  let  rr  be  the  external  radius  of  the  collar 
and  r2  the  internal  radius.  The  load  on  an  elemental  ring  is  2irc8r. 
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/.  total  load  =  P  =  P2a«8r  =  27«<r1  —  r2) 
J  ** 


f**1 

/.  total  moment  of  friction  =  I    ZpTrcrSr  =  fjLirc^2  —  r22) 


302.—  (3)  Conical  Pivot.  —  Let  a  be  the  semi-angle  of  the  cone. 

.*.  load  on  elemental  ring  =  p  cosec  a  27rr8r  =  ZCTT  cosec  a  8r 

fri 
.*.  total  load  =  P  =  /    2c?r  cosec  a  8r  =  ICTTT^  cosec  a 

J  n 


0 

P 

.*.  C  = 


cosec  a 


/"ri 
.*.  total  moment  of  friction  =  I    2/>tC7r  cosec  a 

•'  n 


0 

=  GTT  cosec  a 


sin  a 

EXAMPLE  3. — Find  the  horse-power  absorbed  in  overcoming  the  friction  of 
a  footstep  bearing  6  inches  diameter,  the  total  load  being  3  tons,  revs,  per  minute 
120,  and  the  average  coefficient  of  friction  0*05. 

Assume  uniform  wear. 

Mean  radius  at  which  friction  may  be  considered  to  act  =  1£  inches. 

.*.  moment  of  frictional  resistance  =  0'05  x  3  x  1| 

=  0'225  ton-inches 


=  0-96 


EXERCISES  XXV 

1.  Give  a  short  account  of  the  Theory  of  Lubrication.    Discuss  any  series  of 
experiments  on  lubrication  with  which  you  are  acquainted,  stating  the  deductions 
which  have  been  made  from  them.  (Lond.  B.Sc.  1907.) 

2.  A  hoist  consists  of  an  inclined  plane  and  two  cars,  the  loaded  car  ascend- 
ing and  the  unloaded  car  descending  simultaneously  along  parallel  lines.    A  rope 
attached  to  the  ascending  car  passes  up  the  plane  round  the  guide  pulley  at  the 
top,  thence  to  a  main  drum,  around  which  it  passes,  and  from  which  it  is  led 
round  a  second  guide  pulley  at  the  top  of  the  descending  car.     Assuming  the 
weight  of  the  unloaded  car  to  be  1800  lb.,  weight  of  load  2500  lb.,  efficiency  of 
ascent  and  descent  to  be  the  same  and  equal  to  90  per  cent,  find  (1)  the  least 
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tangential  force  that  must  be  applied  to  the  main  drum ;  (2)  the  efficiency  of  the 
whole  machine ;  and  (3)  the  horse-power  required  at  the  main  drum,  assuming  the 
peripheral  speed  to  be  100  feet  per  minute.  (Lond.  B.Sc.  1912.) 

3.  A  flywheel  weighing  4  tons  has  a  radius  of  gyration  of  5  feet.    The  wheel 
is  carried  on  a  shaft  6  inches  in  diameter  and  is  running  at  100  revs,  per  minute. 
How  many  revolutions  will  the  wheel  make  before  coming  to  rest,  after  the  instant 
when  all  forces  but  friction  cease  to  act  on  it  ?     The  coefficient  of  friction  of  the 
shaft  in  its  bearings  is  0*07  at  all  speeds,  and  other  resistances  may  be  neglected. 

4.  A  flat  circular  disc,  diameter  10  feet  and  mass  10  tons,  is  mounted  on  a 
shaft  9  inches  diameter.    Find  the  work  that  must  be  spent  upon  it  to  increase 
its  speed  uniformly  from  rest  to  100  revs,  per  minute,  by  a  force  of  400  Ib.  act- 
ing at  a  radius  of  3  feet,  (1)  neglecting  friction,  (2)  taking  friction  into  account. 
(Coefficient  of  friction,  0*08.)  (Lond.  B.Sc.  1908.) 

5.  Power  is  transmitted  to  a  shaft  through  a  cone  clutch,  greatest  diameter  of 
working  face  10  inches,  least  diameter  9  inches,  axial  length  2  inches.     The 
power  is  taken  off  by  a  belt  from  a  pulley  on  the  shaft.   Find  the  force  by  which 
the  two  parts  of  the  clutch  must  be  pressed  together  if  the  clutch  is  on  the  point 

of  slipping  when  5  H.P.  is  being  taken  off,  the 
shaft  rotating  at  300  revs,  per  minute.  (Coefficient 
of  friction,  metal  on  metal,  0'15.) 

(Lond.  B.Sc.  1909.) 

6.  A  shaft  A  drives  another  shaft  B  (Fig.  333) 
by  means  of  a  cylindrical  friction  wheel  on  A 
pressed  against  the  face  of  a  disc  on  B  in  the 
position  shown.  The  axes  of  the  shafts  meet  at 
right  angles.  The  total  pressure  between  the 
wheel  and  disc  is  30  Ib.,  and  is  distributed 
uniformly  along  the  line  of  contact.  A  constant 
torque  of  12  inch-lb.  is  applied  to  A,  and  n  is  0-25. 
Find  the  radius  of  the  disc  at  which  there  is 
no  slipping,  and  calculate  the  efficiency  of  the 
FIG.  333.  arrangement.  (Lond.  B.Sc.  1914.) 

7.  A  drawer  has  two  handles  distant  d  apart.    What  is  the  coefficient  of 
friction  in  terms  of  the  dimension  of  the  drawer,  when  a  pull  on  one  handle 
suffices  to  open  the  drawer?    If  W  be  the  weight  of  the  drawer,  what  is  the 
magnitude  of  the  necessary  force  ? 

8.  A  wagon  weighing  5  tons  has  two  axles  8  feet  apart,  and  its  C.G.  lies  mid- 
way between  the  axles  and  6  feet  above  the  level  of  the  rails.    It  rests  on  an 
incline  of  1  in  40. 

Determine  the  braking  force  (a)  when  the  lower  axle  alone  is  braked ;  (&) 
when  the  upper  axle  alone  is  braked;  and  (c)  when  both  axles  are  braked. 
(Assume  /*  =  0'3.) 

9.  A  railway  truck  weighing  8  tons  has  two  axles  12  feet  apart,  its  C.G.  lying 
5  feet  from  the  front  axle.    If  the  draw-bar  pull  is  applied  4  feet  above  the  level 
of  the  rails,  find  the  pull  required  to  move  the  truck  with  (a)  the  front  brake 
applied;  (&)  the  back  brake  applied ;  (c)  both  brakes  applied.    (Assume  fi  =  0'3.) 

10.  Show  that  the  horizontal  force  required  to  move  a  weight  W  up  a  plane 
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whose  slope  is  i  is  W  \_?  >  where  p  is  the  coefficient  of  friction.     A  right- 

and  left-hand  square -threaded  screw  (pitch  |-  inch,  mean  diameter  of  thread  1 
inch)  is  used  as  a  strainer.  Find  the  couple  required  to  tighten  against  a  pull  of 
1000  Ib.  O  =  0-15.)  (LC.E.) 

11.  A  square -threaded  screw,  3  inches  mean  diameter,  ^  inch  pitch,  works  in 
a  nut  and  is  used  to  raise  a  weight  of  2000  Ib.     The  nut  rotates,  but  the  screw 
simply  rises  vertically.     The  thrust  on  the  screw  is  taken  up  by  a  collar  fixed  to 
the  under  side  of  the  nut,  and  the  collar  is  3  inches  inside  and  6  inches  outside 
diameter.     Find  the  torque  required  to  turn  the  nut.     Assume  the  coefficient  of 
friction  between  nut  and  screw  and  between  collar  and  bearing  surface  to  be 
0-12. 

12.  Obtain  an  expression  for  the  mechanical  efficiency  of  a  worm  wheel,  if 
the  end  thrust  is  taken  up  by  a  collar  bearing.    Apply  your  result  to  determine 
the  efficiency  in  the  case  for  which  the  data  are  given  below  : — 

Mean  diameter  of  worm          4  inches. 

Angle  of  worm 33°. 

Ke volutions  per  minute  180. 

Diameter  of  collar  (external) 5  inches. 

„     ^internal) 3£     „ 

Coefficient  of  friction  for  both  worm  and  collar  0'268. 

Horse-power  transmitted  by  the  worm  wheel  9. 

The  worm  may  be  assumed  to  be  square-threaded.  (Lond.  B.Sc.  1906.) 

13.  What  is  meant  by  an  "  irreversible  mechanism  "  ?    Criticize  the  state- 
ment that  "  if  the  efficiency  is  one-half,  the  mechanism  is  irreversible." 

In  a  screw-jack  the  couple  in  Ib.-ft.  required  to  raise  a  load  of  W  Ib.  is  0-029 
W,  the  pitch  of  the  screw  being  f  inch  and  the  mean  diameter  of  the  screw 
thread  3  inches.  Find  a  similar  expression  for  the  couple  required  to  lower  the 
load.  Find  also  the  efficiency  of  the  screw-jack.  (Lond.  B.Sc.  1909.) 

14.  What  force  should  be  applied  at  the  end  of  a  spanner,  of  effective  length 
24  inches,  in  tightening  up  a  bolt  2  inches  in  diameter  to  resist  an  axial  force  of 
4000  Ib.  ?    The  bolt  has  a  square  thread  of  mean  diameter  1*762  inches,  and  the 
pitch  is  0'4  inch.     The  mean  diameter  of  the  bolt  head  is  2-8  inches,  and  the 
coefficient  of  friction  is  0125.  (Lond.  B.Sc.  1906.) 

15.  A  simple  screw-jack  has  a  square-threaded  screw  whose  mean  diameter  is 
2  inches  and  pitch  ^  inch.    If  the  coefficient  of  friction  between  the  screw  and 
the  nut  is  0*13,  what  turning  moment  on  the  screw  will  raise  a  weight  of  2'5 
tons  ?  Assume  that  the  load  rotates  with  the  screw.   Calculate  also  the  efficiency 
of  the  machine  under  these  conditions.    What  turning  moment  will  be  required 
on  the  screw  to  lower  the  load  of  2-5  tons  ?  (Lond.  B.Sc.  1908.) 

16.  A  horizontal  shaft  carrying  a  vertical  load  rotates  in  a  bearing  well 
lubricated  by  a  gravity  oil-feed.   Make  a  sketch  showing  where  the  shaft  touches 
the  bearing  when  the  speed  is  very  slow,  and  indicate  the  direction  of  the  forces 
acting  at  the  point  of  contact.     Show  how  the  point  of  approach  between  shaft 
and  bearing  changes  position  as  the  speed  of  revolution  increases,  and  make  a 
sketch  showing  bow  pressure  between  shaft  and  bearing  varies  round  the 
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circumference  of  the  shaft.    Deduce  from  this  sketch  the  most  suitable  place  for 
introducing  oil  into  the  bearing  by  an  ordinary  oil  cup.    (Lond.  B.Sc.  1909.) 

17.  A  countershaft  of  3^  inches  diameter  is  driven  by  a  horizontal  belt 
working  on  a  14-inch  diameter  pulley.      The  drive  from  the  countershaft  is  by 
means  of  a  vertical  belt  working  on  an  8-inch  diameter  pulley.   If  the  ratio  of  the 
belt  tensions  is  8  to  5,  and  the  coefficient  of  friction  for  shaft  and  bearing  is  O05, 
determine  graphically  the  efficiency  of  the  countershaft. 

(Lond.  B.Sc.  1907.) 

18.  A  pair  of  wheels  with  involute  teeth  having  an  obliquity  of  15°  are  12 
inches  and  36  inches  respectively  in  diameter.    The  moment  turning  the  shaft  of 
the  small  wheel  is  12,000  inch-pounds.      The  coefficient  of  friction  between  the 
teeth  is  0*2.    There  is  no  pressure  on  the  axles  other  than  that  due  to  the  pres- 
sure between  the  teeth,  and  the  coefficient  of  friction  at  the  axles  is  0*1.    The 
diameters  of  the  shafts  are  each  3  inches.    Find  the  effective  turning  moment  on 
the  second  shaft  and  the  efficiency  of  the  wheels.  (Lond.  B.Sc.  1907.) 

19.  The  crank  arms  and  crank  pin  of  a  crank  shaft  are  equivalent  to  a  mass 
of  800  Ib.  at  a  radius  of  12£  inches  ;  the  crank  shaft  is  supported  on  bearings  4 
feet  6  inches  apart  from  centre  to  centre,  and  the  crank  pin  is  18  inches  from  the 
right-hand  bearing.      If  the  diameter  of  the  crank  shaft  is  9  inches,  find  the 
dynamical  load  on  the  shaft  and  on  its  bearings  when  the  crank  shaft  revolves  at 
300  revs,  per  minute,  and  determine  the  horse-power  lost  in  the  friction  of  the 
bearings  if  the  coefficient  of  friction  is  0'06.  (Lond.  B.Sc.  1905.) 

20.  The  crank  of  a  direct  acting  steam  engine  is  12  inches  long.     The  crank 
pin  and  crank  shaft  journals  are  8  inches  in  diameter.    Neglecting  the  obliquity  of 
the  connecting  rod,  find  the  angle  through  which  the  crank  must  turn  from  a  dead 
centre  before  there  can  be  any  effective  torque  on  the  crank  shaft  due  to  the 
steam  pressure  on  the  piston  if  the  coefficient  of  journal  friction  is  0*06. 

If  the  diameter  of  the  piston  of  this  engine  is  16  inches,  length  of  connecting 
rod  5  feet,  diameter  of  crosshead  pin  4  inches,  find  the  effective  torque  on  the 
crank  shaft  due  to  an  effective  steam  pressure  on  the  piston  of  80  Ib.  per  square 
inch,  when  the  crank  is  at  right  angles  to  the  line  of  stroke.  Allow  for  friction  at 
guide  bars,  crosshead  pin,  and  crank  pin.  (Coefficient  of  friction,  0*06.) 

(Lond.  B.Sc.  1910.) 

21.  The  sketch,  Fig.  334,  represents  the  skeleton  diagram  of  an  ordinary 
steam  engine.     The  steam  pressure  P  acts  at  A  and  the  resistance  Q  _is  taken  off 


\ 


AP 

FIG.  334. 


the  crank  shaft  along  the  line  shown.  If  the  dimensions  of  all  the  working  parts 
and  the  coefficients  of  friction  are  known,  show  how  the  value  of  Q  for  a  given 
value  of  P  may  be  found ;  and  find  also  the  efficiency  of  the  mechanism  in  the 
configuration  shown.  (Lond.  B.Sc.  1905.) 

22.  What  is  meant  by  the  expression  "  Friction  Circle "  ?  Deduce  an 
expression  for  the  radius  of  a  friction  circle  in  terms  of  the  radius  of  the  journal 
and  the  angle  of  friction, 
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For  any  given  crank  position  in  a  direct  acting  steam  engine,  show  how  the 
turning  moment  on  the  crank  shaft  may  be  found  when  an  allowance  is  made  for 
the  friction  at  the  crosshead  pin,  crank  pin,  and  crankshaft  bearings.  Assume 
that  the  effective  pressure  on  the  crosshead  is  known.  (Lond.  B.Sc.  1913.) 

23.  A  vertical  shaft  is  supported  by  a  collar  bearing  and  carries  a  total  load 
of  1 J.  tons.    The  outside  diameter  of  the  collar  is  7|  inches,  the  inside  diameter  5 
inches,  and  the  coefficient  of  friction  may  be  taken  as  0'03.     If  the  shaft  makes 
200  revs,  per  minute,  and  the  pressure  on  the  collar  is  assumed  to  be  uniformly 
distributed,  calculate  the  horse-power  lost  in  friction.        (Lond.  B.Sc.  1907.) 

24.  Describe  briefly  the  experiments   of   the    Institution    of   Mechanical 
Engineers  on  frictional  losses  in  footstep  bearings. 

A  vertical  shaft  rests  in  a  footstep  bearing.  The  diameter  of  the  shaft  in  the 
bearing  is  8  inches,  and  it  has  a  flat  end.  The  shaft  revolves  at  80  revs,  per 
minute,  and  the  total  load  resting  on  the  footstep  bearing  is  15  tons.  How 
much  horse-power  would  be  wasted  in  overcoming  the  friction  of  the  bearing  if 
the  coefficient  of  friction  is  0'05  ?  (Lond.  B.Sc.  1908.) 

25.  A  vertical  shaft,  8  inches  in  diameter,  carries  a  load  of  2|  tons ;  the 
bearing  is  conical,  the  surface  making  an  angle  of  60°  with  the  axis.     The  co- 
efficient of  friction  is  0*02,  and  the  revolutions  are  150  per  minute :  find  the 
horse-power  lost.  (Lond.  B.Sc.  1906.) 

26.  The  thrust  shaft  of  a  ship  has  6  collars  of  24  inches  external  diameter 
and  13  inches  internal  diameter.    The  total  thrust  from  the  propeller  is  10^  tons 
and  the  speed  of  the  engine  is  70  revolutions  per  minute.     Determine  the  H.P. 
lost  in  friction  at  the  thrust  block,  assuming  (a)  uniform  pressure,  (6)  uniform 
"  wear."     Take  \i  as  constant  and  equal  to  0'12. 

27.  The  thrust  in  a  shaft  is  taken  by  8  collars  26  inches  external  diameter, 
the  diameter  of  the  shaft  between  the  collars  being  17  inches.     The  thrust  pres- 
sure is  60  Ib.  per  square  inch,  the  coefficient  of  friction  is  0'04,  and  the  speed  of 
the  shaft  is  90  revs,  per  minute.    Find  the  horse-power  absorbed  by  the  friction 
of  the  thrust  bearing.  (Lond.  B.Sc.  1911.) 

28.  A  vertical  shaft  having  a  conical  bearing  is  9  inches  in  diameter,  and 
carries  a  load  of  3J  tons ;  the  angle  of  the  cone  is  120°,  and  the  coefficient  of 
friction  is  0*025.     Find  the  horse-power  lost  in  friction  when  the  shaft  is  making 
140  revs,  per  minute.     Assume  that  the  intensity  of  pressure  is  uniform. 

(Lond.  B.Sc.  1912.) 

29.  A  horizontal  spur  wheel  of  80  teeth  acts  as  a  nut  for  a  vertical  square- 
threaded  screw  (3  inches  mean  diameter,  f  inch  pitch)  which  raises  a  load  of 
4000  Ib.     The  spur  wheel  is  geared  with  a  pinion  of  16  teeth,  the  efficiency  of 
spur  wheel  and  pinion  being  90  per  cent.     The  thrust  due  to  the  screw  on  the 
spur  wheel  is  taken  up  by  a  collar  bearing,  4  inches  inside  and  8  inches  outside 
diameter.     The  coefficient  of  friction  for  the  screw  and  for  the  collar  bearing  is 
0-15.     Find  the  torque  required  on  the  pinion  shaft  to  raise  the  load. 

(Lond.  B.Sc.  1912.) 


CHAPTER  XXVI 
STATIC   EQUILIBRIUM   OF   MACHINES 

303.  Preliminary  Remarks. — In  the  introduction  to  statics  given  in 
Part  I.,  Chap.  VI.,  the  static  equilibrium  of  a  body  or  undeform- 
able  system  of  bodies  has  been  already  considered,  and  the  con- 
ditions for  equilibrium  laid  down  assuming  the  body  (or  bodies)  to 
be  free  and  unconstrained.  The  problem  of  the  equilibrium  of  a 
machine  is  obviously  of  a  higher  order  than  the  other,  because,  in 
the  first  place,  a  machine  consists  of  a  deformable  system  of  bodies, 
and  in  the  second  place,  the  relative  motion  of  those  bodies  is 
constrained.  The  conditions  of  equilibrium  laid  down  in  Chap.  VI., 
though  necessary  for  the  machine  as  a  whole,  are  then  insufficient 
for  the  component  parts  of  the  machine,  and  require  amplification. 

304.  Static  Equilibrium  of  a  Pair  of  Elements. — Before  attempt- 
ing the  solution  of  the  greater  problem,  it  is  desirable  to  consider 
the  static  equilibrium  of  a  pair  of  constrained  elements,  since  such 
pairs,  correctly  coupled  together,  form  the  machine.  The  fact  that 
the  elements  are  constrained  is  in  itself  an  indication  that  a  force 
is  acting,  or  likely  to  act,  between  the  elements.  If,  for  example, 
the  constraint  be  such  that  only  sliding  motion  in  a  particular 
direction  can  occur — as  in  the  case  of  the  crosshead  of  an  engine 
which  has  only  one  degree  of  freedom  relatively  to  the  guides — 
the  resultant  force  acting  must  have  a  component  parallel  to  the 
constraining  surface.  A  crosshead  under  the  action  of  a  force 
perpendicular  to  the  line  of  stroke  of  the  engine  is  in  static 
equilibrium,  since  the  constraining  force  between  crosshead  and 
guide  neutralizes  the  effect  of  the  other  force.  Similarly  a  con- 
necting rod  swinging  on  a  gudgeon  pin  has  one  degree  of  freedom ; 
the  constraining  force  acts  along  the  axis  of  the  rod  through  the 
centre  of  the  pin,  and  only  a  force  with  a  component  at  right 
angles  can  cause  motion. 

Consider  a  more  definite  example.  Let  the  link  OA  (Fig.  335) 
swing  on  a  pin  at  O  which  is  rigidly  fixed.  A  force  P  proportional 
to  DA  acts  at  A  in  the  direction  shown.  The  direction  of 
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the  constraining  force  between  link  and  pin  is  along  OA.  The 
component  of  P  parallel  to  OA,  that  is,  the  force  proportional  to 
DE,  has  no  effect  upon  the  motion ;  the  component  of  P  per- 
pendicular to  OA,  that  is,  the  force  proportional  to  EA,  has  a 
moment  EA  X  OA  or  P  X  OM  which  must  be  opposed  by  an 
equal  couple  for  equilibrium.  The  magnitude  of  a  force  Q  acting 
in  a  given  direction  to  produce  the  equal  opposing  couple  may  be 
obtained  by  equating  P  X  OM  to  Q  X  ON,  where  N  is  the  foot 
of  the  perpendicular  from  0  upon  the  line  of  direction  of  Q.  The 
same  result  may  be  obtained  by  the  following  graphical  construc- 
tion : — Set  off  AB  proportional  to  P  and  draw  BC  parallel  to  AO 
meeting  the  line  of  direction  of  Q  in  C.  Then  CA  represents  the 
magnitude  of  Q,  and  BC  the  constraining  force  on  the  link. 

.0 


PIG.  336. 


It  will  be  clear  from  this  example  that  the  essential  difference 
between  the  equilibrium  of  an  unconstrained  and  that  of  a  con- 
strained body  lies  in  the  fact  that  in  the  latter  case  the  direction 
of  one  of  the  forces  acting  on  the  body  is  previously  settled  by  the 
form  taken  by  the  constraining  surfaces. 

The  same  argument  applies  in  the  case  of  a  link  which  has  the 
most  general  kind  of  motion.  In  the  analysis  of  motion  given  in 
Part  II.,  Chap.  VII.,  it  has  been  pointed  out  that  the  plane  motion 
of  a  body  may  be  either  (1)  purely  translational,  (2)  purely  rota- 
tional about  some  fixed  centre,  or,  in  the  most  general  case,  (3) 
purely  rotational  about  some  point  which  has  a  definite  position  for 
each  configuration  of  the  body,  but  which  varies  its  position  from 
instant  to  instant.  This  latter  point  was  called  the  instantaneous 
centre  of  rotation. 

Consider  the  equilibrium  of  a  link  AB  (Fig.  336)  which  is  free 
to  move  in  this  most  general  way.  Let  O  be  the  instantaneous 
centre  of  rotation  at  the  moment  of  configuration,  and  let  P  be  a 
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force  which  acts  at  the  extremity  A  of  the  link.  P  may  be  resolved 
into  two  components,  one  along  AO  and  one  perpendicular  to  AO. 
The  latter  only  has  an  effect  upon  the  motion  of  the  link.  If  the 
link  be  kept  in  equilibrium  by  a  force  Q  acting  at  B,  this  force 
may  similarly  be  resolved  into  two  components,  one  along  OB  and 
the  other  perpendicular  to  OB,  of  which  the  latter  only  opposes 
motion.  Hence,  as  before,  equilibrium  is  only  maintained  if  the 
moment  of  P  about  0  is  equal  to  the  moment  of  Q  about  0. 

The  magnitude  of  Q  may  likewise  be  found  graphically.  Let 
the  lines  of  action  of  P  and  Q  meet  in  D.  Since  the  link  is  in 
equilibrium  under  the  action  of  P,  Q  and  the  constraining  force, 
the  lines  of  action  of  these  forces  must  be  concurrent.  Hence  the 
line  of  action  of  the  constraining  force  passes  through  D.  But  it 
must  also  pass  through  0.  Hence  DO  represents  the  direction  of 
the  constraining  force.  The  triangle  of  forces  for  the  link  AB  may 
therefore  be  readily  drawn. 

305.  Determination  of  the  Equilibrium  of  Machines  by  the 
Instantaneous  Centre  of  Rotation  Method. — The  general  method  of 
the  determination  of  the  equilibrium  of  any  link  may  be  extended 
to  the  determination  of  the  equilibrium  of  a  machine.  If  the  forces 
act  on  one  element  alone  of  the  machine,  the  method  just  given 
may  be  directly  applied.  If  the  forces  act  on  different  links,  it  is 
necessary  first  to  determine  the  equivalent  forces  acting  on  the 
same  link  as  the  unknown  force,  and  then  determine  the  equi- 
librium of  this  link  by  the  method  just  outlined. 


FIG.  337. 

EXAMPLE  1. — A  force  P,  acting  at  the  point  E  on  the  link  AXB  of  the 
quadric  cycle  chain  (Fig.  337),  is  equilibrated  by  a  force  Q  acting  in  a  known 
direction  at  C.  Determine  the  magnitude  of  Q. 
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The  external  forces   P  and  Q  are  acting  on  different  links,  and  so  the 
equivalent  forces  on  the  same  link,  say  BC,  must  first  be  determined. 

In  regard  to  the  link  AXB,  the  force  P  at  E  is  equivalent  to  the  force 

A  E 

P  x  ~~  acting  at  B.     This  force  acts  on  the  link  BC.     Taking  moments  of  the 

Ai  LJ 

A  E 

forces  on  BC  about  its  instantaneous  centre  of  rotation  0,  P  x  r^  x  OM  =  Q  x  ON. 

Hence  the  magnitude  of  Q  can  be  determined. 

306.  Determination  of  Equilibrium  by  the  Velocity  Diagram 
Method. — From  the  principle  of  the  conservation  of  energy,  the 
work  done  by  any  force  on  a  machine  equals  the  work  done  by  the 
machine.  Work  being  the  product  of  the  force  and  the  distance 
passed  over,  it  follows  that  the  force  ratio  between  any  two  points 
is  inversely  proportional  to  the  velocity  ratio,  the  effects  of  fric- 
tion being  neglected.  Hence  any  method  of  deter- 
mining the  velocity  ratio  is  equally  available  for 
the  determination  of  the  force  ratio,  though  with  one 
important  proviso,  namely,  that  the  forces  so  deter- 
mined are  only  the  components  of  the  actual  forces 
resolved  in  the  direction  of  motion  of  the  points. 
The  justice  of  this  proviso  will  be  apparent,  for 
since  the  motion  of  each  point  is  constrained  in  a 
particular  direction,  it  can  only  represent  inversely 
the  force  acting  in  that  direction. 

As  an  illustration,  consider  the  action  of  a 
toggle  joint  (Fig.  338).  This  joint  consists  of  two 
links  AB,  BC,  generally  equal  in  length,  and  con- 
nected by  a  pin  joint,  the  point  A  being  fixed  and 
C  moving  in  guides  which  are  parallel  to  AC.  A 
force  P  acts  at  B  perpendicularly  to  AC,  producing 
a  force  Q  at  C.  When  AB  and  BC  are  nearly  in 
alignment,  a  small  displacement  of  B  is  very  much  greater  than 
the  resulting  displacement  of  C.  Hence  a  small  applied  force 
at  B  causes  a  correspondingly  greater  force  at  C.  This  device 
for  obtaining  a  large  mechanical  advantage  is  frequently  adopted 
in  machines. 

If  the  force  P  be  inclined  to  AC,  its  component  perpendicular 
to  AC  must  be  taken  in  determining  the  magnitude  of  Q. 

EXAMPLE  2  (alternative  solution  to  Example  1,  p.  340). 
Draw  the    velocity   diagram   abc  (Fig.   339)  for  the  given   configuration 
(Fig.  337)  of  the  mechanism,  and  determine  the  velocity  of  the  point  E. 
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.p    .      „  force  acting  at  E  perpendicular  to  AjB 
force  acting  at  C  perpendicular  to  CA2 

is  inversely  as  the  velocity  ratio  — ;  that  is,  equals  the  ratio  — .    Hence — 

Component  of  P  perpendicular  to  AtB 
Component  of  Q  perpendicular  to  A2C 

_  linear  velocity  of  C 
"~  linear  velocity  of  E 

The  same  result  may  be  obtained  graphically. 
At  e  erect  the  perpendicular  eR  to  meet  «R,  drawn 
parallel  to  the  direction  of  P.  Then  «R  repre- 
sents the  force  whose  component  perpendicular 
to  AjE  is  ae  in  the  direction  of  motion  of  E. 
Similarly  draw  cT  perpendicular  to  ac  to  meet 
aT  drawn  parallel  to  the  direction  of  Q.  The 
line  aT  will  be  proportional  to  Q.  Hence — 


FIG.  339. 


Force  P 
Force  Q 


«R 

ae 


307,  Equilibrium  of  Trains  of  Wheels. — Although  the  equili- 
brium of  trains  of  wheels  may  be  determined  by  the  principle  out- 
lined in  the  preceding  paragraph,  it  is  desirable  to  give  further 
consideration  to  this  particular  case.  As  before,  two  forces  to  be  in 
equilibrium  must  be  inversely  proportional  to  the  linear  velocity 
of  the  points  of  application.  In  this  connection  the  student  must 
differentiate  clearly  between  the  angular  velocity  of  a  wheel  and 
the  linear  velocity  of  a  point  on  the  wheel.  The  linear  velocity 
of  the  pitch  circles  of  the  simple  wheel  train  of  Fig.  340  is,  for 


FIG.  340. 


example,  constant,  although  the  angular  velocities  are  very  different. 
Hence  the  otherwise  strange  result  that  the  force  P  acting  on  the 


STATIC   EQUILIBKIUM   OF  MACHINES          343 


Q 


wheel  a  is  kept  in  equilibrium  by  an  equal  force  P  on  the  wheel  c, 
and  the  mechanical  advantage  of  the  system  is  unity. 

In  order  to  make  the  mechanical  advantage  greater  than  unity, 
it  is  necessary  to  apply  a  force  Q  to  an  arm-extension  of  a  whilst 
lifting  the  weight  W  at  a  reduced  radius  of  c.  The  mechanical 

.    W      ••  *'•  i  .    .  i        ,.    linear  velocity  of  Q 

advantage  is  -^ ,  which  is  equal  to  the  ratio  r. . — ./    ,  ,%.. 

Q  linear  velocity  of  W 

It  should  be  noted  furthermore  that  the  direction  of  the  equili- 
brating force  on  c  varies  with  the  point  of  application.  As  long 
as  P  acts  tangentially,  and  tends  to  rotate  c  counter-clockwise,  the 
system  must  remain  in  equilibrium. 

In  compound  wheel  trains,  only 
the  linear  velocities  of  the  mating  pitch 
circles  are  equal,  and  so  the  pressure 
between  the  teeth  of  various  wheels 
will  vary.  The  equilibrating  force  at 
any  point  of  application  may  be  readily 
found  by  the  inverse  rule  just  given. 

The  general  solution  to  problems 
on  the  equilibrium  of  epicyclic  gear- 
ing need  not  be  considered  at  length, 
as  the  practical  application  is  of  little 
importance.  If  in  the  epicyclic  gear- 
ing of  Fig.  341  the  arm  c  be  free  to 
revolve  about  the  fixed  wheel  a,  the 
force  P  acting  at  A  may  be  kept  in 
equilibrium  by  the  force  Q  acting  at  B  Fia>  341- 

when  the  relationship  between  P  and  Q  is  that  given  by  the  rule — 

Component  of  force  P  in  direction  of  motion  =  linear  velocity  of  B 
Component  of  force  Q  in  direction  of  motion      linear  velocity  of  A* 

Given  the  angular  velocity  of  the  arm,  the  speed  of  A  is  easily 
found.  To  determine  the  speed  of  B  it  is  first  necessary  to  find 
the  angular  velocity  of  I  relative  to  the  arm.  Let  this  angular 
velocity  be  Q.  Then  the  linear  velocity  of  B  about  0  =  linear 
velocity  of  B  about  C,  the  centre  of  the  wheel  I  +  linear  velocity 
of  C  about  0.  Adding  the  two  latter  quantities  vectorially  the 
magnitude  and  direction  of  the  velocity  of  B  about  0  is  found. 
Hence  the  magnitude  of  the  component  of  Q  in  the  direction  of 
motion  may  be  determined  to  equilibrate  the  known  force  P.  As 
before,  the  direction  of  Q  varies  with  its  point  of  application  on  &. 


344 


THE   THEOEY   OP  MACHINES 


The  pressure  between  the  teeth  of  wheels  is  in  general 
greater  than  the  calculated  tangential  pressure  at  the  pitch  point. 
The  angle  of  obliquity  of  the  teeth  at  the  point  of  contact 
must  be  taken  into  account.  For  involute  teeth  the  pressure 
will  be  invariable  at  every  point  of  contact  since  the  angle  of 
obliquity  is  constant.  For  cycloidal  teeth,  the  pressure  is  a 
maximum  when  the  teeth  are  just  beginning  or  ending  contact 
and  a  minimum  when  the  point  of  contact  is  at  the  pitch  point. 
A  further  factor  to  be  taken  into  account  is  the  number  of  teeth 
simultaneously  in  contact. 


EXERCISES  XXVI 

1.  A  weight  of  10  Ib.  is  suspended  from  the  point  A  of  the  mechanism  of 
Fig.  342.    What  is  the   magnitude  and  direction  of  the  force  F  to   cause 

equilibrium  ? 

2.  In  Fig.  343,  AB  is  a  fixed  link,  and 
AC  and   BD  are  levers  turning  about  A 
and  B.     Their  extremities  are  attached  by 
a  link  CD,  and  two  weights  P  and  Q  are 
10ibs.    suspended  from  the  points  E  and  F  in  this 
link.     Find  the  relation  which  must  exist 
between  the  weights  P  and  Q  in  order  that 
the  mechanism  may  be  in  equilibrium  in 
the  particular  position  shown. 
FIG-  342'  (Lond.  B.Sc.  1905.) 

3.  In  the  mechanism  of  Question  4,  p.  110,  what  force  Q  will  balance  a  force 
P  of  lOOlb.? 


FIG.  343. 
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4.  What  pull  at  the  point  A  (Fig.  344)  will  be  required  to  balance  a  weight 
of  100  Ib.  hanging  at  the  point  B  ? 

5.  The  rudder  head  of  a  vessel  is  sometimes  operated  by  a  steering  gear 
in  which  use  is  made  of  a  double  slider  crank  chain,  such  as  is  shown  in  Fig.  87 
(Rapson  slide).     Find  an  expression  for  the  turning  moment  on  the  rudder  head 
for  any  angle.     Also  draw  a  linear  diagram  showing  the  turning  moment  for  all 
angles  between  +  30°  from  the  central  position  if  the  minimum  value  is  taken 
as  unity.  (Lond.  B.Sc.  1913.) 

6.  In  the  mechanism  of  Question  6,  p.  239,  a  vertical  force  of  100  Ib.  is  applied 


FIG.  344. 

at  the  point  a  when  the  arm  is  fixed.     What  vertical  force  will  be  required  at  b 
to  balance  it? 

7.  In  a  slider  crank  chain,  AB  is  the  connecting  rod,  30  inches  long,  BC  the 
crank,  and  AC  the  horizontal  line  of  stroke.     In  AB  produced  beyond  B  a  point 
P  is  taken,  BP  being  18  inches.     If  the  locus  of  P  is  an  approximately  vertical 
straight  line,  while  AB  travels  through  angles  from  0°  to  30°  to  the  line  of 
stroke,  find  a  suitable  length  for  BC.     A  load  of  2000  Ib.  at  P  acts  at  right 
angles  to  the  line  of  stroke ;  find  the  pressure  on  the  crosshead  required  to 
equilibrate,  and  find  also  the  thrusts  on  the  guides  and  crank  when  BAG  =  30°. 

(Lond.  B.Sc.  1912.) 

8.  In  the  stone  crushing  machine  of  Question  15,  p.  125,  a  stone  at  L,  such 
that  KL  =  2LG-,  offers  a  resistance  of  4  tons  at  right  angles  to  KG ;  find  the 
couple  acting  on  the  crank  AB.  (Lond.  B.Sc.  1913.) 

9.  If  the  arm  of  the  mechanism  of  Question  7,  p.  239,  be  free  to  rotate  about 
the  centre  of  D  which  is  fixed,  what  is  the  magnitude  and  direction  of  the 
horizontal  force  on  the  teeth  of  E  to  balance  a  weight  of  40  Ib.  on  the  teeth 
ofB? 


CHAPTER  XXVII 
TURNING-MOMENT   DIAGRAMS 

308.  Preliminary  Remarks, — The  horse-power  of  an  engine  is  the 
mean  rate  of  working  per  minute  as  deduced  from  the  work  done 
per  stroke.  As  the  rate  of  doing  work  is  never  uniform,  the 
speed  of  the  engine,  which  may  be  constant  when  measured  per 
minute,  varies  considerably  during  each  stroke.  For  many  pur- 
poses, constancy  of  speed  is  of  great  importance,  and  a  flywheel  is 
generally  added  to  keep  the  variations  within  reasonable  limits. 
The  action  of  the  flywheel  is  alternately  to  store  and  give  up 
energy  according  as  the  work  done  by  the  motive  force  is  greater 
or  less  than  the  resistance  overcome  by  the  engine.  To  determine 
this  variation  of  energy,  it  is  necessary  to  draw  the  turning- 
moment  diagram  for  the  engine.  From  a  study  of  this,  the  size 
of  flywheel  to  keep  the  fluctuations  of  speed  within  any  desired 
limits  may  be  found.  This  study  is  of  further  utility  in  the  deter- 
mination of  the  size  of  the  crank- shaft  of  an  engine.  Although 
the  mean  turning  moment  of  an  engine  may  be  obtained  from  a 
knowledge  of  its  horse-power  and  speed,  the  maximum  turning 
moment  must  clearly  be  known  before  the  size  of  the  crank 
shaft  can  be  determined.  This  can  best  be  obtained  by  drawing 
the  complete  turning-moment  diagram. 

Three  reasons  may  be  assigned  for  the  lack  of  uniformity  in 
the  rate  of  doing  work  throughout  the  stroke  of  an  engine  : — 

(1)  The  variable  fluid  pressure  upon  the  piston  ; 

(2)  The  further  variation  in  the  load  upon  the  piston  due  to 

the  inertia  of  the  reciprocating  parts ;  and 

(3)  The  variable  arm  at  which  the  thrust  along  the  connecting 

rod  acts. 

309.  The  Effective  Pressure  upon  the  Piston. — When  the  work- 
ing fluid  is  water,  the  load  on  the  piston  is  practically  constant 
throughout  the  stroke.  For  steam  or  internal  combustion  engines 
however,  there  is  generally  a  big  variation  in  the  load  upon  the 
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piston  at  various  parts  of  the  stroke.  The  load  at  any  particular 
point  may  be  determined  from  the  indicator  diagram.  It  is  not 
desirable  here  to  enter  upon  a 
description  of  this  diagram  or 
the  method  whereby  it  is  ob- 
tained. Suffice  it  to  say  that 
each  diagram  represents  the 
pressure  in  the  cylinder  on  one 
side  of  the  piston  on  both  the 
forward  and  backward  strokes. 
It  should  be  noticed,  therefore, 
that  between  the  two  points 
situated  at  the  extremities  of  the  same  ordinate  ac  on  one  diagram 
(Fig.  345)  there  is  a  time  difference  due  to  the  piston  moving  to 
the  end  of  the  stroke  and  back  again.  In  order  to  get  the  effective 
pressure  on  the  piston  in  any  position,  it  is  necessary  to  take  the 
difference  in  pressure  on  the  two  sides,  that  is,  the  steam  pressure 
of  one  diagram  less  the  exhaust  pressure  of  the  other.  These 
differences  may  be  plotted  on  a  base  of  piston  displacement  to 
give  the  effective  pressure  diagram. 

Let  Fig.  345  represent  the  indicator  diagrams  for  a  double- 
acting  steam  engine,  the  full  curve  being  the  pressure  at  the  top 


FIG.  346. 


or  back  end  and  the  dotted  curve  that  at  the  bottom  or  front 
end.  With  the  piston  situated  at  6,  let  ab  and  cb  represent  the 
pressures  on  the  left-hand  side  of  the  piston  and  db  and  eb  those 
on  the  right-hand  side  of  the  piston.  The  effective  pressure 
when  the  piston  is  moving  to  the  right  is  therefore  db  -  eb,  and 
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that  when  the  piston  is  moving  to  the  left,  Id  —  cb.  Measuring 
from  a  base  line  XY,  and  making  QR  =  ae  and  QS  =  cd  (Fig. 
346),  the  loci  of  the  points  R  and  S  represent  the  effective  pressure 
diagrams  for  the  two  strokes.  The  curve  XTRUY  represents  the 
pressure  as  the  piston  moves  to  the  right  and  YVSWX  that  as 
the  piston  moves  to  the  left.  It  will  be  noticed  that  the  pressure 
becomes  zero  and  eventually  negative  before  the  piston  reaches 
the  end  of  each  stroke.  For  a  reason  to  be  given  presently,  the 
effective  pressure  on  the  return  stroke  is  generally  plotted  beneath 
the  base  line. 

310.  Correction  for  the  Weight  of  the  Reciprocating  Parts. — In 
the  case  of  a  vertical  engine,  a  correction  must  be  made  to  this 
diagram  to  allow  for  the  weight  of  the  reciprocating  parts.     It  is 
clear  that  on  the  down  stroke  this  weight  assists  the  piston  effort, 
and  that  on  the  up   stroke  it  opposes  the   piston  effort.     The 
necessary  correction  may  be  made  simultaneously  on  both  diagrams 
by  altering  the  base  line.     Let  w  be  the  weight  of  the  reciprocat- 
ing parts  per  square  inch  of  piston  area.     Set  off  the  line  XjYx 
parallel  to  and  beneath  XY  and  at  such  a  distance  from  it  as 
represents  the  value  w  to  the  scale  of  the  diagram.     This  distance 
has  been  considerably  magnified  in  Fig.  346  in  order  to  get  a  clear 
diagram.     The  line  XXY:  therefore  represents  the  new  base  line 
from   which  the  effective  pressure  must  be  measured   on  both 
diagrams.     This  correction  is  of  course  unnecessary  for  horizontal 
engines. 

311.  Correction  for  the  Inertia  of   the  Reciprocating  Parts. — 
The  inertia  of  the  reciprocating  parts  modifies  considerably  the 
driving  pressure  on  the  piston,  particularly  in  high-speed  engines. 
Since  the  velocity  of  the  piston  varies  throughout  the  stroke,  being 
zero  at  the  two  ends,  a  considerable  force  is  required  to  accelerate 
the  reciprocating  parts  during  the  first  part  of  the  stroke,  whilst  an 
additional  force  is  exerted  due  to  their  retardation  in  the  latter 
part.     In  the  first  part  of  the  stroke,  therefore,  the  driving  force 
on  the  piston  is  diminished  by  the  force  necessary  to  accelerate  the 
reciprocating  parts,  whilst  in  the  latter  part  of  the  stroke  the 
driving  force  is  increased,  due  to  the  retardation  of  the  reciprocat- 
ing parts. 

Graphical  and  analytical  methods  of  determining  the  accelera- 
tion of  the  reciprocating  parts  of  an  engine  have  already  been  given 
in  Chap.  XII.  The  diagram  of  piston  acceleration  there  given 
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(Fig.  131)  also  represents  to  some  different  scale  the  accelerating 
force.  Hence  the  area  above  the  base  line  represents  the  energy 
stored  in  the  reciprocating  parts  at  maximum  velocity,  whilst  the 
total  enclosed  area  is  zero. 

The  correction  to  the  diagram  of  effective  pressure  on  the 
piston  therefore  consists  of  a  further  alteration  of  the  base  line  from 
X1Y1  (assuming  a  vertical  engine)  to  the  curved  line  X2Y2  where 
each  ordinate  between  X1Y1  and  X2Y2  represents  the  force  neces- 
sary to  accelerate  the  reciprocating  parts  to  the  same  scale  as 
the  original  diagram  represented  the  effective  force  on  the  piston. 
The  vertical  ordinate  of  the  resulting  diagrams  shown  shaded 
(Fig.  346)  therefore  represents  the  effective  driving  pressure  on 
the  crosshead,  both  when  the  piston  is  moving  to  the  right  and 


FIG.  347. 

when  the  piston  is  moving  to  the  left.  The  effective  pressure 
on  the  return  stroke  is  plotted  beneath  the  base  line,  so  that  the 
one  correction  for  the  weight  of  the  reciprocating  parts  and  the 
one  curve  of  accelerating  force  will  suffice  for  both  strokes  of 
the  piston. 

312.  Variation  of  Arm  at  which  the  Thrust  acts. — Neglecting 
friction  there  are  three  forces  in  equilibrium  at  the  crosshead: 

(1)  P,  the  effective  driving  force  on  the  crosshead  (just  found); 

(2)  Q,  the  thrust  along  the  connecting  rod ;  and  (3)  E,  the  reaction 
at  the  guides.     For  any  configuration,  as  in  Fig.  347,  the  values 
of  Q  and  E  may  be  readily  determined  by  the  construction  of  the 
triangle  of  forces,  Abe. 
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The  arm  at  which  the  thrust  in  the  connecting  rod  acts  relative 
to  the  crank  shaft  is  clearly  zero  at  the  two  ends  of  the  stroke. 
The  turning  moment  must,  therefore,  be  zero  at  the  two  dead 
centres  and  attain  a  maximum  value  at  some  intermediate  position. 
For  the  given  configuration  (Fig.  347)  the  turning  moment  is 
clearly  Q  X  perpendicular  distance  CM.  Draw  CN  perpendicular 
to  CA  to  meet  AB  produced  in  N.  The  sides  of  the  force  diagram 
Abe  are  proportional  to  the  sides  of  the  triangle  CMN. 

P_A5_CM 
"  Q~~Ac~~CN 
or  P.CN=:Q.CM 

/.  turning  moment  =  P  .  CN  =  S  .  r 
where  S  is  called  the  crank  effort. 

EXAMPLE  1.  —  The  reciprocating  parts  of  a  steam  engine  weigh  550  Ib.  ; 
diameter  of  cylinder  is   18  inches;   length  of  stroke  22  inches;  and  ratio 

the  Crank  is  at  the  inner  dead  Centre  the  difference 


in  the  pressures  on  the  two  sides  of  the  piston  is  80  Ib.  per  square  inch.  At 
what  speed  must  the  engine  run  so  that  the  thrust  in  the  connecting  rod  in  this 
position  is  equal  to  1200  Ib.  ? 

When  the  crank  is  at  the  inner  dead  centre,  the  thrust  in  the  connecting  rod 
is  just  equal  to  the  effective  force  on  the  crosshead. 

Now,  effective  force  on  the  crosshead  =  effective  force  on  piston  +  accele- 
rating force. 

.'.  1200  =  80  x  |(18)»  -  HHp  .  g(coe  0°  +  A  cos 


.'.  co2  =  1000 

.*.  at  =  31*6  radians  per  sec. 

.*.  N  =  302  revs,  per  minute. 

EXAMPLE  2.  —  When  the  crank  is  45°  from  the  inner  dead  centre  on  the  down 
stroke,  the  effective  steam  pressure  on  the  piston  of  a  vertical  steam  engine  is 
35  Ib.  per  square  inch.  The  diameter  of  cylinder  is  30  inches  ;  stroke  of  piston, 
20  inches  ;  length  of  connecting  rod,  40  inches  ;  speed,  350  revs,  per  minute  ; 
and  weight  of  reciprocating  parts,  450  Ib.  Find  the  torque  on  the  crank-shaft. 


Effective  load  on  piston  =  35  x 

=  24,740  Ib. 

W       /  r  \ 

Accelerating  force  =  —  o>V(  cos  0  +  _  cos  26  } 

ff       \  l  ) 


450   /27T.350      10 


=  1  1,080  Ib. 
.'.  effective  load  on  crosshead  =  24,740  -  11,080  +  450  =  14,100  Ib. 
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By  construction,  length  of  ON  (Fig.  347)  =  0-687  feet. 

Turning  moment  =  14,110  x  0-687 
=  9700  Ib.-feet. 

313.  Diagrams  of  Turning  Moment.— In  the  expression  for  the 
turning  moment  there  are  two  variables,  viz.  the  effective  pressure 
on  the  crosshead  and  the  arm  at  which  it  may  be  taken  to  act. 
The  product  may  be  obtained  very  easily  for  any  given  configura- 
tion by  a  simple  geometrical  construction. 

Produce   CB   to   K   making   BK  =  AJb   (Fig.  347).     Drop  a 

perpendicular  KL  upon  AC  meeting  AB  in  L.     Then,  since  the 

nxr 
triangles  CBN,  BKL  are  similar,  ^  = 


.'.  KL .  CB  =  BK .  CIST  =  turning  moment. 

Hence,   to   some   scale,  the  length  KL  represents   the   turning 
moment  for  that  configuration. 

A  curve  of  turning  moments  for  a  single  cylinder  engine  is 
shown  to  a  base  of  crank  angles  in  Fig.  348,  and  on  a  polar  basis 


CRANK  ANGLE  DISPLACEMENT  FOR  ONE  REV. 
FIG.  348. 

in  Fig.  349.  In  the  latter  case  the  ordinates  are  measured  from 
the  crank-pin  circle  radially  outwards.  When  an  engine  has  two 
or  more  cylinders,  the  turning-moment  diagram  may  be  found  by 
combining  at  the  correct  phase  angle  the  separate  diagrams  found 
for  each  cylinder.  A  turning-moment  diagram  for  a  compound 
engine  is  shown  in  Fig.  350. 

In  order  to  equalize  the  turning  moment  as  far  as  possible,  the 
angle  between  the  cranks  of  a  two-cylinder  engine  should  be  90° 
and  for  a  three-cylinder  engine  120°.  In  no  case,  however,  is  the 
turning  moment  quite  uniform.  In  the  case  of  four-cylinder 
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engines  other  considerations  than  the  equalization  of  the  turning 
moment  affect  the  choice  of  the  angles  between  the  cranks. 


FIG.  349. 
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314.  Scale  of  the  Turning-moment  Diagram. — Care  must  be 
exercised  in  evaluating  the  turning  moment  when  found  graphi- 
cally by  the  method  given   in  par.  313.     Suppose  the  effective 
pressure  diagram   for  a  single-cylinder  engine   be  drawn  to  the 
scale  of  1  inch  equals  s  Ib.  per  square  inch. 

The  weight  of  the  reciprocating  parts  (for  a  vertical  engine) 
and  the  accelerating  force  will  be  determined  in  pounds.  Before 
plotting  them  it  will  be  necessary  to  express  them  as  an  equiva- 
lent pressure  in  pounds  per  square  inch  upon  the  piston. 

In  setting  off  Ab  or  BK  (Fig.  347),  the  scale  is  therefore  1  inch 
represents  (s  X  area  of  piston)  Ib.  The  length  KL  therefore  repre- 
sents the  turning  moment  to  the  scale 

1  inch  represents  (s  X  area  of  piston)  X  (length  of  crank). 

A  further  difficulty  occurs  in  combining  the  separate  diagrams 
for  the  cylinders  of  multi- crank  engines.  Not  only  will  the 
strength  of  the  indicator  springs  for  the  various  cylinders  in  all 
probability  be  different,  but  the  areas  of  each  cylinder  are  not 
generally  equal.  Now  it  will  be  obvious  that  a  pressure  of  1  Ib. 
per  square  inch  on  pistons  of  different  areas  represents  a  different 
load  in  each  case.  Before  combining  two  or  more  diagrams,  it  is 
therefore  necessary  to  make  an  allowance  for  both  the  different 
scale  of  the  indicator  diagrams  and  also  the  different  area  of  the 
cylinders.  Generally  the  L.P.  diagram  is  taken  as  the  standard, 
the  heights  of  the  other  diagrams  being  brought  to  the  same  scale. 
Let  SH,  SL  be  the  stiffness  of  the  springs,  and  AH,  AL  the  areas  of  the 
cylinders  of  the  H.P.  and  L.P.  cylinders  respectively  of  a  com- 
pound engine.  One  inch  height  on  the  H.P.  diagram  represents 
a  load  of  sHAn  Ib. ;  one  inch  height  on  the  L.P.  diagram  repre- 
sents a  load  of  sLAL  Ib.  Hence,  referred  to  the  L.P.  diagram, 

the  height  of  the  H.P.  diagram  must  be  multiplied  by  — .  ~~.   The 

SL  At 

combined  turning-moment  diagram  is  then  obtained  by  adding 
at  the  correct  phase  angle  the  separate  diagrams  found  for  each 
cylinder. 

315.  Fluctuation  of  Energy  per  Revolution. — Since  T  X  6  =  work 
done,  the  area  of  a  turning-moment  diagram  to  a  base  of  crank 
angles  represents  the  work  done  by  the  engine.     If  the  speed  of 
the  engine  is  the  same  at  the  end  of  each  revolution,  the  work 
done  by  the  engine  is  equal  to  the  resistance  overcome  during 

2  4 
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this  time.  The  area  of  the  turning-moment  diagram  is  then 
equal  to  the  area  of  the  resistance  diagram.  The  shape  of  the 
resistance  diagram  is  not,  however,  known,  and  will  vary  in 
different  cases,  though  in  general  it  may  be  assumed  that  the 
resisting  torque  is  uniform.  In  this  case  the  value  of  the  resist- 
ing torque  is  the  mean  height  of  the  turning-moment  diagram 
whilst  the  resistance  diagram  itself  is  rectangular. 

In  the  most  general  case  assume  that  the  resistance  diagram 
is  the  figure  ACDB  and  the  turning-moment  diagram  the  figure 
AEFB  (Fig.  351).  When  the  crank  moves  over  the  small  angle 


pq          XT/ 
FIG.  351. 

pq,  it  is  clear  that  the  work  done  by  the  engine  is  greater  than 
the  resistance  overcome,  by  an  amount  represented  by  the  area 
trsv.  Hence  during  this  short  interval  the  engine  speed  increases. 
On  the  other  hand,  when  the  crank  moves  over  the  small  angle 
xy,  the  work  done  by  the  engine  is  less  than  the  resistance  over- 
come, and  during  this  short  interval  the  engine  speed  decreases. 
Throughout  each  revolution,  therefore,  the  speed  of  the  engine  is 
constantly  varying,  increasing  or  diminishing  according  as  the 
power  curve  is  above  or  below  the  resistance  curve.  The  total 
area  of  each  "  hill"  or  "  hollow  "  therefore  represents  the  increase 
or  diminution  to  the  mean  energy  of  the  moving  parts.  Whilst 
the  crank  moves  from  ax  to  ^  the  energy  of  the  moving  parts  is 
diminished,  and  whilst  moving  from  &j  to  a2  the  energy  is  increased. 
At  the  points  aly  a2,  a^,  the  energy  of  the  moving  parts  has  there- 
fore maxima  values,  that  is,  the  speed  of  the  engine  has  maxima 
values ;  at  the  points  blt  b2>  &3. tn6  sPeed  of  tlie  engine  has  minima 
values. 

316.  The   Maximum  Fluctuation   of  Energy.— The   maximum 
fluctuation  of  energy  per  revolution  is  not  proportional  to  the 
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largest  surplus  area  as  stated  in  so  many  text-books,  but  depends 
upon  the  relative  sizes  of  adjoining  hills  and  hollows.  The 
maximum  fluctuation  of  energy  will  be  represented  by  the  alge- 
braic sum  of  the  areas  between  the  points  of  maximum  speed  and 
minimum  speed.  It  is  therefore  necessary  in  the  first  place  to 
pick  out  the  maximum  of  the  maxima  speeds  and  the  minimum  of 
the  minima  speeds.  To  take  a  concrete  case,  let  the  area  of  the 
hills  and  hollows  in  Fig.  350  be  +  049,  -  0-58,  +  0'5,  —  0-65, 

+  0*29,  and  —  0'05  square  inches  taken  in  order  from  the  point  A. 

Maxima  speeds  occur  at  the  points  B,  D,  and  F,  and  minima 
speeds  at  A,  C,  and  E.  Consider  first  the  three  maxima  speeds. 
Clearly  of  the  two  speeds  at  B  and  D,  that  at  B  is  the  greater, 
since  the  energy  of  the  flywheel  at  D  is  less  (—  0*58  +  0*5)  than 
that  at  B. 

Similarly  of  the  two  speeds  at  B  and  F,  that  at  B  is  the 
greater.  Hence  the  speed  at  B  is  the  maximum.  In  the  same 
way,  of  the  three  minima  speeds  at  A,  C,  and  E,  that  at  E  is  found 
to  be  the  minimum.  Hence  the  maximum  fluctuation  of  energy 
lies  between  the  points  B  and  E,  and  is  represented  by  the  area 
—  0°58  4-  0'5  —  0*65  square  inches,  that  is,  0*73  square  inches. 
This,  it  will  be  observed,  is  greater  than  the  maximum  single 
hill  or  hollow. 

The  maximum  fluctuation  of  energy  is  equal  to  the  difference 
between  the  kinetic  energy  of  the  moving  parts  at  maximum  and 
minimum  speeds.  The  ratio  which  this  quantity  bears  to  the  work 
done  per  cycle  is  called  the  coefficient  of  fluctuation  of  energy. 

317.  Maximum  Fluctuation  of  Energy  of  Internal  Combustion 
Engines. — A  special  case  to  be  considered  is  that  of  the  variation 
of  energy  in  an  internal  combustion  engine  working  on  the  Otto 
cycle.  This  cycle  consists  of  four  strokes.  In  the  first  or  suction 
stroke,  the  piston  moves  outwards  and  the  charge  is  drawn  into 
the  cylinder;  in  the  second  or  compression  stroke,  the  piston 
moves  inwards  and  compresses  the  charge ;  in  the  third  or  ex- 
plosion stroke,  the  charge  is  fired  and  the  piston  driven  outwards  ; 
and  in  the  fourth  or  exhaust  stroke,  the  piston  moves  inwards  and 
expels  the  products  of  combustion  from  the  cylinder.  It  will  be 
noticed  that  there  is  only  one  working  stroke  in  the  cycle,  and  that 
during  the  other  three  strokes  a  certain  amount  of  work  must  be 
supplied  to  the  engine.  Consequently  the  work  done  during  the 
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explosion  stroke  is  always  greater  than  the  external  work  done  by 
the  engine  during  the  cycle. 

T  x  4.v        i-    work  done  during  explosion  stroke 
Let  the  ratio  -  .    ,  —  v—          -  =n,  where 

work  done  per  cycle 

n  is  a  fraction  slightly  greater  than  unity.  Assuming  that  the 
external  resistances  are  constant,  the  work  done  by  the  engine 
during  the  explosion  stroke  is  J  the  work  done  per  cycle,  and  it 
follows  that  the  coefficient  of  fluctuation  of  energy  is  n  —  J. 

318.  Reduction  of  Variation  of  Speed.  —  In  order  to  reduce  the 
variation  in  speed  of  an  engine  which  has  a  given  fluctuation  of 
energy,  it  is   necessary  to  have  a  large   store  of  energy  in  the 
moving  parts.     This  is  effected  by  fitting  a  large  flywheel  which 
alternately  stores  and  gives  up  the  surplus  energy.     The  mean 
energy  of  a  flywheel  is  always  much  greater  than  the  energy  of 
the  remaining  moving  parts,  and  is  also  many  times  greater  than 
the  fluctuation  of  energy.     It  may  be  assumed,  therefore,  that  the 
whole  of  the  fluctuating  energy  is  absorbed  by  the  flywheel,  and 
that  the  fluctuations  in  speed  are  small  in  comparison  to  the  mean 
speed. 

The  flywheel  may  alternatively  be  considered  as  rotating  with, 
but  oscillating  backwards  and  forwards  relatively  to,  the  shaft. 
When  the  engine  speed  is  constant,  the  relative  motion  of  the 
flywheel  is  zero.  The  surplus  torque  at  any  instant  may  be 
considered  as  causing  the  periodic  oscillations  of  the  flywheel. 

319.  Determination  of  the  Size  of  Flywheel.—  Let  k  be  the  radius 
of  gyration  of  a  flywheel,  W  its  weight,  v  its  mean  peripheral 
velocity,  to  its  angular  velocity,  and  N  its  revolutions  per  minute. 

W 
.*.  energy  of  flywheel  at  mean  speed  =  E  =  J  —  v2 


^ 

*  g     3600 
(see  par.  56). 

Suppose  the  variation  of  speed  above  and  below  the  mean 
speed  to  be  the  same.  Let  the  two  limits  be  ±  SN,  that  is,  the 
total  fluctuation  of  speed  is  28N. 

.*.  energy  of  flywheel  at  maximum  speed  =  M(N  +  SN)2 
„          „          minimum      „     =  M(N  —  SN)2 
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Let  the  maximum  fluctuation  in  energy  of  the  flywheel  be  K. 

.-.  K  =  M(N  +  SN)2  -  M(N  -  8N)2 

=  4M  .  N  .  8N 
K      4M  .  N  .  SN 


"E"         MN2 
That  is,  the  mean  energy  of  the  flywheel 

increase  in  energy  of  flywheel 


2  X  fractional  total  fluctuation  of  speed 

The  same  result  may  be  obtained  in  terms  of  the  angular 
velocity.  Let  a>i  and  w2  be  the  maximum  and  minimum  values 
of  the  angular  velocity.  The  value  of  o>  will  be  sensibly  equal  to 

0)1  -f-  a)2 

2 

The  maximum  fluctuation  of  energy  is  ^ 

.*.  K  = 


O) 


Since  -1  ~    2  is  the  fractional  fluctuation  of  speed,  the  same 
a> 

result  as  before  is  obtained. 

The  increase  in  the  energy  of  a  flywheel  is  equal  to  the 
maximum  fluctuation  of  energy  K  as  determined  from  the  turning- 
moment  diagram.  When  the  value  of  K  is  known  for  any  given 
engine,  the  mean  energy  E  of  the  flywheel  may  be  calculated  for 
any  assigned  fluctuation  of  speed.  E  being  equal  to  £Io>2,  the  size 
of  the  flywheel  may  then  be  determined. 

EXAMPLE  3.  —  In  the  turning-moment  diagram  for  one  revolution  of  a  steam 
engine,  the  areas  above  and  below  the  curve  of  resistance,  taken  in  order, 
are  +  0-53,  -  0-33,  +  0-38,  -  0-47,  +  018,  -  0'36,  +  0-35,  and  -  O28  square 
inch.  The  scales  of  the  diagram  are  — 

Turning  moment,  1  inch  =  8000  Ib.-ft. 
Crank  angle,  1  inch  =  60  degrees. 

The  mean  revolutions  per  minute  are  150,  and  the  total  fluctuation  of  speed 
must  not  exceed  3  per  cent,  of  the  mean.  Determine  a  suitable  cross-  sectional 
area  of  the  rim  of  the  flywheel,  assuming  the  total  energy  of  the  flywheel  to 
be  if  that  of  the  rim.  The  peripheral  velocity  of  the  flywheel  is  to  be  50  feet 
per  second.  Take  the  weight  of  the  material  as  0'25  pound  per  cubic  inch. 

(Lond.  B.Sc.  1913.) 
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Area   representing  the   maximum  fluctuation  of  energy  =    +  0'35  —  0*28 
+  0-53  -  0-33  +  0-38  =  0'65  square  inches. 

.*.  maximum  fluctuation  of  energy  =  0'65  x  8000  x  ~ 

o 

=  5445  foot-lb. 
But  |  =  2(T§n) 

/.  energy  of  flywheel  =  5445  x  i^Q- 

W 

.*.  energy  of  rim  =  -^-v2  —  5445  x  ijp  x  }| 

=  85,080  foot-lb. 
Since  v  —  50  feet  per  second, 

W  =  85,080  x  <j^  =  2292  Ib. 

But  W  =  Znraw 

v        50.60   -    , 

and  r  =  —  =  —   -TTTS,  feet 

to       ^TT.  150 

50.60.12  .    , 
2,r.l50    mches 

/.  2292  =  STT  x  ^^5Q2  x  0-25  x  a  =  60a 
.*.  a  =  38-2  sq.  inches 

that  is,  a  rim  8|  inches  wide  and  4J  inches  thick  will  satisfy  the  conditions  ot 
the  question. 

320.  Centrifugal  Tension  in  Flywheels. — The  strength  of  fly- 
wheels is  a  farther  important  factor  in  their  design.     Because  of 

^  - — L.      XC.R 

s>T 


FIG.  352.  FIG.  353. 

the  presence  of  the  arms,  and  for  other  reasons,  the  exact  stresses 
induced  in  the  rim  of  the  flywheel  cannot  readily  be  determined, 
but  a  rough  approximation  is  obtained  by  assuming  that  the 
stress  in  the  rim  is  due  to  the  centrifugal  force  acting  on  the 
particles. 
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Let  w  be  the  weight  of  unit  volume  of  the  material  and  s  the 
cross-sectional  area  of  the  rim.  The  weight  of  the  flywheel  sub- 
tending an  angle  86  at  the  centre  is  wsrdd  (Fig.  352),  where  r  is 
the  mean  radius  of  the  rim. 

Therefore  centrifugal  force  acting  on  this  elemental  piece  is  — 

wsr8d  v2 
9       r 

where  v  is  the  peripheral  speed  of  the  rim.  The  reacting  forces 
T,  in  the  material  of  the  rim,  act  tangentially.  Drawing  the 
triangle  of  forces  (Fig.  353)  and  resolving  normally, 

ftfl 
.*.  centrifugal  force  =  2T  sin  -~ 

—  T  .89,  since  80  is  small 
wsr80  v2 

..  -  .—  =  1OC7 


or  T  = 


g 

But  T  =/.  s  where/  is  the  stress  induced  in  the  material. 


.-.  hoop  stress  /  =  —        or     v  =  */l-L 
9  <V     w 

This  formula  should  be  compared  with  the  corresponding 
formula  for  the  centrifugal  tension  of  a  belt  (par.  247)  and  the 
comparison  of  the  two  made  in  par.  60  carefully  studied. 

EXERCISES  XXVII 

1.  The  mass  of  the  reciprocating  parts  of  a  single-cylinder  steam  engine 
is  250  lb.,  the  diameter  of  the  cylinder  is  12  inches,  length  of  stroke  18  inches, 
and  length  of  connecting  rod  45  inches.    At  what  speed  will  the  force  required 
to  accelerate  the  reciprocating  parts  at  the  inner  dead  centre  be  equal  to  the 
effective  load  on  the  piston,  the  difference  of  steam  pressures  on  the  two  sides  of 
the  piston  being  66  lb.  per  square  inch  ? 

2.  At  a  certain  point  in  the  stroke,  the  acceleration  of  the  piston  of  a  steam 
engine  is  75  feet  per  second  per  second.     The  steam  pressure  on  the  piston  is 
120  lb.  per  square  inch,  and  the  back  pressure  45  lb.  per  square  inch.     The  area 
of  the  piston  is  105  square  inches,  and  the  weight  of  the  reciprocating  parts 
300  lb.    If  the  force  necessary  to  overcome  friction  is  150  lb.,  find  the  effective 
driving  force  of  the  piston  at  that  instant. 

3.  The  reciprocating  parts  of  a  steam  engine  weigh  8|  tons ;  the  connecting 
rod  is  17J  feet  Jong,  and  the  crank  radius  is  3  feet.     Calculate  the  force  required 
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to  accelerate  the  reciprocating  masses  at  the  beginning  and  end  of  the  stroke, 
when  the  speed  is  60  revolutions  per  minute.  (I.C.E.) 

4.  Calculate  from  the  following  data  the  acceleration  pressure  per  square 
inch  of  piston  area  due  to  the  reciprocating  parts  of  a  vertical  inverted  high- 
speed engine  at  each  end  of  the  stroke :  stroke  8  inches,  weight  of  reciprocating 
parts  90  lb.,  diameter  of  cylinder   8  inches,  length  of  connecting  rod  3^ 
cranks,  revolutions  per  minute  400.  (London  B.Sc.  1905.) 

5.  A  steam  engine  cylinder  is  20  inches  diameter,  stroke  18  inches,  connect- 
ing rod  3  feet  6  inches  between  centres,  mass  of  reciprocating  parts  including  con- 
necting rod  280  lb.    Find  how  much  the  pressure  per  square  inch  of  the  cushion 
steam  must  exceed  that  on  the  other  side  of  the  piston  at  each  end  of  the  stroke, 
so  as  to  relieve  the  crank  pin  brasses  of  all  pressure  when  the  engine  is  running 
at  350  revolutions  per  minute.  (Lond.  B.Sc.  1908.) 

6.  The  table  of  a  planer  weighs  50  cwt.,  and  when  the  travel  is  6  feet  the 
average  speed  of  return  is  90  feet  per  minute.     Two  springs  are  fixed  in  the  line 
of  motion,  so  that  when  the  table  is  10  inches  from  the  end  of  the  stroke,  com- 
pression of  the  springs  begins  (initial  compression,  zero),  and  at  the  end  of  the 
stroke  the  force  given  by  the  two  springs  is  just  equal  to  the  inertia  force  on  the 
table.    Find  the  force  per  inch  compression  of  the  springs  and  the  proportion 
that  the  energy  stored  in  the  springs  bears  to  the  maximum  kinetic  energy  of 
the  table,  assuming  simple  harmonic  motion.  (Lond.  B.Sc.  1909.) 

7.  lot  a  steam  engine  the  piston  at  the  beginning  of  its  stroke  is  exposed  to 
a  total  pressure  of  2000  lb.,  but  the  inertia  is  such  that  the  thrust  of  the  piston 
rod  at  the  crosshead  is  only  1600  lb.     The  speed  of  the  engine  is  now  raised 
until  it  becomes  half  as  great  again  as  before,  while  the  pressure  is  unchanged. 
What  is  the  thrust  of  the  piston  rod  ?  (I.C.E.) 

8.  In  a  direct-acting  steam  engine  the  stroke  is  2  feet,  the  connecting  rod 
4  feet  long,  the  piston  14  inches  diameter,  the  weight  of  the  reciprocating  parts 
300  lb.,  and  the  revolutions  per  minute  180.     At  the  commencement  of  the 
down  stroke  the  difference  of  pressure  per  square  inch  on  the  two  sides  of  the 
piston  is  40  lb.  (acting  downwards) ;  at  the  end  of  the  down  stroke  the  difference 
is  10  lb.  (acting  upwards).     Find  the  effective  pressure  transmitted  to  the  crank 
pin  in  these  positions.     If  the  steam  pressure  remained  unaltered,  at  what  speed 
would  the  engine  have  to  run  in  order  to  make  the  effective  pressure  at  the  end 
of  the  stroke  zero,  and  what  would  then  be  the  effective  pressure  at  the  com- 
mencement of  the  stroke  ?  (Lond.  B.Sc.) 

9.  The  reciprocating  masses  of  an  engine  weigh  500  lb.     Find  the  pressure 
on  the  slide  bars,  the  thrust  along  the  connecting  rod,  and  the  turning  effort  on 
the  crank  shaft  when  the  connecting  rod  subtends  a  crank  angle  of  60°,  having 
given  that  at  this  angle  the  difference  between  the  driving  pressure  and  the  back 
pressure  is  50  lb.  per  square  inch,  and  that  the  speed  is  250  revolutions  per 
minute.      Crank  radius  1  foot,  connecting  rod  4  feet,   diameter  of  cylinder 
20  inches. 

10.  The  difference  between  the  driving  and  back  pressure  in  a  steam  engine 
cylinder  is  60  tons  when  the  crank  is  30°  from  the  inner  dead  point.    The 
reciprocating  parts  weigh  7  tons.     The  connecting  rod  is  5  times  as  long  as  the 
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crank,  which  is  3  feet  radius.    Calculate  the  corresponding  value  of  the  turning 
moment  in  the  crank  shaft  when  the  speed  is  60  revolutions  per  minute. 

(I.C.E.) 

11.  The  reciprocating  parts  of  a  horizontal   engine  weigh  500  Ib.     The 
diameter  of  the  cylinder  is  18  inches  and  the  crank  radius  is  1  foot.    The  length 
of  the  connecting  rod  is  5  feet.     When  the  crank  has  turned  through  an  angle  of 
0  =  45°  from  the  inner  dead  centre,  the  difference  between  the  pressures  on  the 
two  sides  of  the  piston  is  120  Ib.  per  square  inch.     Find  the  corresponding  value 
of  the  turning  moment  on  the  crank  shaft  when  the  speed  is  200  revolutions  per 
minute.  (Lond.  B.Sc.  1909.) 

12.  Describe  a  method  for  drawing  a  turning-moment  diagram  for  a  steam 
engine.    A  steam  engine  cylinder  is  20  inches  diameter,  stroke  15  inches,  con- 
necting rod  2  feet  9  inches  between  centres,  mass  of  reciprocating  parts  220  Ib. 
The  admission  pressure  is  80  Ib.  and  the  back  pressure  4  Ib.  per  square  inch 
absolute  ;  cut-off  takes  place  at  ^rd  of  stroke.     Assuming  hyperbolic  expansion, 
find  the  turning  moment  on  the  shaft  when  the  crank  has  turned  through  75° 
from  the  "in"  dead  centre  and  the  engine  is  running  at  200  revolutions  per 
minute,  (1)  neglecting,  and  (2)  considering  inertia  effects. 

(Lond.  B.Sc.  1910.) 

13.  The  following  particulars  relate  to  an  ordinary  single -cylinder  steam 
engine :   stroke  of  piston  3  feet,  length  of  connecting  rod  8  feet,  weight  of 
reciprocating  parts  3  Ib.  per  square  inch  of  piston,  speed  of  crank  shaft  100 
revolutions  per  minute.     Find  the  torque  on  the  crank  shaft  per  square  inch  of 
piston  when  the  crank  is  45°  from  the  inner  dead  centre,  and  the  effective  steam 
pressure  on  the  piston  is  50  Ib.  per  square  inch.  (Lond.  B.Sc.  1911.) 

14.  The  flywheel  of  an  engine  has  a  moment  of  inertia  about  the  axis  of  the 
shaft  of  8000  foot-ton  units.    If  the  mean  speed  of  the  wheel  is  50  revolutions 
per  minute,  calculate  the  fluctuation  of  energy  per  stroke  if  the  maximum  speed 
is  at  the  rate  of  52  and  its  minimum  48  revolutions  per  minute.  (I.C.E.) 

15.  A  flywheel  weighs  44*4  tons.    Its  radius  of  gyration  is  11J  feet.     Find 
how  much  energy  it  stores  at  60  revolutions  per  minute.    If  the  variation  of 
torque  on  the  crank  shaft  is  such  that  55  foot-tons  of  energy  are  alternately  added 
to  and  subtracted  from  the  mean  energy  stored  in  the  wheel,  calculate  the  correL 
sponding  maximum  and  minimum  number  of  revolutions  of  the   wheel  per 
minute.  (I.C.E.) 

16.  A  gas  engine  working  on  the  Otto  cycle  fires  at  every  alternate  revolu- 
tion when  working  at  normal  load.     If  the  B.H.P.  is  7,  and  the  mean  speed  300 
revolutions  per  minute,  find  the  moment  of  inertia  of  the  rotating  parts  in  foot- 
ton  units  necessary  to  keep  the  speed  within  a  range  of  2  per  cent,  above  and 
2  per  cent,  below  the  mean  speed,  on  the  assumption  that  the  work  performed 
during  the  explosion  stroke  is  |  of  that  done  externally  per  cycle,  and  that  the 
external  resistance  is  uniform. 

17.  In  a  turning  effort  diagram  for  1  revolution,  the  areas  above  and  below 
the  mean  torque  line  are  0-48,  0'25,  0-32,  0'38,  0'16,  0-28,  0-21,  and  0'26  square 
inches  taken  in  order.     The  scales  of  the  diagram  are — 

Crank  effort      1  inch  =  8000  Ib.-ft. 

Crank  pin  displacement         1  inch  =  60  degrees. 
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Find  the  weight  of  the  flywheel  when  the  total  fluctuation  of  speed  must  not 
exceed  3  per  cent,  of  the  mean  speed.  Assume  the  mass  of  the  flywheel  is 
concentrated  at  3  feet  radius;  revolutions  per  minute  =  110. 

18.  The  fluctuation  of  energy  on  each  side  of  the  mean  is  20  per  cent,  of 
the  energy  exerted  in  one  stroke  for  a  double  acting  engine  of  200  horse-power, 
running  at  a  mean  speed  of  120  revolutions  per  minute.     Determine  the  weight 
of  a  flywheel  rim  at  4  feet  mean  radius,  to  keep  the  speed  within  120  ±  1  revo- 
lutions per  minute. 

19.  A  compound  steam  engine  develops  400  I.H.P.  at  80  revolutions  per 
minute,  and  from  the  turning-moment  diagram  it  is  found  that  the  fluctuation 
of  energy  is  20  per  cent,  of  the  energy  exerted  in  1  revolution.     Find  the 
moment  of  inertia  of  the  flywheel  so  that  the  fluctuation  of  speed  may  not 
exceed  yi^.     If  the  radius  of  gyration  of  the  flywheel  is  7  feet,  what  is  its 
weight  ?  (Lond.  B.Sc.  1907.) 

20.  A  gas  engine  working  on  the  four-stroke  cycle  develops  15  horse-power 
at  250  revolutions  per  minute.     Assuming  that  there  is  one  explosion  in  every 
2  revolutions,  and  that  the  resistance  is  uniform,  and  that  the  speed  is  not  to 
vary  more  than  1  per  cent,  above  or  below  the  mean  speed,  calculate  the  weight 
of  the  flywheel  if  its  mean  diameter  is  5  feet.    The  fluctuation  of  energy  may  be 
taken  as  f  of  that  developed  during  a  working  cycle.       (Lond.  B.Sc.  1906.) 

21.  What  do  you  understand  by  "  fluctuation  of  energy  "  and  "  coefficient  of 
fluctuation  of  energy  "  of  a  steam  engine  ?   The  I.H.P.  of  a  steam  engine  is  100 ; 
the  mean  crank  shaft  speed  is  200  revolutions  per  minute.     The  energy  to  be 
taken  up  by  the  flywheel  of  the  engine  between  its  minimum  and  maximum 
speeds  is  10  per  cent,  of  the  work  done  in  the  cylinders  per  revolution  of  the 
crank  shaft.     If  the  radius  of  gyration  of  the  flywheel  is  2^  feet,  determine  its 
weight  in  order  that  the  total  fluctuation  of  speed  may  not  exceed  2  per  cent, 
of  the  mean  speed.  (Lond.  B.Sc.  1912.) 

22.  A  machine  shaft  running  at  an  average  speed  of  300  revolutions  per 
minute  requires  a  constant  torque  of  700  Ib.-feet  during  2  revolutions,  and  a 
constant  torque  of  300  Ib.-feet  during  the  next  3  revolutions,  this  cycle  being 
repeated.    It  is  to  be  driven  directly  by  a  constant  torque  motor,  and  a  fly- 
wheel is  to  be  fitted  to  the  machine  shaft,  so  that  the  total  fluctuation  of  speed 
will  not  exceed  5  per  cent.     Find  the  horse-power  required  and  the  minimum 
moment  of  inertia  of  the  flywheel.    Allow  for  the  rotor  of  the  motor,  which 
weighs  800  Ib.  and  has  a  radius  of  gyration  of  9  inches. 

(Lond.  B.Sc.  1912.) 

23.  An  engine  has  a  piston  20  inches  diameter,  stroke  28  inches,  length  of 
connecting  rod  7  feet,  revolutions  per  minute  150.     The  crank  shaft  of  the 
engine  carries  a  flywheel  at  one  end  and  a  pulley  at  the  other.    The  pulley 
takes  work  from  the  engine  at  a  constant  rate  of  300  H.P.     When  the  crank  is 
at  right  angles  to  the  line  of  stroke,  the  effective  pressure  on  the  piston  is  30  Ibs. 
per  square  inch.     Find  (a)  the  twisting  moment  on  the  crank  shaft  between 
the  crank  and  the  pulley  ;  (&)  the  twisting  moment  on  the  crank  shaft  between 
the  crank  and  the  flywheel ;  (c)  if  the  moment  of  inertia  of  the  flywheel  is  I  in 
pound  and  foot  units,  find  the  rate  at  which  the  speed  of  the  crank  shaft  is 
changing.  (Lond.  B.Sc.  1914.) 


TUENING-MOMENT   DIAGEAMS  363 

24.  A  gas  engine  is  provided  with  two  flywheels,  each  weighing  11^  cwts., 
and  the  radius  of  gyration  of  each  is  1'87  feet.    There  is  one  working  stroke 
in  each  four  strokes.     The  diameter  of  the  cylinder  is  1\  inches,  the  stroke 
9  inches,  and  the  mean  revolutions  per  minute  250.     The  mean  pressure  during 
the  firing  stroke  is  88 -7  Ib.  per  square  inch,  during  the  compression  stroke 
15*1  Ib.,  during   the   exhaust  stroke  4'4  Ib.,  and  during  the   suction   stroke 
atmospheric.     If  the  resistance  overcome  is  constant,  find  the  percentage 
variation  of  speed  of  the  engine.  (Lond.  B.Sc.  1905.) 

25.  An  engine  developing  80  H.P.  has  a  flywheel  10  feet  mean  diameter 
weighing  4000  Ib.,  and  making  120  revolutions  per  minute.     The  load  on  the 
engine  is  suddenly  reduced  to  60  H.P.    Assuming  that  the  governor  fails  to 
act,  that  the  speed  increases  at  a  uniform  rate,  that  the  H.P.  developed  in  the 
cylinder  is  proportional  to  the  speed,  and  that  all  the  surplus  energy  is  stored  in 
the  flywheel,  find  the  H.P.  developed  and  the  speed  at  the  end  of  1  minute. 

(Lond.  B.Sc.  1905.) 

26.  A  gas  engine  drives  a  number  of  machines  in  a  workshop.     The  work 
done  on  the  piston  during  the  working  stroke  is  f  times  the  work  done  during 
the  four  strokes  which  make  a  complete  cycle.    The  engine  works  for  some 
time  at  60  H.P.,  and  at  a  mean  speed  of  200  revolutions  per  minute.     Imme- 
diately after  an  explosion  in  the  working  stroke  has  taken  place,  machines 
which  absorb  20  H.P.  are  cut  off,  the  speed  at  the  instant  being  equal  to  the 
mean  speed.     Find  the  moment  of  inertia  of  the  flywheel,  so  that  the  change  in 
velocity  during  the  working  stroke  is  not  more  than  4  per  cent.,  and  then  find 
the  number  of  revolutions  per  minute  at  the  end  of  the  fourth  stroke. 

(Lond.  B.Sc.) 

27.  Find  the  weight  of  flywheel  required  for  a  steam  engine  in  which  it  is 
desired  to  limit  the  cyclical  variation  of  speed  to  0*6  per  cent,  on  either  side  of 
the  mean.    The  ratio  of  the  excess  energy  during  any  one  stroke  to  the  total 
work  done  per  stroke  is  0'28.     The  engine  is  designed  to  indicate  480  H.P.  at 
110  revolutions  per  minute.     The  radius  of  gyration  of  the  wheel  is  6'4  feet. 

(Lond.  B.Sc.  1913.) 

28.  A  cast  iron  flywheel  revolving  at  120  revolutions  per  minute  has  a  rim 
1^  feet  wide  and  8  inches  deep;  the  outside  diameter  is  12  feet  8  inches. 
Calculate  the  stress  in  the  rim  neglecting  the  effects  of  the  arms,  and  also  the 
energy  stored  in  the  rim.     What  H.P.  would  be  exerted  by  this  flywheel  if 
during  1  second  its   speed  were  reduced   to  118   revolutions    per    minute? 
Weight  of  cast  iron  to  be  taken  as  0*27  Ib.  per  cubic  inch.  (I.C.E.) 

29.  A  single-acting  Otto  cycle  gas  engine  develops  60  I.H.P.  at  160  revolu- 
tions and  80  explosions  per  minute.     The  change  of  speed  from  the  beginning 
to  the  end  of  the  power  stroke  must  not  exceed  2  per  cent,  of  the  mean  speed. 
Design  a  suitable  rim  section  for  the  flywheel,  so  that  the  hoop  stress  due  to 
centrifugal  force  does  not  exceed  600  Ib.  per  square  inch.     Neglect  the  effect 
of  the  arms,  and  assume  that  the  work  done  during  the  power  stroke  is  \\  times 
the  work  done  per  cycle.  (Lond.  B.Sc.  1908.) 

30.  Obtain  an  expression  for  the  centrifugal  tension  produced  in  the  rim  of 
a  wheel  or  hoop  of  given  dimensions  when  revolving  at  a  given  speed.     Apply 
your  results  to  find  the  limiting  speed  of  rotation  of  a  steel  ring  from  the  following 
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data :  maximum  intensity  of  stress  10  tons  per  square  inch,  weight  of  steel  per 
cubic  inch  0-286  Ib.  (Lond.  .B.Sc.  1906.) 

31.  Show  from  first  principles  that  two  flywheels  of  the  same  dimensions 
but  of  materials  of  different  densities  will  have  equal  kinetic  energies  when  run 
at  the  speeds  which  give  equal  hoop  stresses.     Calculate  the  kinetic  energy 
stored  per  pound  of  rim  in  a  cast  iron  flywheel,  when  the  hoop  stress  is  800  Ib. 
per  square  inch.     Cast  iron  weighs  450  Ib.  per  cubic  foot. 

(Lond.  B.Sc.  1911.) 

32.  An  engine  of  200  H.P.  runs  at  110  revolutions  per  minute,  and  the  fly- 
wheel is  to  store  energy  equivalent  to  the  work  done  in  150  strokes.    If  the 
maximum  stress  reckoned  as  hoop  stress  in  the  flywheel  rim  is  not  to  exceed 
1000  Ib.  per  square  inch,  what  is  the  maximum  permissible  diameter  of  the 
flywheel,  and  what  equivalent  weight  of  metal  in  the  rim  would  be  necessary 
to  store  the  energy  ? 


CHAPTER   XXVIII 
GOVEKNOKS 

321.  The  Regulation  of  Engine  Speed  by  Flywheel  and  Governor. 

— The  irregularity  of  speed  of  an  engine  may  be  due  either  (1)  to 
cyclical  variations  between  the  motive  torque  and  the  resisting 
torque  during  each  revolution,  or  (2)  to  variations  in  the  load 
thrown  on  the  engine  or  in  the  pressure  of  the  working  fluid.  In 
the  first  case  the  speed  of  an  engine  may  be  kept  within  assigned 
limits  by  means  of  a  flywheel,  but  in  the  second  case  a  governor 
is  generally  required.  Thus,  although  the  function  of  both  fly- 
wheel and  governor  is  to  keep  the  speed  of  the  engine  within  a 
definite  range,  each  is  necessitated  by  very  different  conditions. 
It  is  desirable,  in  the  first  place,  to  differentiate  between  the  action 
and  the  purpose  of  the  two. 

The  flywheel,  which  acts  as  a  reservoir  of  energy,  is  only 
useful  if  the  fluctuation  of  energy  of  the  engine  occurs  over  short 
intervals.  As  long  as  the  mean  motive  torque  is  equal  to  the 
mean  resisting  torque,  the  flywheel  causes  a  virtual  equalization 
of  the  intervening  fluctuations  and  can  keep  the  speed  of  an 
engine  within  assigned  values.  That  is  to  say,  the  flywheel 
controls  the  rate  of  change  of  velocity  but  not  the  total  change. 

A  governor,  on  the  other  hand,  must  be  fitted  to  regulate  the 
speed  of  an  engine  in  case  the  mean  effort  is  not  equal  to  the 
mean  resistance — as  when  a  load  is  suddenly  thrown  on  or  off  an 
engine.  The  governor  regulates  the  supply  of  power  to  meet  the 
demand  and  in  this  way  keeps  the  engine  at  its  designed  speed. 
It  will  be  seen  presently  that  a  governor  is  only  effective  within 
a  definite  range  of  action,  and  outside  that  range  ceases  to  have 
any  function  whatever,  whereas  the  flywheel  is  always  tending  to 
equalize  the  fluctuations  of  velocity.  It  may  be  taken,  therefore, 
that  a  flywheel  is  useful  in  regulating  speed  throughout  each 
revolution  of  the  engine,  whereas  the  governor  only  regulates  speed 
from  revolution  to  revolution. 
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322.  Methods  of  regulating  Power  by  Governors. — The  methods 
of  regulating  power  by  governors  for  steam  engines  may  be  divided 
into   two   groups:   (1)  throttle-valve  governors,  i.e.  those   which 
vary  the  pressure  of  steam  admitted  to  the  cylinder ;  and  (2)  auto- 
matic governors,  i.e.  those  which  alter  the  point  of  cut-off  in  the 
cylinder.     The  second  group  may  be  further  subdivided  into  those 
which  actuate  the  expansion  valve  of  the  engine  and  those  which 
rotate  the  eccentric  round  the  shaft  and  change  the  travel  of  the 
valve.     Automatic  governors  are  more  economical  from  a  thermo- 
dynamical  standpoint,  and  are  generally  adopted  for  large  sizes 
of  engines. 

A  governor  may  regulate  the  speed  of  an  internal  combustion 
engine  either  by  "  quantity  "  governing  or  "  quality  "  governing. 
In  a  quantity  governor  the  quality  of  the  mixture  is  kept  constant, 
but  the  amount  of  the  charge  varies,  and  may  indeed  be  either 
the  full  amount  or  zero  as  in  governors  of  the  hit-and-miss  prin- 
ciple. In  a  quality  governor,  the  quality  of  the  mixture  varies. 
The  former  method  is  the  more  efficient  of  the  two. 

323.  Types  of  Governors. — For  very  great  and  periodic  fluc- 
tuations of  the  load,  the  speed  of  an  engine  may  be  regulated  to 
some  extent  by  hand.     In  general,  however,  the  regulation  must 
be  automatic  in  order  to  be  effective.     The  action  of  all  governors 
is  due  to  the  inertia  forces  set  up  by  rotating  masses  when  the 
speed  of  rotation  alters,  in  one  case  due  to  the  difference  in  the 
centripetal  acceleration,  and  in  the  other  case  due  to  the  tangential 
acceleration.     Such  governors  are  known  as  centrifugal  or  inertia 
governors  respectively.     As  centrifugal  governors  form  the  largest 
and  most  important  class,  the  main  characteristics  of  governors 
will  be  explained  by  reference  to  them,  whilst  inertia  governors 
will  be  treated  separately  in  a  later  paragraph. 

Centrifugal  governors  may  be  divided  into  two  classes,  those 
of  the  pendulum  type  and  those  of  the  spring-controlled  type. 
The  former,  first  used  by  Watt,  has  now  been  largely  discarded 
in  favour  of  the  latter. 

The  Watt  governor,  shown  in  Fig.  354,  is  of  the  simple  conical 
pendulum  type.  The  revolving  masses  are  attached  to  arms  which 
are  fixed  to  the  vertical  spindle  by  pin  joints.  The  vertical  spindle 
is  driven  by  the  engine,  though  not  necessarily  at  the  same  speed. 
Toothed  gearing  or  a  belt  drive  may  be  used  for  this  purpose, 
preferably  the  former,  as  all  possibility  of  slip  is  thereby 
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eliminated.  The  speed  of  the  vertical  spindle  therefore  fluctuates 
with  that  of  the  engine.  As  the  engine  speed  increases,  the 
rotating  masses  move  outwards  from  the  axis  of  revolution  in 
order  to  take  up  a  new  position  of  equilibrium.  This  movement 
lifts  the  sleeve  S,  which  actuates  the  regulating  gear.  When  the 
engine  speed  diminishes,  the  governor  balls  take  up  a  position 
nearer  the  vertical  spindle,  and  the  sleeve  is  moved  in  the  opposite 
direction. 

In  the  case  of  a  spring-controlled  governor  of  the  Hartnell 
type  (Fig.  355)  the  balls  are  attached  to  bell-crank  levers,  and 
their  outward  motion  is  resisted  by  a  spring  placed  vertically 


FIG.  354. 


FIG.  355. 


upon  the  governor  spindle.  The  spring  is  fixed  at  the  top  and 
the  movement  of  the  bottom  extremity  is  communicated  to  the 
regulating  gear  through  a  sleeve  as  before.  It  will  be  seen  later 
that  a  spring-controlled  governor  is  in  reality  only  a  special  and 
more  effective  case  of  a  pendulum  governor. 

324.  The  Characteristics  of  Governors. — Before  the  theory  of 
governors  can  be  further  explained,  other  points  about  their  action 
must  be  mentioned.  It  should  be  noted  in  the  first  place  that  a 
governor  does  not  act  at  all  engine  speeds,  but  only  within  certain 
specified  limits  of  the  mean  working  speed.  When  the  speed  is 
too  low,  the  centrifugal  force  is  insufficient  to  equilibrate  the 
forces  acting  on  the  balls,  and  in  the  lowest  position  the  sleeve 


368  THE   THEOEY  OF  MACHINES 

must  rest  against  a  "  stop."  As  the  speed  approaches  the  mean 
value,  the  sleeve  "  floats,"  and  its  movement  may  be  utilized  for 
governing  purposes.  If  the  speed  increases  after  the  sleeve  has 
reached  its  highest  position,  that  is,  if  the  total  movement  of  the 
sleeve  is  insufficient  to  cut  down  the  supply  of  power  to  meet  the 
demand,  the  governor  can  no  longer  act  in  its  true  capacity,  and 
the  engine  races.  Governor  action  therefore  only  takes  place 
within  the  limits  of  movement  of  the  sleeve,  and  these  are 
designed  to  correspond  to  a  definite  range  of  speed  on  either  side 
of  the  mean  speed  of  the  engine.  If  it  be  desired  that  the 
governor  should  completely  control  the  supply  of  power,  the 
engine  should  develop  its  full  power  with  the  sleeve  in  its  bottom 
position,  and  should  develop  no  brake  horse-power  with  the  sleeve 
in  its  top  position. 

It  should  be  noted  in  the  second  place  that  no  governor  can 
be  perfect  in  action,  i.e.  no  governor  can  keep  the  speed  of  an 
engine  quite  uniform.  A  governor  merely  fulfils  the  function  of 
regulating  the  supply  of  power  to  meet  the  demand,  and  absolute 
uniformity  of  speed  would  mean  that  the  supply  of  power  was 
always  equal  to  the  demand.  A  governor  has  to  equalize  the  two, 
and  as  it  is  driven  by  the  engine  mechanism,  it  cannot  alter  its 
configuration  until  a  change  of  velocity  has  actually  occurred. 
Hence  with  every  difference  between  the  power  and  resistance  of 
an  engine  there  is  a  change  in  its  velocity,  and  all  a  well-designed 
governor  can  do  is  to  keep  the  alteration  in  speed  within  specified 
limits,  and,  if  possible,  bring  the  speed  back  after  a  short  interval 
to  its  original  value. 

The  practical  qualities  a  governor  must  possess  are  (1)  sensi- 
tiveness, (2)  effort  and  power,  and  (3)  stability.  The  significance 
of  these  will  be  explained  in  separate  paragraphs. 

325.  Controlling  Force. — Before  dealing  with  the  above  charac- 
teristics of  governors,  it  is  desirable  to  define  the  term  "controlling 
force,"  which  will  be  frequently  used  throughout  the  remainder  of 
this  chapter.  The  controlling  force  of  a  governor  may  be  defined 
as  the  equivalent  force  acting  radially  upon  each  ball  towards  the 
axis  of  revolution  and  opposing  its  outward  motion.  The  con- 
trolling force  is  supplied  by  the  weight  of  the  balls  in  the  case 
of  the  pendulum  governor,  and  by  the  spring  in  the  case  of  the 
spring-controlled  governor.  In  the  latter  type  the  weight  of  the 
ball  sometimes  causes  an  appreciable  torque  opposing  or  assisting 
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motion.     Controlling  force  should  only  be  specified  in  terms  of 
the  weight  of  one  ball. 

326.  Sensitiveness. — In  the  design  of  a  governor  it  is  desirable 
that  the  sleeve  should  have  a  large  range  of  vertical  displacement 
between  the  assigned  speeds  which  limit  the  governor  action.  A 
governor  is  called  sensitive  when  the  difference  in  speed  of  the 
engine  is  small  for  any  given  displacement  of  the  sleeve.  Clearly, 
therefore,  the  more  sensitive  a  governor,  the  more  readily  a  change 
of  ball  position  occurs  with  a  variation  of  the  speed,  and  the  more 
readily  can  the  power  be  regulated  to  keep  the  speed  approxi- 
mately constant.  Sensitiveness,  or  sensibility,  as  it  is  sometimes 
called,  may  be  denned  as 

Mean  speed  of  governor  action 

Total  variation  of  speed  between  the  limits  of  governor  action 
Often  the  reciprocal  of  this  quantity  is  defined  as  the  sensitiveness. 
The  difference  in  the  definitions  is  not  important.  There  is  no 
absolute  unit  for  the  measure  of  sensitiveness,  and  hence  no 
definite  significance  can  be  attached  to  either  ratio.  The  ratio 
is  only  of  service  in  comparing  the  sensitiveness  of  one  governor 
with  that  of  another. 

A  governor  which  is  indefinitely  sensitive  is  termed  "  isochro- 
nous," that  is,  it  runs  at  the  same  speed  in  all  positions.  It  will 
be  seen  later,  not  only  that  friction  makes  isochronism  an  impos- 
sibility, but  that  an  isochronous  governor  is  of  no  practical  utility. 

It  should  be  borne  in  mind  that  a  governor  must  not  be  so 
sensitive  that  it  is  brought  into  action  by  the  periodic  fluctuations 
of  speed  which  are  controlled  by  the  flywheel.  If  the  flywheel 
controls  the  speed  of  an  engine  to  within,  say,  3  per  cent,  of  the  mean 
value,  a  governor  designed  for  a  total  variation  of  6  per  cent,  will 
move  through  one  half  of  its  range  for  a  variation  of  speed  which 
is  under  the  control  of  the  flywheel.  Clearly,  therefore,  the 
governor  would  be  very  unsteady  in  its  action,  and  this  unsteadi- 
ness would  cause  further  fluctuations  in  the  engine  speed.  Very 
sensitive  governors,  as  for  electric  driving,  can  only  be  used  when 
a  fine  adjustment  of  speed  is  necessary,  and  when  perforce  the 
cyclic  variation  of  speed  is  very  small. 

327.  Effort  and  Power. — The  effort  of  a  governor  is  the  force 
which  it  exerts  upon  the  sleeve  for  a  given  percentage  change  of 
speed.  It  must  be  remembered  that  when  a  governor  is  running 
at  constant  speed,  the  resultant  force  upon  the  sleeve  is  zero. 

2  B 
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When  the  speed  alters  and  the  governor  correspondingly  changes 
its  configuration,  the  resultant  force  on  the  sleeve  in  the  new 
position  of  equilibrium  is  again  zero.  Whilst  the  change  in  speed 
has  been  taking  place,  and  due  to  that  change  of  speed,  a  force 
has  acted  upon  the  sleeve,  and  this  force  is  known  as  the  effort. 
That  a  governor  should  have  effort  is  a  very  necessary  qualifica- 
tion. Although  the  regulating  gear  is  balanced  as  far  as  possible, 
a  certain  amount  of  force  is  always  necessary  in  order  to  over- 
come the  inertia  of  the  moving  parts,  the  friction  of  the  pin-joints, 
stuffing-box,  etc.,  this  force  incidentally  being  in  most  cases  greater 
for  expansion-valve  regulation  than  for  throttle-valve  regulation. 
The  effect  of  this  resisting  force  is  to  diminish  the  sensitiveness 
of  the  governor,  since  for  any  alteration  of  the  speed,  the  governor 
balls  will  keep  their  original  configuration  until  the  variation  of 
the  centrifugal  force  produces  a  force  which  can  overcome  the 
resistance  of  the  sleeve. 

The  power  of  a  governor  may  be  defined  as  the  work  done  by 
the  sleeve1  for  a  given  percentage  variation  of  speed.  The  power  is 
measured  by  the  product  of  the  mean  effort  and  the  displacement 
of  the  sleeve,  and  is  an  indication  of  the  rate  at  which  the  governor 
can  do  work.  If  the  speed  returns  to  its  original  value  quickly, 
the  effort,  and  therefore  the  power  of  the  governor,  is  greater  than 
if  the  same  change  occurs  slowly.  It  should  be  particularly 
noted  that  the  total  stored  energy  in  the  balls  is  greater  than 
the  power  of  the  governor,  and  that  there  is  indeed  no  direct 
connection  between  the  two.  In  the  computation  of  power,  the 
effects  of  loth  balls  must  be  combined. 

"  Powerfulness  "  in  a  governor  is  an  important  characteristic. 
When  a  governor  is  running  at  its  mean  speed,  the  balls  possess 
a  certain  amount  of  energy  which  increases  or  diminishes  as  the 
speed  rises  or  falls.  The  change  in  the  energy  of  the  balls  must 
be  sufficient  to  do  the  work  necessary  in  displacing  the  sleeve  when 
the  speed  diminishes.  It  follows,  therefore,  that  a  governor  with 
a  small  store  of  energy  must  have  a  greater  variation  of  speed 
to  do  a  certain  amount  of  work,  than  a  governor  with  a  large 
storage  of  energy,  and  the  former  governor  is  obviously  the  less 
sensitive.  Powerfulness  does  not,  however,  so  much  depend 
upon  the  energy  of  the  balls  as  on  the  change  of  energy  with 
each  change  of  speed. 

In  order  to  increase  the  sensitiveness,  either  the  frictional 
resistances  of  the  governor  mechanism  and  the  regulating  gear 
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must  be  reduced,  or,  since  friction  cannot  be  entirely  eliminated, 
the  power  of  the  governor  must  be  increased.  This  is  most  easily 
effected  by  loading  the  governor,  either  by  means  of  a  dead 
weight  or  a  compressed  spring. 

328.  Stability  and  Isochronism. — A  governor  is  said  to  be 
stable  when  it  occupies  a  definite  position  of  equilibrium  for  each 
speed  within  its  working  limits.  The  alternative  to  a  stable 
governor  is  an  isochronous  governor  which,  as  stated  previously, 
runs  at  a  constant  speed  and  therefore  assumes  indifferently  any 
position  throughout  its  range  of  movement.  Although  it  is  the 
desideratum  of  governing  to  keep  the  speed  of  an  engine  con- 
stant, an  isochronous  governor  is  no  solution  to  the  problem. 
Consider  the  action  of  an  isochronous  governor  fitted  to  a  steam 
engine.  At  the  designed  speed  the  governor  balls  are  in  equi- 
librium, but  let  that  speed  increase  never  so  slightly,  the  balls 
cannot  maintain  their  equilibrium  within  their  range  of  move- 
ment, but  must  at  once  move  to  their  outermost  position.  The 
power  of  the  engine  is  thereby  reduced  and  the  speed  falls.  As 
soon  as  the  speed  falls  below  the  normal,  the  reverse  action  takes 
place,  and  the  balls  move  to  their  innermost  position.  The  power 
of  the  engine  is  thereby  increased  and  the  speed  rises.  This  cycle 
of  events  is  repeated  and  gives  rise  to  periodic  fluctuations  of  speed 
known  as  hunting.  Hunting  is  not,  however,  solely  associated 
with  isochronous  governors.  It  may  be  due  in  part  to  excessive 
friction  in  the  governing  mechanism  which  prevents  the  governor 
responding  readily  to  any  change  in  speed,  and  which  therefore 
gives  rise  to  a  very  jerky  motion  of  the  gear.  Or  it  may  be  caused 
by  the  inertia  of  the  governor  balls  carrying  them  past  their  true 
position  of  equilibrium  when  a  change  of  load  suddenly  occurs. 

The  tendency  to  hunt  in  isochronous  or  nearly  isochronous 
governors  is  accentuated  by  the  fact  that  the  movement  of  the 
governor  sleeve  and  of  the  regulating  gear  does  not  immediately 
affect  the  supply  of  power  for  a  steam  engine.  If  the  governor 
actuates  a  throttle-valve,  there  is  always  a  reservoir  of  steam  in 
the  steam-chest  between  the  valve  and  cylinder.  If  the  governor 
actuates  an  expansion  valve  or  eccentric,  it  can  only  modify  the 
power  at  the  point  of  cut-off,  and  if  this  be  passed,  the  effect  of 
the  adjustment  can  only  be  felt  on  the  next  stroke.  In  every 
case,  therefore,  there  is  a  time-lag  between  the  change  of  governor 
configuration  and  the  regulation  of  power. 
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The  periodic  oscillation,  of  the  balls  of  an  isochronous  or 
over-sensitive  governor  may  be  damped  by  the  addition  of  a  dash- 
pot,  but  it  has  long  been  recognized  that  this  is  no  effectual 
remedy  of  the  evil.  As  stated  previously,  friction  of  any  sort 
makes  isochronousness  an  impossibility. 

To  be  of  service  a  governor  must  have  a  certain  amount  of 
stability,  that  is,  within  the  extreme  configurations  of  the 
governor  mechanism,  it  must  permit  a  certain  departure  from  the 
mean  speed.  Stability  is  therefore  opposed  to  sensitiveness. 
When  a  governor  is  perfectly  sensitive,  i.e.  is  isochronous,  it  is 
neutral  as  regards  stability.  Any  increase  in  the  stability 
diminishes  the  sensitiveness  of  the  governor. 

329,  Equilibrium  of  a  Simple  Conical  Pendulum  Governor, — 
A  simple  conical  pendulum  governor  may  have  one  of  the  three 
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forms  shown  diagrammatically  in  Figs.  356,  357,  and  358.     The 
first  is  the  form  of  the  Watt  governor  already  described.     In  the 

second  the  suspension  rods  are  fixed 
to  a  T-piece  attached  to  the  revolving 

I/iv      spindle,  instead  of  being  fixed  directly 
/  to   the   spindle  as   in  the  first  form. 

/  In  the  third  the  rods,  fixed  as  in  the 

second   form,   cross  one   another  and 
the  spindle. 

In  the  three  cases,  let  W  be  the 
weight  of  each  ball,  r  the  radius  at 
speed  co,  and  h  the  weight  of  the  cone 
of  revolution.  It  will  be  noticed  that 
h  is  not  necessarily  measured  to  the 
point  of  suspension  of  the  rods.  The  forces  acting  on  each  ball  are 
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FIG.  358. 
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W 

W  the   weight   downwards, — uPr  the   centrifugal  force   acting 

t/ 

outwards,  and  T  the  tension  in  the  arm.     Take  moments  about 
0  the  apex  of  the  cone. 

W 

/.  W.  r  = — oj2r  .  h 
9 
9       36(% 


where  N  is  the  revolutions  per  minute  of  the  governor.  It  must 
be  particularly  noted  that  in  this  expression  h  is  measured  in  feet 
(see  par.  60).  If  measured  in  inches — 

i  __  3600ff  35,235 

]S^2  ^  ^2 


Corresponding  to  any  speed  N",  there  is,  therefore,  only  one  height, 
h,  at  which  the  governor  will  run,  and  any  fluctuation  in  the 
speed  causes  an  alteration  in  h.  It  will  be  noticed  that  h  is 
independent  of  the  weight  of  the  balls. 

The  condition  for  isochronism  in  this  type  of  governor  is 
that  the  height  h  must  be  constant.  To  keep  h  constant  the 
balls  must  be  constrained  to  move  over  a  parabolic  path,  since  in 
a  parabola  the  sub-normal  is  constant.  Much  time  and  trouble 
have  been  spent  in  the  design  of  parabolic  governors,  but  as  we 
have  seen  that  isochronism  is  not  a  desirable  quality  in  a  governor, 
it  is  not  necessary  to  describe  any  of  these  efforts.  A  cross-armed 
governor  (Fig.  358)  gives  an  approximation  to  a  parabolic  path 
within  a  small  range  of  movement  of  the 
balls,  and  such  a  governor  is  useful  in  so 
far  as  a  judicious  choice  of  the  point  of 
support  may  permit  any  degree  of  sensi- 
tiveness, i.e.  the  height  k  may  diminish 
slowly  as  the  speed  increases.  It  should  be 
noticed  that  when  the  balls  of  this  governor 
are  near  the  spindle,  the  height  diminishes, 
i.e.  the  speed  increases  as  the  balls  move 
inwards  (Fig.  359).  At  this  position,  the 
governor  has  no  practical  utility  and  may 
be  termed  unstable. 

One  disadvantage  of  the  Watt  governor  is  that  it  cannot  be  used 
for  high-speed  engines.  Table  XII.  gives  values  of  h  for  various 
speeds.  It  will  be  noted  that  at  high  speeds  h  is  very  small,  and 
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hence  the  change  in  h  is  much  too  small  to  be  used  for  governing 
purposes. 

TABLE  XII.— HEIGHT  OF  WATT  GOVERNOR. 


N 
revolutions  per 
minute. 

35,235  . 
h  =  -TJ™-  inches. 

60 

9-788 

80 

5-505 

100 

3-524 

150 

1-566 

200 

0-881 

250 

0-564 

300 

0-392 

A  further  disadvantage  of  the  simple  conical  pendulum 
governor  is  the  small  effort  which  it  can  exert.  Suppose  for  a 
given  configuration  the  speed  increases  1  per  cent,  before  the  balls 
begin  to  move  outwards.  Let  the  force  resisting  the  motion  of  the 

sleeve  be  /,  that  is,  ^  must  be  overcome  by  the  additional  centri- 

z 

fugal  force  of  each  ball.  Assuming  the  arms  of  the  mechanism  to 
be  equal,  -^  at  the  sleeve  is  equivalent  to  a  force  /  at  each  ball, 

Zt 

since  the  displacement  of  each  ball  is  always  one-half  that  of  the 
sleeve.  That  is,  a  vertical  force  /on  the  sleeve  is  equivalent  to  a 
vertical  force  /  acting  on  each  ball. 

If  the  speed  increases  1  per  cent,  before  the  balls  move,  the 
moments  of  the  equivalent  forces  about  0  are  — 


w 

But  Wr  =  — 

9 

W  4-  f 

.    *       \J  _  /  1  o  ]  \2 

•  •      yf       -  (TOO) 
or  /=0'02W 

The  effort  of  the  governor  is  therefore*^  =  O'OIW,  since  this  repre- 

sents the  mean  force  overcome  whilst  the  sleeve  is  moving  between 
the  two  positions  given  by  the  speed.  The  effort  and  power  of 
this  type  of  governor  can  therefore  only  be  increased  by  an  increase 
of  each  revolving  weight. 

330.  Porter  Governor.  —  The  addition  of  a  central  load  to  the 


GOVEENOKS 


375 


sleeve — whether  by  means  of  a  dead   weight  or   a  compressed 
spring — increases  considerably  the  working  speed  and  the  effort 

of  a  governor.  When  the 
central  load  consists  of  a 
dead  weight,  the  arrange- 
ment is  known  as  a  Porter 
governor  (Fig.  360). 


SC 


FIG.  360.  FIG.  361. 

Let  Wl  be  the  weight  of  each  ball  and  W2  that  of  the  central 
load.     The  central  load  per  ball  is  therefore  -^.     Let  the  ratio 

displacement  of  sleeve  ,       ,       ,    ,    ,  ,™  •     i     u   i     ^ 

-..    ,  f,    ir   be   denoted   by  q.      The   equivalent   load 

displacement  of  ball 

moved  at  each  ball  during  a  small  displacement  is  therefore — 


Taking  moments  as  before  about  the  apex  of  the  cone — 

.h 

Wo 


9 


Wl 

Another  method  of  determining  the  equilibrium  of  the  Porter 
governor  may  be  given.  In  Fig.  361  let  OAS  represent  a  half 
configuration  of  the  governor.  Produce  the  upper  link  OA  to 
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C  to  meet  the  line  SC  drawn  vertically  to  OS.  Clearly  C  is 
the  instantaneous  centre  of  rotation  of  the  lower  link  AS,  and 
it  may  readily  be  proved  that  — 

SC 


SC       OS  a 

and  therefore  _  =  ____£_ 

w  w 

.-.  Wj  .  CM  +-^  .  CS  =  —  'ciA-  .  AM 
*  9 

W     (      l       \    I    W2          <F  Wl         2    7/       * 

Wirf  -  L  I  +  -H5  .  -      .,  =  —  -  .  a)2rh(  --  ? 
1  \    —  V        2         —  1  \    — 


/.  as  before,  h  = 


In  the  usual  design  of  Porter  governor  the  arms  are  equal, 
and  hence  q  =  2.     In  this  case  — 


The  effect  of  loading  a  governor  is  therefore  to  increase  the 
height  of  the  revolving  cone  for  any  given  speed.  If,  for  example, 
Wi  =  10  Ib.  and  W2  =  40  lb.,  the  height  of  the  simple  pendulum 
governor  is  increased  five-fold,  thus  permitting  it  to  be  used  for 
much  higher  speeds.  The  effort  of  the  governor  is  increased  in 
the  same  proportion,  that  is,  the  effort  of  a  Porter  governor  is 

0'01/Wi  +  2-<r)  for  1  per  cent,  variation  in  speed.      The  effort 

may  thus  be  increased  without  altering  the  weight  of  the  revolving 
masses  —  an  important  consideration  from  the  standpoint  of  design, 
since  the  size  of  the  revolving  parts  deter- 
mines largely  the  scantlings  of  the  governor. 
The  sensitiveness  of  a  loaded  governor  is, 
however,  the  same  as  that  of  the  corre- 
sponding unloaded  governor,  and  is  not 
increased  as  stated  in  so  many  text-books. 


331.  Ball-loaded  Governor, — If  the  cen- 
FIG.  362.  tra>l  l°a(*  rests  directly  upon  the  balls  as  in 

Eig.  362,  the  arrangement  is  not  so  effective 
as  that  of  the  Porter  governor.    The  movement  of  the  central  load 
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is  just  the  same  as  that  of  the  balls,  and  hence  the  equivalent 

W 

al  addition  to  the  weight  of  the  ball  is  only  -<p  and  not 

as  in  the  case  of  the  Porter  governor.     Hence  for  a  governor 
of  this  description  — 


EXAMPLE  1.—  A  Porter  governor,  having  each  arm  pivoted  on  the  axis  of 
rotation,  has  the  following  particulars  :  length  of  each  arm,  10  inches  ;  weight 
of  each  ball,  4  Ib.  ;  central  weight,  40  Ib.  ;  minimum  ball  radius,  4  inches  ; 
lift  of  sleeve,  2£  inches.  Calculate  the  range  of  speed  of  the  governor. 

If  the  speed  suddenly  increases  5  per  cent,  when  the  balls  are  in  their  lowest 
position,  calculate  the  resulting  force  on  the  sleeve. 

At  the  lowest  speed  the  height  hj.  of  the  governor  is— 


7i  =  V102  _  42  =  9-16  inches 
Bnt  *  =  ^-W*+W' 

0>!2  W, 

9v[6  _3^2   4  +  40 
'"•    12   ~  «!2  "    4 
.-.  a*!  =  21-55 

Nt  =  205-7  revolutions  per  minute. 

At  the  highest  speed  the  height  h2  of  the  governor  is  — 
hl-~  =  7-91  inches 

7^1  _3^2    4  +  40 
•"•    12   ~  o>22  '      4 
/.  o>2  =  23-14 

N2  =  221-3  revolutions  per  minute. 

The  resisting  force  of  the  Porter  governor  for  1  per  cent,  increase  in  speed 
is  0-02  (Wj  +  W2).    For  5  per  cent,  it  is  approximately  0>1(W1  +  W2). 
/.  resisting  force  =  0-1(4  +  40)  =  4-4  Ib. 

332.  Spring-  controlled  Governors.  —  By  the  substitution  of  a 
compressed  spring  for  the  dead  weight,  the  working  speed  and 
effort  of  a  governor  may  be  still  further  increased.  As  it  is 
generally  possible  to  adjust  the  spring,  some  control  may  be 
exercised  over  the  normal  speed  of  running  of  this  governor. 

In  the  Hartnell  governor  already  described  (Fig.  355),  let  a>j 
and  o}2  be  the  speeds  when  the  sleeve  is  in  the  bottom  and  top 
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positions  respectively.  Let  ^  and  ?*2  be  the  respective  radii,  and  Px 
and  P2  the  respective  loads  exerted  by  the  spring.  Let  the  lengths 
OA,  OB  of  the  bell-crank  lever  be  a  and  b  respectively. 

Taking  moments  about  0,  and  neglecting,  for  simplification, 
the  moments  of  the  weight  of  the  ball,  which  may,  however,  be 
commensurable  in  the  extreme  positions  — 


P2  _ 
'•?,"«!«•-, 

In  order  that  w2  should  equal  a>i   the  ratio  ~  must  equal  ~. 

That  is,  the  condition  for  isochronousness  is  — 

Final  compression  of  spring        final  radius 
Initial  compression  of  spring      initial  radius 

If  the  initial  compression  in  the  spring  be  greater  than  that  given 
above,  the  governor  may  be  termed  unstable  and  therefore  useless. 
In  order  to  be  stable,  a  smaller  tension  is  necessary. 

For  any  given  degree  of  stability,  the  strength  of  a  spring 
suitable  for  a  governor  of  this  description  may  readily  be  calcu- 
lated. Assume  a  total  variation  in  speed  of  ±  k  per  cent.  If  to 

,     ,,  100  —  k  100  +  k 

be  the  mean  speed,  w1  =  —  Q      co  and  o>2  = 

The  initial  compression  in  the  spring  is  — 


W/100  — W  _ 

X   6 


Similarly  the  final  compression  in  the  spring  is — 
W  .  2a      W/100  4-  k\*  ,          2t 


Let  s  be  the  stiffness  of  the  spring,  that  is,  the  force  required 
to  compress  the  spring  one  inch.     Now  the  displacement  of  the 

sleeve  =  (r2  —  rj)-. 


a 
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Therefore  the  additional  force  necessary  to  displace  the  sleeve 
its  full  amount  is  — 

s  X  (7-2  -  *•!)»-  =  P2  -  PI 


... 

0"2  -  TI)- 

333.  Effort  of  Hartnell  Governor.  —  Let  P  be  the  force  on  the 
spring  at  speed  o>  and  P  +/  the  force  if  the  speed  increases  \  per 
cent,  without  altering  the  configuration. 

W 


W 
But  P  .  b  =   ~aj2r  .  a 

9 


The  mean  force,  therefore,  which  can  be  overcome  during  the 
alteration  of  the  configuration  for  1  per  cent,  increase  in  speed  is 
0-01P. 

EXAMPLE  2.  —  The  lowest  speed  at  which  a  spring-loaded  governor  of  the 
Hartnell  type  runs  is  300  revolutions  per  minute.  At  this  speed  the  ball  radius 
is  4f  inches.  The  weight  of  each  ball  is  8  lb.,  and  the  stiffness  of  the  spring 
120  lb.  per  inch  compression.  The  lift  of  the  sleeve  is  2i  inches.  The  arms 
of  the  bell  crank  lever  are  at  right  angles,  and  6  inches  and  4  inches  long  ;  the 
fulcrum  pin  is  6f  inches  from  the  axis,  and  6  inches  from  the  centre  of  the  ball. 
Neglecting  the  obliquity  and  weight  of  the  arms,  determine  the  maximum  speed 
of  the  governor,  and  the  initial  compression  of  the  spring. 

At  the  lowest  speed  the  centrifugal  force  on  one  ball  is  — 


Total  force  on  spring  in  this  position  =  100  x  f  x  2 

=  300  lb. 
Initial  compression  of  spring  =  f$g  =  2£  inches. 

At  the  maximum  speed,  the  spring  is  compressed  a  total  amount  of  (initial 
compression  +  lift  of  sleeve)  =  5  inches. 

Therefore  force  on  sleeve  =  600  lb. 

But  force  on  sleeve  =  centrifugal  force  of  one  ball  x  f  x  2. 

Centrifugal  force  at  maximum  speed  =  600  x  f  x  |  =  200  lb.  As  the 
sleeve  moves  through  2^  inches,  the  ball  moves  outwards  2^  x  £  =  3f  inches. 

Final  radius  of  ball  path  =  4|  4-  3f  -  8|  inches. 

^  =  200 

.*.  <o2  =  33-44  rads.  per  second. 
'.  N2  =  319  revs,  per  minute. 
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334.  Controlling  Force  Diagrams. — By  plotting  the  controlling 
force  as  ordinate  to  the  radius  as  abscissa,  a  controlling  force 
diagram  for  a  governor  is  obtained.  Let  OA  and  OC  be  the  radii 
for  the  limits  of  governor  action,  and  BFD  the  controlling  force 
diagram  (Fig.  363).  Since— 


tan  FOE  =  I =  — o>2 

r  g 

the  tangent  of  the  angle  subtended  by  any  ordinate  at  the  origin 
is  a  measure  of  the  (speed)2  of  the  governor.  In  order  that  the 
governor  may  be  stable  this  angle  must  increase  with  r. 


A  E 

GOVERNOR  RADIUS. 

FIG.  363. 


For  an  isochronous  governor,  the  curve  will  be  a  straight  line 
passing  through  the  origin.  If  the  angle  diminishes  as  r  increases 
the  governor  is  impracticable,  and  may  be  termed  unstable. 

The  influence  of  friction  on  the  ascending  and  descending 
speeds  can  be  clearly  seen  by  means  of  this  diagram.  For  ascend- 
ing speeds  the  diagram  is  represented  by  the  curve  B"F"D",  and 
for  descending  speeds  by  B'F'D',  that  is,  the  controlling  force  is 
increased  in  the  first  case  and  diminished  in  the  second.  The 
range  of  speed  of  the  governor,  which,  neglecting  friction,  is  repre- 
sented by  the  angle  BOD,  is  therefore  increased,  being  represented 
by  the  angle  B'OD". 

335.  Friction  of  Governors  and  Governing  Gear. — It  has  been 
seen  that  governors  must  be  made  powerful  in  order  to  overcome 
the  friction  of  the  gear,  but  one  of  the  distinctive  effects  of  friction 
has  not  yet  been  pointed  out.  Friction  always  opposes  motion. 
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If,  then,  the  sleeve  tends  to  rise,  the  effect  of  friction  is  a  virtual 
increase  of  the  central  load  ;  if  the  sleeve  tends  to  fall,  the 
frictional  force  is  a  virtual  diminution  of  that  load.  Taking 
friction  into  account,  therefore,  a  governor  does  not  immediately 
move  from  a  position  of  equilibrium  for  any  change  of  speed. 
For  any  given  radius  of  the  balls  there  will  be  two  speeds  between 
which  no  alteration  in  the  configuration  of  the  governor  occurs. 
These  speeds,  one  the  value  when  the  governor  speed  is  increasing, 
and  the  other  when  the  governor  speed  is  decreasing,  will  be  on 
either  side  of  the  value  of  the  speed  when  friction  is  neglected, 
as  seen  in  the  diagram  of  Fig.  363.  Friction  of  governors,  there- 
fore, makes  them  irregular  in  action.  In  many  of  the  latest 
designs,  governors  are  fitted  with  knife  edges  and  ball  bearings 
in  order  to  eliminate  friction  as  far  as  possible. 

EXAMPLE  3. — In  a  Porter  governor  with  equal  links,  which  runs  at  a  mean 
speed  of  200  revolutions  per  minute,  the  weight  of  each  ball  is  5  Ib.  and  of  the 
central  load  60  Ib.  The  frictional  resistance  is  equivalent  to  a  force  of  4  Ib. 
acting  on  the  sleeve.  Determine  the  range  of  speed  above  and  below  the  mean 
speed  during  which  the  configuration  of  the  governor  does  not  alter. 

W 

For  equilibrium  (Wx  +  W2)r  =  —  at2 .r  .h 

o 

The  central  load  is  virtually  W2  +  F  when  the  speed  is  increasing  and 
W2  —  F  when  the  speed  is  decreasing. 

Maximum  speed  for  given  configuration  is  co2  where — 

W 

(Wj  +  W2  +  F)r  =    ^o>22 .  r .  h 

/o>2V  _  Wt  +  W2  +  F  _  69 
"'•  \<*»)  ^       Wx  +  W2      ~  (55 

.*.  N2  =  206  revolutions  per  minute. 

Similarly  minimum  speed  for  the  given  configuration  is  otl  where — 

(W,  +  W2  -  F)r  =  ^-w,2 .r.h 
9 

/MA*  -  Wl  +  W2  -  F  _  61 
•  \m)  ~~        Wj  +  W2      ~  65 

/.  Nj  =.  193'8  revolutions  per  minute. 
.*.  range  of  speed  =  12'2  revolutions  per  minute. 

EXAMPLE  4. — Calculate  the  range  of  speed  of  the  governor  of  Question  2 
when  the  effect  of  friction  is  equivalent  to  a  force  of  ±  6  Ib.  acting  radially 
on  each  ball. 

6  Ib.  acting  radially  on  each  ball  is  equivalent  to  6  x  £  x  2  =  18  Ib.  acting 
on  the  sleeve. 
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For  descending  speeds,  the  force  of  the  spring  is  virtually  reduced  by  the 
fractional  force;  for  ascending  speeds,  the  force  of  the  spring  is  virtually 
augmented. 

Minimum  speed  of  governor  is  given  by  the  equation  — 

8         %04£  force  on  spring  —  friction 


=  (300  -  18)2  =  564 
.*.  o>3  =  30-5  rads.  per  second. 
.*.  N3  =  291  revs,  per  minute. 

Maximum  speed  of  governor  is  given  by  the  equation  — 


/.  o>4  =  33-97  rads.  per  second. 
.*.  N4  =  324  revs,  per  minute. 
Range  of  speed  =  33  revs,  per  minute. 

336.  Inertia  Governors.  —  The  action  of  the  second  type  of 
governor,  an  inertia  governor,  depends  mainly  upon  the  inertia 
forces  due  to  accelerating  rotating  masses.  Inertia  governors  are 
fitted  to  the  crank-shaft  or  flywheel  of  an  engine,  and  so  differ 
radically  in  appearance  from  the  centrifugal  governor. 

The  action  of  this  type  of  governor  may  be  seen  from  the  follow- 
ing considerations  :  Suppose  a  mass  of 
weight  W,  whose  C.G.  is  at  G,  is  fixed 
to  an  arm  which  is  pivoted  to  a  rotating 
disc  at  A,  so  that  A,  G,  and  the  centre 
of  rotation  0  are  not  collinear.  An  end 
view  of  the  arrangement  is  shown  in 
Fig.  364.  If  v  be  the  velocity  of  the 
point  G,  the  centrifugal  force  due  to 

W  v2 
the  revolving  'weight  is  --  ,  and  the 

W  «2 

FIG.  364.  moment   about  A  is—  --.x.     If  the 

9   r 
shaft  begins  to  move  more  rapidly  the  tendency  of  the  ball  is  to  lag 

on  account  of  its  inertia.     The  force  acting  on  the  ball  is  —  •  -=y 

g     dt 

and  is,  of  course,  perpendicular  to  OG.     The  moment  about  A  of 

this  force  is  —  .  y  .  -=-t  and  this  moment  may  increase  or  dimmish 
9        **t 

the  moment  due  to  the  centrifugal  force.     If  the  arm  be  arranged 
as  in  Fig.  364,  the  moment  is  increased  and  the  governor  action 
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becomes  rapid ;  if  the  arm  be  arranged  as  in  Fig.  365,  the  moment 
is  diminished  and  the  governor  action  becomes  sluggish.  It  is 
therefore  necessary  to  arrange  the  arm  so  that  as  the  mass  moves 
outward,  the  arm  rotates  in  a  direction  contrary  to  that  of  the 
rotation  of  the  shaft. 

If  two  balls,  fixed  to  an  arm  which  is  pivoted  at  its  mid-point 
C,  are  used  (Fig.  366),  any  alteration  in  the  speed  of  rotation 
causes  the  balls  to  have  an  angular  movement  about  C.  In  this 

case  the  torque  acting  on  the  arm  is  Ic-^ ,  where  Ic  is  the  moment 

CvO 

of  inertia  of  the  arm  and  balls  about  an  axis  through  C. 


FIG.  365.  FIG.  366. 

The  great  advantage  of  the  inertia  governor  is  that  the  effort 
and  power  may  be  much  higher  than  those  of  the  centrifugal 
governor.  The  increase  in  the  effort  depends  directly  upon  the 
rate  of  change  of  the  velocity,  the  greater  the  change  the  greater 
being  the  force  brought  into  play.  When  the  alteration  in  the 
velocity  takes  place  very  slowly,  the  additional  force  is  practically 
zero,  and  an  inertia  governor  is  then  in  effect  a  centrifugal 
governor.  As  it  is  scarcely  possible  to  fix  with  any  degree  of 
certainty  the  rate  at  which  the  velocity  alters,  this  force  may  be 
said  to  be  incalculable.  That  an  inertia  governor  is  more  sensitive 
than  a  centrifugal  governor  in  ordinary  circumstances  is,  however, 
very  clear,  since  the  action  of  the  former  depends  upon  the  rate 
of  change  of  speed,  whilst  that  of  the  latter  only  occurs  when  the 
change  in  speed  has  actually  taken  place. 

Although  the  inertia  governor  may  have  many  forms,  the 
principle  of  action  of  each  is  that  just  outlined.  It  is  therefore 
unnecessary  to  describe  more  than  one  of  these  governors.  The 
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best  known  is   the  Eites  governor  (Fig.  367).      It  consists   of 
a  single  piece  of  cast  iron  in  the  general  form  of  a  bar,  mounted 

in  a  plane  perpendicular  to  the 
engine  shaft,  and  carried  on  a 
pivot  pin  Q  out  of  alignment 
with  the  axis  of  rotation.  It 
will  be  evident  that  the  bar 
considered  as  concentrated  at 
the  point  P,  tends  to  swing  in 
when  the  engine  speed  is  re- 
duced and  out  when  the  speed 
is  increased.  The  valve-rod  pin 
which  actuates  the  valve  is 
situated  almost  on  the  line 
FlG  367  connecting  the  pivot  Q  to  the 

centre  of  the  shaft  0. 

Although  inertia  governors  have  only  been  fitted  on  the  crank- 
shaft or  flywheel  of  engines,  there  seems  no  reason  why  they 
should  not  be  modified  suitably  to  act  as  an  upright  governor. 

EXERCISES  XXVIII 

1.  A  simple  conical  pendulum  runs  at  75  revolutions  per  minute.   Determine 
the  lift  of  the  balls  for  a  range  in  speed  of  +  2£  per  cent.     If  each  ball  weighs 
5  lb.,  what  will  be  the  lift  of  the  sleeve  when  a  central  load  of  40  Ib.  is  added  ? 

2.  Show  on  a  curve  the  relationship  between  the  controlling  force  and  speed 

of  a  Watt  governor  between  the  limits  of 
speed  of  60  and  100  revolutions  per  minute  : 
(1)  neglecting  the  effect  of  the  weight  of  the 
arms  ;  (2)  assuming  the  arms  to  be  uniform 
and  to  weigh  4  lb.  The  weight  of  each  re- 
volving ball  is  10  lb.,  and  the  length  of  each 
arm  8  inches. 

3.  Fig.  368  shows  the  essential  particulars 
of  a  loaded  governor.     Neglecting  friction, 
determine  the  speed  of  rotation  at  which  the 
sleeve  begins  to  move  upwards.     Also  cal- 
culate the  speed  of  rotation  if  the  governor 
runs  steadily  with  the  sleeve  J  inch  off  the 
bottom  stop. 

4.  In  a  loaded  governor  of  the  Porter 
FIG.  368.                       tvPe>   tne   central  load  is   50  lb.,   and  the 

weight  of  each  ball  is  5  lb.     The  links  of 

the  governor  are  equal,  and  12  inches  in  length.     Find  the  controlling  force, 
and  calculate  the  speed,  when  the  links  meeting  in  the  ball  are  at  right  angles. 
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5.  Show  that  a  simple  Watt  governor  may  be  made  nearly  isochronous  by 
crossing  the  arms.    Draw  for  radii  of  between  6  and  8  inches  the  controlling 
force  curve  of  such  a  governor  with  crossed  arms,  each  arm  being  12  inches 
long  and  pivoted  at  a  point  1^  inches  from  the  axis,  and  each  ball  weighing 
10  Ib.     Find  from  the  curve  the  "power"  of  the  governor,  expressing  it  in 
foot-pounds.  (Lond.  B.Sc.  1911.) 

6.  A  Porter  governor  has  equal  links  10  inches  long,  each  ball  weighs  5  Ib., 
and  the  load  is  25  Ib.     When  the  ball  radius  is  6  inches  the  valve  is  full  open, 
and  when  the  radius  is  7|  inches  the  valve  is  closed.     Find  the  maximum 
speed  and  the  range  of  speed.      If  the   maximum  speed  is  to  be  increased 
20  per  cent,  by  an  addition  to  the  load,  find  what  addition  is  required. 

(Lond.  B.Sc.  1910.) 

7.  The  balls  of  a  Porter  governor  weigh  4  Ib.  each,  the  load  on  the  governor 
is  40  Ib.,  and  the  arms  intersect  on  the  axis.     At  what  height  will  this  governor 
run  if  it  revolves  at  the  rate  of  240  revolutions  per  minute  ?     If  the  speed  of 
the  balls  suddenly  increases  2J  per  cent.,  what  pull  will  be  exerted  on  the 
gearing  attached  to  the  governor  ?     If  the  friction  of  the  regulating  apparatus 
is  equal  to  a  dead  load  on  the  governor  of  5  Ib.,  by  how  much  will  the  speed 
increase  before  the  balls  rise?  (Lond.  B.Sc.) 

8.  In  a  loaded  governor  of  the  Porter  type,  with  equal  links  12  inches  long 
pivoted  at  the  axis,  the  weight  of  each  ball  is  10  Ib.,  and  of  the  load  60  Ib. 
When  the  ball  radius  is  7  inches,  find  the  speed  of  revolution,  allowing  for  the 
effect  of  the  load  and  the  centrifugal  action  of  the  links,  which  may  be  taken  as 
of  uniform  section  and  of  weight  4  Ib.  each.  (Lond.  B.Sc.) 

9.  A  governor  of  the  type  shown  in  Fig.  369  is  required  to  come  into  action 
at  a  speed  of  100  revolutions  per  minute,  the  radius  of  revolution  of  the  centres 


FIG.  370. 

of  the  balls  being  6  inches  at  this  speed.  If  the  weight  of  each  ball  is  10  Ib., 
find  the  initial  tension  of  the  spring.  If  the  lift  of  the  sleeve  is  to  be  2  inches, 
the  arms  of  the  bell  crank  levers  equal,  and  the  maximum  speed  of  the  governor 
105  revolutions  per  minute,  find  the  stiffness  of  the  spring. 

10.  The  governor  shown  in  Fig.  370  runs  at  a  mean  speed  of  300  revolutions 
per  minute  in  the  given  position.  Each  ball  weighs  10  Ib.,  and  the  weight  of 
the  arms  may  be  neglected,  The  force  necessary  to  compress  the  spring  is, 

2  Q 
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80  Ib.  per  linear  inch.  Determine  the  speed  of  the  governor  when  the  radius 
of  revolution  of  the  balls  is  7  inches  and  5  inches  respectively.  Plot  the  centri- 
fugal force  in  each  case  as  an  ordinate  with  the  corresponding  radius  as  abscissa, 
and  determine  whether  the  governor  is  stable  or  not.  In  the  figure  A  =  6  inches, 
B  =  5  inches,  and  C  =  4  inches. 

11.  At  what  speed  will  a  Hartnell  governor  run  when  each  ball  weighs 
10  Ib.  and  revolves  at  a  radius  of  6  inches,  the  bell  crank  lever  arms  are  equal, 
and  the  compressive  force  on  the  spring  is  560  Ib.  ?     If  the  spring  compresses 
uniformly  at  the  rate  of  1  inch  for  every  100  Ib.  of  load  on  it,  find  the  speed  of  the 
governor  when  the  radius  of  revolution  of  the  balls  is  4  and  8  inches  respectively. 

12.  A  governor  of  the  Hartnell  type  has  two  balls  weighing  3  Ib.  each. 
The  arms  of  the  bell  crank  lever  are  at  right  angles ;  one  arm  is  3  inches  long 
from  centre  of  fulcrum  pin  to  centre  of  ball,  and  the  other  is  2^  inches  long 
from  centre  of  fulcrum  pin  to  centre  of  roller  lifting  the  spring.     The  radius  of 
revolution  of  the  centres  of  the  balls  is  3|  inches  when  one  arm  of  each  bell 
crank  lever  is  vertically  upwards.    Determine  the  force  on  the  spring  in  this 
position,  assuming  the  speed  of  governor  as  300  revolutions  per  minute. 

If  the  stiffness  of  the  spring  is  26  Ib.  per  inch  of  compression,  determine  the 
speed  of  the  governor  when  the  radius  of  revolution  of  the  balls  is  2^  and 
4J  inches  respectively.  Allow  for  the  weight  of  the  balls. 

13.  If  in  a  loaded  governor  of  the  Porter  type,  with  equal  arms  and  links, 
w  =  4  Ib.,  W  =  56  Ib.,  and  the  speed  suddenly  increases  from  250  to  255  revo- 
lutions per  minute,  what  will  be  the  lifting  force  at  the  sleeve,  neglecting  friction  ? 
Show  how  the  performance  of  this  governor,  as  regards  stability,  sensitiveness, 
and  powerfulness,  may  be  represented  graphically.  (Lond.  B.Sc.  1906.) 

14.  In    a   spring  governor  of  the 
Hartnell  type  (Fig.  370)  the  weight  of 
each  ball  is  12  Ib.,  and  the  lift  of  the 
sleeve  2J  inches.    The  speed  at  which 
the  governor  begins  to  float  is  250 
revolutions  per  minute,   and   at  this 
speed  the  radius  of  the  ball  path  is 
5^  inches.     The  mean  working  speed 
of  the  governor  is  18  times  the  range 
of  speed  when  the  effects  of  friction 
are  neglected.     Calculate  the  stiffness 
of  the   spring,  i.e.  the  load  per  inch 
compression.      In    the    figure   A  =  7 
inches,  B  =  6  inches,  and  C  =  5  inches. 

(Lond.  B.Sc.  1913.) 

15.  Find  for  the   position    shown 
in  Fig.  371  the  speed  at  which  the 
governor  runs,  neglecting  friction  and 

FIG.  371.  the  weight  of  the  arms.     Explain  why 

the  governor  is  more  sensitive  than  if 

the  balls  were  placed  at  the  junction  of  the  links.    The  weight  of  each  ball 
is  20  Ib.,  and  of  the  load  80  Ib.  (Lond.  B.Sc,  1909.) 
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16.  The  mass  of  each  of  the  balls  of  a  spring-loaded  governor  arranged  as 
in  Fig.  372  is  5  Ib.    When  the  radius  of  the  balls  is  6  inches,  the  governor  makes 
250  revolutions  per  minute.     Find  the  total  compressive  force  in  the  spring,  and, 
neglecting  friction,  find  the  stiffness  of  the  spring  that  the  governor  may  be 
isochronous.     Show  that  the  effect  of  friction  would  be  to  make  the  governor 
stable.  (Lond.  B.Sc.  1909.) 

17.  In  a  spring-controlled  governor  the  radial  force  acting  on  the  balls  was 
900  Ib.  when  the  centre  of  the  balls  was  8  inches  from  the  axis,  and  1500  Ib. 
when  at  12  inches.    Assuming  that  the  force  varies  directly  as  the  radius,  find 
the  radius  of  the  ball  path  when   the  governor  runs  at  270  revolutions  per 
minute.   Also  find  what  alteration  in  the  spring  load  is  required  in  order  to  make 
the  governor  isochronous,  and  the  speed  at  which  it  would  then  run.     Weight  of 
each  ball  =  60  Ib.  (Lond.  B.Sc.  1914.) 


FIG.  373. 


18.  Fig.  373  shows  the  skeleton  outline  of  a  governor.     The  connecting  link 
AB  is  pivoted  to  a  fixed  bar  at  A  and  to  the  bent  lever  BCD  at  B.     A  central 
load  of  100  Ib.  is  fixed  to  the  pin  C,  which  has  a  total  lift  of  If  inches.     The 
weight  of  each  revolving  ball  is  8  Ib.,  and  the  lowest  speed  of  the  governor  is 
190  revolutions  per  minute.     Find  the  range  of  speed. 

19.  A  simple  Watt  governor,  in  which  the  arms  and  links  are  pivoted  on  the 
centre  line  of  the  spindle,  is  required  to  run  with  a  half- apex  angle  of  30°.    The 
balls  are  4*5  inches  diameter,  and  weigh  12  Ib.  each.     The  length  of  each  arm 
is  15  inches  from  the  apex  pin  to  the  centre  of  the  ball,  and  weighs  4  Ib.     Each 
link  connecting  the  sleeve  to  the  arm  is  10  inches  long,  and  is  jointed  to  the 
arm  at  a  distance  of  10  inches  from  the  apex ;  the  weight  of  these  links  is  3  Ib. 
each,  and  the  weight  of  the  sleeve  is  2  Ib.    Find  the  speed  at  which  the  governor 
will  run,  and  show  that  the  common  approximation  of  assuming  the  centrifugal 
force  to  act  at  the  centre  of  gravity  of  the  ball  arm  and  sleeve  link  gives  an 
erroneous  result.    You  need  not  give  the  proof  of  the  accurate  treatment. 

(Lond.  B.Sc.  1913.) 

20.  Sketch  a  stability  diagram  or  other  similar  diagram  for  a  Wilson-Hartnell 
governor,  neglecting  minor  disturbances,  and  indicate  upon  it  the  cases  in  which 
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the  governor  is  (a)  isochronous,  (&)  too  stable,  (c)  too  sensitive.     State  how 
these  conditions  are  affected  by  the  length  of  the  controlling  spring. 

Show  that  when  the  speed  of  such  a  governor  is  altered  by  regulating  the 
load  on  the  spring,  it  also  alters  the  sensitiveness  of  the  governor. 

(Lond.  B.Sc.  1913.) 

21.  In  a  spring-controlled  governor,  the  curve  of  controlling  force  is  a  straight 
line ;  when  the  balls  are  14  inches  apart  the  controlling  force  is  240  lb.,  and 
when  8  inches  apart  120  lb.     At  what  speed  will  the  governor  run  when  the 
balls  are  10  inches  apart  ?    What  initial  tension  would  be  required  on  the  spring 
for  isochronism,  and  what  would  then  be  the  speed  ?     Each  ball  weighs  20  lb. 

(Lond.  B.Sc.) 

22.  In  a  loaded  governor  of  the  type  in  which  the  load  is  supported  directly 
by  the  revolving  balls  (see  Fig.  362)  the  arms  are  12  inches  long.     Each  ball 
weighs  5  lb.,  and  the  central  load  is  85  lb.    In  their  lowest  position  the  arms  are 
inclined  at  25°  to  the  axis  of  the  central  spindle.    The  frictional  resistance  of  the 
governor  is  equivalent  to  a  vertical  force  of  5  lb.  on  the  sleeve.    Determine  the 
lift  of  the  sleeve  in  order  that  the  maximum  descending  speed  shall  be  equal  to 
the  minimum  ascending  speed.     What  will  then  be  the  range  of  speed  for  this 
governor?  (Lond.  B.Sc.  1912.) 

23.  A  Porter  governor  having  each  arm  pivoted  on  the  axis  of  rotation  has 
the  following  particulars: — Length  of  each  arm,  12  inches;  weight  of  each  ball, 
4  lb. ;  central  weight,  50  lb. ;  minimum  radius,  4f  inches ;  lift  of  sleeve,  3  inches. 

Find  the  speed  at  which  the  governor  will  begin  to  float  and  that  at  which 
the  sleeve  has  the  full  lift.  Calculate  the  sensitiveness.  When  the  sleeve  is  in 
mid-position,  and  taking  friction  into  account,  calculate  the  speeds  (a)  when  the 
governor  balls  are  rising,  (&)  when  they  are  falling.  The  effect  of  friction  is 
equivalent  to  the  force  of  1  lb.  applied  horizontally  to  each  ball. 

24.  A  spring-loaded  governor  of  the  Hartnell  type  (Fig.  370)  runs  at  300 
revolutions  per  minute  when  the  radius  of  the  ball  centres  is  4  inches.    At  this 
radius  the  balls  are  against  a  stop.    The  stiffness  of  the  spring  is  100  lb.  per  inch, 
and  the  lift  of  the  sleeve  is  3  inches.     The  weight  of  each  ball  is  10  lb.,  and  the 
mechanism  which  the  governor  lifts  is  balanced.    Find  the  sensitiveness  of  the 
governor,  (1)  neglecting  the  moment  due  to  the  weight  of  the  balls  and  neglecting 
the  effect  of  friction ;  and  (2)  taking  account  of  these  two  factors,  assuming  that 
the  effect  of  friction  is  equivalent  to   ±  3  lb.  acting  radially  on  each  ball.     In 
the  figure  A  =  6  inches,  B  =  5  inches,  and  0  =  4  inches. 

25.  Each  ball  of  a  Porter  governor,  open  type,  weighs  10  lb.,  and  the  load  is 
40  lb.    The  four  arms  are  equal,  11  inches  long,  and  each  arm  is  pivoted  1  inch 
from  the  axis  of  rotation.     Draw  the  curve  of  controlling  force,  finding  points  for 
radii  of  5,  6,  and  7  inches,  and  show  the  effect  within  that  range  of  friction 
equivalent  to  ±8  lb.  acting  at  the  load.  (Lond.  B.Sc.  1909.) 

26.  In  a  governor  of  the  Porter  t}'pe,  the  arms  are  all  of  equal  length,  the 
balls  each  weigh  6  lb.,  and  the  central  load  is  60  lb.     Determine  the  height  of 
the  cone  of  revolution  when  the  governor  revolves  at  240  revolutions  per  minute. 

If  the  speed  is  suddenly  increased  2£  per  cent.,  what  will  be  the  pull  on  the 
sleeve? 
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If  frictional  resistances  to  the  motion  of  the  sleeve  are  equivalent  to  a  load  of 
5  lb.,  find  the  revolutions  per  minute  of  the  governor  before  the  sleeve  lifts. 

(Lond.  B.Sc.  1914.) 

27.  A  loaded  governor  has  arms  and  links  13  inches  long,  the  two  rotating 
balls  each  weigh  3  lb.,  and  the  central  weight  is  108  lb.     When  the  arms  are 
inclined  at  an  angle  of  45°  the  steam  valve  is  full  open,  and  when  the  arms 
are  inclined  at  30°  to  the  vertical  the  steam  valve  is  shut.     Assuming  that  the 
frictional  resistances  to  the  motion  of  the  sleeve  are  equivalent  to  a  load  of  2-|  lb., 
determine  the  extreme  range  of  speed.  (Lond.  B.Sc.  1914.) 

28.  Part  of  a  shaft  governor  is  shown  in  Fig.  366.    D  is  a  disc  keyed  to  the 
crank  shaft  with  centre  0.     C  is  a  stud  on  the  disc  on  which  is  pivoted  the 
weighted  arm  AB.     Each  of  the  circular  masses  A  and  B  weigh  9  lb.  and  has  a 
radius  of  2  inches.     AC  =  CB  =  6  inches,  and  00  =  2  inches.     If  the  disc  is 
rotating  at  200  revolutions  per  minute  and  receives  an  acceleration  of  10  revolu- 
tions per  minute  per  second,  find  the  torque  required  about  the  centre  C  to 
maintain  AB  in  the  same  position  relative  to  D.    Neglect  the  effect  of  other 
masses  attached  to  the  arm  AB.  (Lond.  B.Sc.  1909.) 

29.  Show  how  the  performance  of  a  shaft  governor  may  be  represented  by 
curves.     Point  out  the  effect  of  friction  and  the  effect  of  altering  the  initial  com- 
pression of  the  spring  on  (a)  sensitiveness,  (&)  stability,  and  (c)  powerfulness  of 
the  governor. 


CHAPTEK  XXIX 
BALANCING 

337.  Preliminary. — An  engine  is  said  to  be  perfectly  balanced 
when  the  resultant  force  and  couple  between  the  frame  and  its 
foundations  are  zero.  The  reactions  between  the  component 
parts  of  an  engine  in  motion  are  very  complex,  but  they  may  be 
analyzed  into  two  main  groups,  viz.  the  forces  due  to  the  pressure 
of  the  working  fluid,  i.e.  statical  forces,  and  the  forces  due  to  the 
acceleration  of  the  component  parts,  i.e.  inertia  forces.  Of  these, 
the  statical  forces  are  always  in  equilibrium  amongst  themselves, 
being  "  internal "  to  the  engine,  that  is,  exerting  no  force  (apart 
from  the  weight  of  the  engine)  upon  the  foundations.  For 
example,  the  statical  load  on  the  piston  of  an  engine,  i.e.  the  load 
when  the  piston  is  at  rest  or  moving  uniformly,  is  transmitted 
through  the  connecting  rod  and  crank  to  the  lower  part  of  the 
crank-shaft  bearing,  but  the  load  on  the  cylinder  cover,  equal  and 
opposite,  is  transmitted  through  the  framework  of  the  engine, 
making  the  resultant  load  upon  the  foundations  zero.  Inertia 
forces  are  not,  however,  necessarily  in  equilibrium  amongst  them- 
selves, but  may  combine  to  form  a  resultant  force  and  couple,  in 
which  case  they  are  only  equilibrated  by  an  "  external "  force  and 
couple  at  the  engine  foundations.  As  this  force  and  couple  are 
not  uniform,  but  fluctuate  considerably,  they  are  the  cause  of  a 
very  objectionable  vibration.  Even  in  land  engines,  where  it  is 
possible  to  prepare  suitable  foundations  to  reduce  the  vibratory 
effect,  the  pulsations  of  an  unbalanced  engine  may  be  felt  for  a 
considerable  distance  in  the  neighbourhood,  and  may  constitute  a 
serious  nuisance.  The  problem  of  balancing  is  therefore  of  even 
greater  importance  in  the  case  of  locomotives  and  marine  engines 
when  the  safety  and  comfort  of  passengers  and  crew  must  be 
specially  considered.  In  these  cases  special  foundations  cannot 
be  provided,  and  so  it  is  necessary  to  remove  the  cause  rather 
than  reduce  the  effect. 
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The  purpose  of  balancing  an  engine,  therefore,  is  to  reduce  the 
resultant  inertia  force  and  rocking  couple  acting  upon  the  crank 
shaft  and  so  minimize  the  injurious  and  unpleasant  vibratory 
effects.  To  prevent  misconception,  it  is  perhaps  desirable  to  say 
that  balancing  an  engine  does  not  tend  to  keep  its  speed  constant, 
nor  to  increase  its  power,  nor  to  diminish  the  statical  stress  in 
the  component  parts  of  the  machine,  though  in  regard  to  the  last 
point  it  may  be  stated  that  the  balance  of  the  rotating  parts 
diminishes  the  pressure  on  the  main  bearings  when  an  engine  is 
running.  In  the  study  of  the  problem  of  balancing,  the  statical 
forces  due  to  the  pressure  of  the  working  fluid  can  be  eliminated, 
and  only  the  inertia  forces  considered.  The  inertia  forces  may  be 
divided  into  two  groups,  those  due  to  the  revolving  masses,  and 
those  due  to  the  reciprocating  masses.  It  is  very  desirable  to 
differentiate  between  these  forces,  which  will  therefore  be  studied 
separately. 

338.  The   Balancing   of   Revolving   Masses.  —  Let  W  be   the 
weight  of  a  body  which  revolves  at  constant  angular  velocity, 
and  which  may  be  assumed  concentrated  at  radius  r  from  the 

W 

axis  of  rotation.     The  centrifugal  force  induced  is  — a)2r,  and  acts 

radially  outwards  in  each  position  of  the  body.  This  represents 
the  unbalanced  force  upon  the  shaft  to  which  W  is  connected. 

It  should  be  noted  that  since  all  the  revolving  parts  of  an 
engine  move  at  the  same  angular  velocity,  the  comparison  between 
the  centrifugal  forces  of  various  masses  is  readily  effected  by 

omitting  the  constant  factor  —  and  considering  the  product  Wr 

t/ 

alone.  In  dealing  with  quantitative  results,  it  will  of  course  be 
necessary  to  employ  the  full  expression,  but  for  qualitative  work, 
the  product  Wr  will  be  taken  to  represent  the  centrifugal  force. 
Since  the  relative  motion  between  the  revolving  masses  is  zero, 
it  is  immaterial  for  what  configuration  balance  is  arranged,  as  the 
balance,  once  effected,  holds  good  for  all  positions. 

339.  Balancing  one  Revolving  Mass  by  Another  in  the  Same 
Plane. — Let  W^\  represent   the  centrifugal  force  of  a  mass  of 
weight  Wj_  acting  at  radius  ^  from  the  axis  of  revolution.     Since 
the  force  acts  radially  outwards,  balance  can  obviously  be  effected 
by  the  addition  of  a  balancing  weight  W2  diametrically  opposite 
to  W1;  and  at  such  a  radius  r2  that  the  product  W2r2  is  equal  to 
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the  product  W^.  The  two  centrifugal  forces  will  then  neutralize 
one  another  in  all  positions  and  at  all  speeds,  and  the  shaft  will 
be  in  perfect  balance.  W2  acting  at  r2  is  said  to  be  the  equivalent 
mass  of  Wj  acting  at  rx. 

340.  Balancing  any  Number  of  Revolving  Masses  in  One 
Plane.  —  Let  A,  B,  C  .  .  .  (Fig.  374)  be  a  number  of  co-planar 
masses  which  weigh  Wj,  W2,  W3  .  .  .  and  can  be  assumed  con- 
centrated at  radii  rlt  r2,  r3  .  .  .  respectively  from  the  axis  of 
revolution.  It  is  desired  to  balance  these  masses  by  one  mass  in 
the  same  plane. 


The  centrifugal  force  of  each  mass  may  be  represented  by  a 
vector  whose  magnitude  is  proportional  to  Wr,  and  whose  direction 
is  radially  outwards  for  any  configuration.  The  unbalanced  force 
is  the  vector  sum  of  these  forces.  Let  the  centrifugal  forces 
"Wiri>  W2r2,  W3r3  ...  be  represented  in  direction  and  magnitude 
by  the  vectors  ab,  be,  cd  .  .  .  respectively  (Fig.  375).  The  line 
ad,  joining  the  first  point  to  the  last,  represents  the  resultant 
force,  whilst  the  closing  line  da  represents  the  direction  and 
magnitude  of  the  balancing  force.  Hence  da  =  Wxrx.  Choosing 
either  Wa.  or  rx,  the  remaining  unknown  may  be  found.  The 
position  of  W^  in  Fig.  374  is  radially  outwards  in  the  direction 
parallel  to  da.  Clearly  the  condition  that  the  masses  are 
statically  in  equilibrium  is  identical  with  the  condition  that  they 
should  be  dynamically  in  equilibrium. 

341.  Unbalanced  Couples. — As  long  as  the  masses  are  in  the 
same  plane  of  revolution,  complete  balance  may  be  effected  by 
the  addition  of  a  suitably  placed  balancing  mass.  When  the 
masses  are  in  different  planes,  the  problem  is  more  complex  and 
may  not  be  so  readily  solved.  One  rotating  mass  cannot,  for 
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W 


example,  be  balanced  by  another  moving  in  a  different  plane.  If 
Wj  and  W2  (Fig.  376)  be  two  masses  revolving  diametrically 
opposite  one  another  in  different  planes,  and  such  that 
Wxrx  =  W2r2,  the  centrifugal  forces  are  in  equilibrium,  but  there 
is  introduced  an  unbalanced 
couple  of  magnitude  W^L 
This  couple  has  constant  mag- 
nitude but  variable  direction, 
always  acting  in  the  plane  con- 
taining the  axis  of  revolution 
and  the  two  masses.  An  un- 
balanced couple  will  therefore 
cause  vibratory  effects  as  well 
as  an  unbalanced  force,  and  for 
the  perfect  balance  of  an  engine 
it  is  as  essential  that  there  FIG.  376. 

should  be  no  unbalanced  couple 

as  that  there  should  be  no  unbalanced  force.  Although  the  shaft 
of  Fig.  376  is  in  "  standing "  balance,  it  is  not  in  "  running  " 
balance. 

Couples  being  vector  quantities  may  be  represented  graphically 
by   straight   lines.      The   length   of  the   line   is  proportional  to 

W 

-co2?*/,  and  its  direction  is  along  the  axis  of  the  couple.     As  in 

<J 

the  case  of  forces,  quantitative  results  are  in  general  only 
required.  The  magnitude  of  the  couple  may  then  be  taken  as 
W?'/,  the  direction  parallel  to  the  direction  of  the  masses,  and  the 
sense  radially  outwards  (say)  for  a  clockwise  direction  of  couple, 
and  radially  inwards  for  a  counter-clockwise  couple.  Strictly 
speaking,  this  is  at  right  angles  to  the  true  direction. 

342.  The  Transference  of  a  Force  from  One  Plane  to  Another. — 

The  effect  of  transferring  a  force  from  one  plane  to  another  is  to 
introduce  an  unbalanced  couple.  Let  W  be  the  weight  of  a  mass 
at  radius  r  rotating  in  a  plane  distant  I  from  another  plane.  The 
equilibrium  of  the  system  is  unaltered  by  adding  two  equal  and 
opposite  forces  Wr  in  the  latter  plane.  These  forces  may  then  be 
analyzed  into  a  single  force  Wr  in  the  second  plane  acting  in  the 
direction  of  the  original  force,  together  with  a  couple  Wrl,  whose 
direction  may  be  taken  to  be  along  the  radius  of  the  original  force. 
That  is  to  say,  a  line  parallel  to  OA  may  be  taken  to  represent 
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either  the  unbalanced  force  or  the  unbalanced  couple.  A  pictorial 
representation  of  the  transference  of  a  force  from  one  plane  to 
another  is  given  in  Fig.  377. 


343.  The  Transference  of  a  Couple. — Since  the  moment  of  a 
couple  is  the  same  about  any  point  in  its  plane,  being  equal  to 
the  product  of  one  of  the  forces  and  the  arm,  it  follows  that  the 
couple  may  be  transferred  to  any  new  position  in  its  plane  without 
affecting  the  balance. 

344.  Balancing  any  Number  of  Revolving  Masses  in  Different 
Planes. — The  general  conditions  for   the  perfect  balance  of  re- 
volving masses  are — 

(1)  the  resultant  force     2 Wr  =  0,  and 

(2)  the  resultant  couple  2Wrl  =  0 

For  the  general  solution  of  the  problem,  it  is  advisable  to 
choose  a  plane,  to  be  called  the  reference  plane,  normal  to  the  axis 
of  revolution,  and  transfer  to  that  plane  each  unbalanced  force  of 
the  system.  The  result  of  each  transference  is  to  show  clearly 
the  unbalanced  forces  and  couples.  These  unbalanced  forces 
and  couples  may  be  replaced  by  a  single  force  in  the  reference 
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plane  together  with  a  resultant  couple.  Suppose,  for  example, 
there  are  three  revolving  masses  in  different  planes  (Fig.  378). 
The  transference  of  each  unbalanced  force  to  a  fourth,  the 
reference  plane,  introduces  the  like  number  of  forces  and  couples. 
The  unbalanced  forces  in  the  reference  plane  are  W^,  W2r2,  and 
W3r3  acting  radially  outwards;  the  unbalanced  couples  on  the 


W 


V 


A 


FIG.  378. 


shaft  are  W^^,  W2r2l2,  and  W3r3/3,  and  may  be  represented  by 
vectors  drawn  parallel  to  the  respective  radii  of  W1?  W2,  and  W3. 
Drawing  the  couple  polygon  (Fig.  379),  afa  is  parallel  to  r±  and 
proportional  to  W^^,  l^  is  parallel  to  r2  and  proportional  to 
^2^2/2,  Ci<$i  is  parallel  to  r3  and  proportional  to  W3r3Z3.  Hence 
the  resultant  couple  is  proportional  to,  and  in  the  direction  of, 
a-^di.  Drawing  the  force  diagram  (Fig.  380),  db  is  parallel  to  ?*! 


FIG.  380. 


and  proportional  to  W1r1,  lc  is  parallel  to  r2  and  proportional  to 
W2r2,  cd  is  parallel  to  r3  and  proportional  to  W3r3.  Hence  the 
resultant  force  is  proportional  to,  and  in  the  direction  of,  ad.  It 
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should  be  noticed  that  the  couple  diagram  is  slightly  modified 
when  the  reference  plane  comes  between  two  of  the  given  planes. 
In  this  case  the  sign  of  one  of  the  couples  is  different  from  that  of 
the  other  two,  and  hence  that  couple  should  be  represented  by  a 
line  drawn  radially  inwards. 

For  complete  balance  it  is  essential  that  both  couple  and  force 
diagrams  should  close.  Unless  a^di  is  parallel  to  ad,  the  mass 
added  in  any  plane  to  close  the  couple  polygon  will  not  close  the 
force  polygon,  nor  conversely.  Hence,  in  general,  two  balancing 
masses  in  different  planes  must  be  added  to  balance  a  number 
of  masses  rotating  in  different  planes.  It  is  then  possible  for 
the  two  balancing  masses  to  have  a  resultant  couple  in  one 
direction  and  a  resultant  force  in  another,  and  so  equilibrate  the 
whole  system. 

345.  The  Determination  of  Balancing  Masses.  — From  the 
principles  laid  down  in  the  last  paragraph,  it  follows  that  one 
mass  cannot  balance  another  unless  they  be  in  the  same  plane, 
and  that  three  revolving  masses  cannot  be  in  equilibrium  unless 
they  lie  in  one  plane,  either  that  perpendicular  to  the  axis  of 
revolution,  or  one  containing  the  axis  of  revolution.  Four  or  more 
revolving  masses  may,  however,  be  made  to  balance  in  an  indefinite 
number  of  ways.  A  very  important  problem,  arising  as  it  does  in 
the  case  of  locomotives  and  certain  marine  engines,  is  the  balancing 
of  rotating  masses  in  four  different  planes.  To  solve  this  problem, 
the  number  of  unknown  quantities,  either  mass,  radius,  angle,  or 
distance  between  the  planes,  must  not  be  more  than  four.  If  less, 
some  of  the  information  is  redundant. 

In  the  determination  of  the  four  unknowns,  the  work  may  be 
considerably  simplified  by  the  judicious  selection  of  the  reference 
plane.  The  position  of  the  reference  plane  does  not  of  course 
affect  the  magnitude  of  the  unbalanced  couple  acting  on  the 
crank  shaft,  for  this  couple  must  be  a  constant  quantity.  If 
the  plane  containing  an  unknown  mass  be  chosen  as  a  reference 
plane,  one  value  of  Wrl  is  eliminated,  and  the  couple  polygon 
may  readily  be  drawn.  From  the  closing  of  this  polygon 
two  unknowns  may  be  found,  and  these  may  be  utilized  in 
the  construction  of  the  force  diagram,  which,  when  drawn,  gives 
the  other  unknown  quantities.  The  following  rules  summarize 
the  method  given  by  Professor  Dalby  in  his  well-known  book  on 
"  The  Balancing  of  Engines,"  to  which  reference  should  be  made 
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by  those  who   desire  a   more  complete  treatment   of  the  whole 
problem  of  balancing  : — 

(1)  Draw  two  views,  elevation  and  end  view,  to  show   the 
specified  data — distance  between  the  planes,  cranks,  angles,  etc. 

(2)  Choose  a  reference  plane,  preferably  a  plane  containing  an 
unknown  mass. 

(3)  Tabulate  as  far  as  possible  the  values  of  Wr  and  Wrl  as  in 
the  following  table : — 


No.  of 
plane. 

Mass. 

Radius. 

Force. 
Wr 

l 

Couple. 
Wrl 

1 

w, 

ri 

W1r1 

0 

0 

Choosing  (1)  as  the 

reference  plane. 

2 

W2 

r« 

W2r2 

I* 

W2r2Z2 

3 

W3 

r» 

W3r3 

h 

W3r3Z3 

4 

W4 

ft 

W4r4 

h 

W4r4Z4 

It  is  not  possible  to  show  in  this  table  the  angles  between  the 
directions  of  TI}  r2,  etc.  The  distance  I  is  measured  from  the 
reference  plane,  and  hence  one  of  the  values  of  I  is  zero,  and 
the  corresponding  product  "Wrl  likewise  zero, 

Only  three  couples  will  then  remain. 

(4)  Draw  the  couple  (Wrl)  polygon — in  this  case  a  triangle — 
and  so  determine  two  unknowns.     Enter  results,  if  other  than 
angles,  upon  table. 

Care  must  be  taken  in  drawing  the  couple  diagram  when  the 
reference  plane  lies  between  the  others.  The  signs  of  the  couples 
on  different  sides  of  the  reference  plane  are  opposite,  and  hence  if 
the  couple  on  one  side  be  represented  by  a  vector  drawn  outwards 
from  the  axis  of  revolution,  a  couple  on  the  other  side  must  be 
represented  by  a  vector  drawn  inwards  towards  the  axis  of 
revolution. 

(5)  Draw  the  force  (Wr)  polygon,  and  so  determine  the  remain- 
ing two  unknowns. 

EXAMPLE  1. — A  shaft  carries  four  masses,  A,  B,  C,  and  D,  at  the  extremities 
of  arms  of  radii  10,  12,  15,  and  12  inches  respectively.  The  planes  containing 
B,  C,  and  D  are  2^  feet,  4  feet,  and  6  feet  respectively  from  the  plane  containing  A. 
A  =  40  lb.,  B  =  100  lb.,  C  =  60  lb.,  and  D  =  30  Ib.  Determine  the  necessary 
alteration  to  B  and  the  angular  positions  of  all  the  masses  so  that  the  shaft  may 
be  in  complete  balance. 

(1)  Draw  diagrams  (Fig.  381)  to  represent  the  specified  data, 
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(2)  Since  B  is  the  mass  to  be  modified,  let  the  plane  containing  B  be  the 
reference  plane  ;  find  the  mass  of  B  to  give  complete  balance. 


FIG.  381. 


(3)  Tabulate  the  known  data— 


No. 

W 

r 

Wr 

I 

Wrl 

A 

40 

10 

400 

-3} 

-1000 

B 

12 

0 

0 

C 

60 

15 

900 

ij 

1350 

D 

30 

12 

360 

3£ 

1260 

In  the  measurement  of  I,  let  distances  to  the  right  of  B  be  positive,  and 
those  to  the  left  be  negative. 

(4)  Draw  triangle  abc  to  represent  the  couple  diagram  (Fig.  382).  db  =  1000, 
Ic  =  1350,  ca  =  1260. 

This  figure,  therefore,  gives  the  angles  between  the  masses  A,  C,  and  D.  A 
will  lie  along  ab  reversed ;  C  along  be ;  and  D  along  ca  (Fig.  381). 


FIG.  382. 


FIG. 


(5)  The  force  diagram  (Fig.  383)  can  now  be  drawn,  de  -  400,  ef  =  900, 
fg  =  360.  Therefore  the  closing  line  gd  =  1026  represents  Wr  in  direction  and 
magnitude.  Since  r  =  12,  B  =  85|.  The  angular  positions  of  the  masses  are 
shown  in  the  end  view  (Fig.  381). 

The  required  alteration  of  B  =  100  —  85  J  =  14J  Ib.  removed. 
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346.  Balancing  a  Reciprocating  Mass. — It   has   been  seen  in 
par.  337  that  the  statical  load  on  a  piston   does  not   cause  any 
vibratory  effects  between  an  engine  foundation  and  the  ground. 
When  the  piston  moves  with   variable   velocity,    however,   this 
balance  is  upset.     A  certain  amount  of  force  is  required  to  over- 
come the  inertia  of  the  reciprocating  parts,  and  will  not,  therefore, 
be  transmitted  through  the  engine  mechanism  to  the  crank  shaft. 
Since   the   outward   force    on    the    cylinder   cover    is   unaltered, 
there  arises  an  unbalanced  force  equal  to  the  force  required  to 
accelerate  the  reciprocating  parts.      Curves  showing  the  variation 
of  the  accelerating  force  during  the   displacement  of  the  piston 
have  already  been  given  (p.  142,  Fig.  131). 

347.  Primary  and   Secondary   Disturbing  Effects. — As   shown 
in  par.  149,  the  force  necessary  to  accelerate  the  reciprocating 
parts   of    an   engine   is    given    approximately   by   the    formula 

W       /  r  \ 

—  a)2r{  cos  6  +  7  cos  26 ).  For  convenience  the  two  terms  of  this 
9  ^  I 

W 
formula  are  considered  separately,  the  first  term,  — a>2r  cos  0,  being 

u 

"\Y^     7.2 
called  the  primary  disturbing  effect,  and  the  other,  — o>2y  cos  26, 

o 

the  secondary  disturbing  effect.  In  many  cases  only  primary 
forces  are  balanced.  Neglecting  the  obliquity  of  the  connecting 
rod,  i.e.  assuming  that  the  reciprocating  parts  have  harmonic 
motion,  the  secondary  forces  are  zero.  The  secondary  forces  are, 
however,  frequently  of  importance  in  high  speed  engines,  not  only 
because  of  their  magnitude,  but  because  their  frequency  is  twice 
that  of  the  primary  forces. 

348.  Conditions  for  the  Complete  Balance  of  an  Engine. — The 
essential  difference  between  an  unbalanced  revolving  force  and  an 
unbalanced  reciprocating  force  is  that  the  revolving  force  has  con- 
stant magnitude  but  variable  direction,  whereas  the  reciprocating 
force  has  variable  magnitude  but  acts  only  along  the  line  of  the 
stroke.    It  is  clear,  therefore,  that  a  revolving  force  cannot  balance 
a  reciprocating  .force,  nor  vice  versa.    In  regard  to  the  reciprocating 
force,  it  will  be  shown  later  that  the  magnitude  and  periodicity  of 
the  primary  and  secondary  terms  are  different,  and  hence  primary 
forces    cannot   balance    secondary.      And   likewise   for   all   the 
respective  couples.     The  conditions  for  the  complete  mass  balance 
of  an  engine  are  therefore— 
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(1)  The  forces  and  couples  due  to  the  revolving  masses  must 

balance  amongst  themselves ; 

(2)  The  primary  forces  and  couples  due  to  the  reciprocating 

masses  must  balance  amongst  themselves ;  and 

(3)  The  secondary  forces  and  couples  due  to  the  reciprocating 

masses  must  balance  amongst  themselves. 

349.  Partial  Balance  of  a  Reciprocating  Mass  by  Means  of  a 
Rotating  Mass. — For  the  proper  balance  of  a  reciprocating  mass  in 
a  single  cylinder  engine,  another  reciprocating  mass,  generally 
called  a  bob-weight,  must  be  used.  The  bob-weight  is  driven  by 
an  eccentric,  and,  as  it  must  be  heavy,  this  system  of  balancing  is 
somewhat  clumsy  and  is  seldom  used. 

Partial  balance  may  be  obtained  by  the  use  of  a  rotating 
mass.  Let  W  be  the  weight  of  a  reciprocating  mass.  Neglect- 
ing the  effect  of  the  obliquity  of  the  connecting  rod,  the  un- 

W 

balanced  force  for  any  crank  angle  0  is  — co2r  cos  9,  and  acts  in 

if 

the  line  of  the  stroke.     The  unbalanced  force  is  maximum  at  the 
ends  of  the  stroke  and  zero  at  the  centre. 

Suppose  a  revolving  mass  of  weight  W  be  added  at  radius  r 
diametrically  opposite  the  crank  (Fig.  384).  The  centrifugal  force 

due  to  the  revolving  mass  has  a 

W 

component  —  cuPr  cos  6  in  the 

line  of  the  stroke  which  neutra- 
lizes the  unbalanced  reciprocating 
force,  and  a  further  component 

W 

-a)2r  sin  6  perpendicular  to  the 


FIG.  384.  ^ne  °f  stroke  which  remains  un- 

balanced.  The  result  is  therefore 

to  introduce  an  unbalanced  force  which  is  zero  at  the  ends  of  the 
stroke  and  maximum  at  the  centre,  and  perpendicular  to  the 
previous  unbalanced  force.  The  magnitude  of  the  unbalanced 
force  is  the  same  in  the  two  cases. 

A  reduction  of  the  revolving  mass  somewhat  improves  matters. 
Suppose  a  revolving  mass  of  §W  be  added  at  radius  r.     The 

W 

unbalanced  force  at  each  end  of  the  stroke  is  J — uPr,  and  acts  in 

iJ 

the  line  of  the  stroke ;  the  unbalanced  force  at  the  centre  of  the 
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W 

stroke  is   f — a)2r,  and  acts   perpendicular   to   the   stroke.      The 

J 

magnitude  of  the  maximum  disturbing  force  is  therefore  reduced 
though  its  direction  is  no  longer  constant. 

350.  Balancing  any  Number  of  Reciprocating  Masses. — It  has 
just  been  seen  that  the  disturbing  effect  of  a  revolving  mass  of 
weight  W  concentrated  at  the  crank  pin  has  a  component  in  the 
line  of  the  stroke  which  is  just  equal  to  the  disturbing  effect  of  a 
reciprocating  mass  of  the  same  weight.  If  the  reciprocating 
masses  of  an  engine  are  replaced  by  equal  revolving  masses  at 
crank-pin  radius,  the  conditions  which  give  complete  balance 
amongst  these  revolving  masses  must  likewise  give  complete 
balance  amongst  the  original  reciprocating  forces. 

The  problem  of  the  balancing  of  a  number  of  reciprocating 
masses  is  therefore  identical  with  that  of  the  balancing  of  a 
number  of  revolving  masses,  and  need  not  be  further  discussed. 
It  should  be  emphasized,  however,  that  in  the  former  case  the 
direction  of  each  unbalanced  force  is  along  the  line  of  stroke.  If, 
for  example,  ABCD  (Fig.  385)  represents  the  force  diagram  for  the 
C 


equal  revolving  masses,  and  ac  is  the  line  of  stroke,  the  magnitudes 
and  directions  of  the  actual  unbalanced  primary  forces  are  ab,  lc, 
cd,  and  da. 

It   should   also   be   noted   that   since   the    direction    of   the 
unbalanced  primary  forces  is  constant,  the  resultant  force  in  any 

engine  is  merely  the  algebraic  sum  of  the  terms  ^  — a>2r  cos  6. 

2  D 
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EXAMPLE  2.— In  a  four-cranked  engine  the  cranks  are  equal,  and  the  four 
reciprocating  masses,  reckoned  in  succession  from  the  right,  are  1^,  2,  2^,  and 
W  tons.  Cranks  1  and  3  are  121°  apart;  planes  3  and  4  are  8  and  14  feet 
respectively  from  plane  1.  Determine  the  reciprocating  mass  in  plane  4,  the 
angles  between  cranks  1,  2,  and  4,  and  the  position  of  plane  2.  Secondary 
balancing  may  be  neglected. 

(1)  Draw  diagrams  (Fig.  386)  to  represent  the  specified  data. 
4  321 


FIG.  386. 

(2)  Let  plane  4  containing  the  unknown  mass  be  the  reference  plane. 

(3)  Tabulate  the  known  data— 


No. 

W 

Wr 

I 

Wrl 

1 

li 

li 

14 

21 

2 

2 

2 

3 

2i 

2£ 

6 

15 

4 

0 

0 

Since  the  radii  are  equal,  the  unbalanced  forces  are  proportional  to  W. 

(4)  Draw  the  couple  diagram  abc  (Fig.  387 A),  db  —  21,  be  =  15,  angle 
abc  =  59°.  Therefore  the  closing  line  ca  =  19  represents  in  direction  and 
magnitude  the  couple  WZ.  Since  W  =  2, 1  =  9£.  The  direction  of  2  may  now 
be  drawn  in  the  end  view  (Fig.  386). 


FIG.  387s. 


(5)  Draw  the  force  diagram  (Fig.  387B).     de  =  1£,  ef  =  2,  fg  =  2 
Therefore  the  closing  line  gd  =  1'42  tons  is  the  unknown  mass  W. 
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351.  Balancing  a  Connecting  Rod. — In  order  to  estimate 
approximately  the  result  of  the  dynamical  forces  which  act  on  the 
connecting  rod,  the  mass  of  the  connecting  rod  may  be  considered 
as  dynamically  equivalent  to  two  masses,  one  concentrated  at  the 
crank  pin  and  treated  as  a  revolving  mass,  the  other  concentrated 
at  the  gudgeon  pin  and  treated  as  a  reciprocating  mass.  Each 
mass  is  inversely  proportional  to  the  distance  of  the  end  from  the 
C.G.  of  the  rod.  Let  C  be  the  C.G.  of  the  rod  AB  supported  at 
the  two  pin  centres  (Fig.  388).  Then  E1}  the  reaction  at  the 

BC 
gudgeon  pin,  equals  W  X  -pp ,  and  E2,  the  reaction  at  the  crank 

pin,  equals  W  X  T^.     Ej  is  the  proportion  of  the  connecting  rod 
which  is  included  in  the  reciprocating  mass,  and  E2  that  included 


FIG.  388. 

in  the  revolving  mass.  E2  may  be  readily  obtained  by  resting 
the  rod  on  a  knife  edge  at  A  and  on  a  platform  scale  at  B  as 
illustrated. 

352.  Balance  of  Marine  Engines. — As  pointed  out  previously 
the  principle  of  balancing  must  be  applied  to  the  design  of  marine 
engines  in  order  to  reduce  the  injurious  and  vibratory  effects. 
It  must  not  be  overlooked  that  associated  with  the  problem 
of  balancing  are  the  further  problems  of  arranging  the  cranks 
so  that  the  engine  may  be  readily  started  from  any  position, 
and  so  that  the  turning  moment  may  be  kept  approximately 
constant.  For  example,  in  a  three-crank  engine,  balance  may  be 
effected  by  having  two  cranks  180°  from  the  third,  if  the  masses 
are  suitably  adjusted.  In  this  case,  however,  all  the  dead-centres 
fall  together,  so  that  not  only  may  there  be  difficulty  in  starting 
the  engine,  but  also  the  turning  moment  is  very  uneven. 

A  satisfactory  solution  to  the  whole  problem  may  be  reached 
by  having  four  cranks — the  usual  number  for  all  high-speed 
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marine  engines.  Even  when  the  engine  is  triple-expansion,  two 
low-pressure  or  two  intermediate-pressure  cylinders  are  provided  in 
order  to  increase  the  number  of  cranks.  By  a  suitable  adjustment 
of  the  reciprocating  masses  and  the  crank  angles,  not  only  may 
complete  primary  balance  be  obtained,  but  the  secondary  forces 
also  may  be  made  zero,  and  only  small  secondary  couples  remain. 
This  balancing  arrangement  is  known  as  the  Yarrow-Schlick- 
T weedy  system. 

353.  Balance  of  Locomotive  Engines. — The  locomotive  engines 
of  this  country  have  in  general  two  cranks  at  right  angles.  Balance 
weights  are  added  to  the  driving  wheels,  so  that  anything  in  the 
nature  of  a  complete  balance  of  the  reciprocating  parts  cannot 
be  expected.  In  many  engines  the  driving  wheels  are  coupled 
together  in  order  to  increase  the  adhesion  and  allow  a  greater 
tractive  force  to  be  used.  In  an  uncoupled  engine  the  number 
of  planes  containing  unbalanced  forces  is  four.  In  coupled  engines 
this  number  is  increased  to  six,  since  the  effect  of  the  coupling 
rod  is  equivalent  to  a  rotating  mass  assumed  concentrated  at  the 
coupling  rod  pin.  The  planes  containing  the  coupling  rod  masses 
lie  outside  the  planes  containing  the  balance  weights. 

The  general  problem  of  the  balance  of  locomotive  engines  will, 
for  simplicity,  be  explained  regarding  an  uncoupled  engine.  In 
these  engines  there  are  six  unbalanced  forces,  two  due  to  the 
reciprocating  masses  of  the  pistons,  etc.,  two  due  to  the  revolving 
masses  at  the  cranks,  and  two  due  to  the  balancing  masses  added 
in  the  wheels.  Whilst  the  revolving  masses  at  the  cranks  may 
be  completely  balanced,  the  reciprocating  masses  cannot,  but  their 
maximum  disturbing  effect  may  be  reduced  by  additional  rotating 
masses.  If  left  unbalanced,  the  disturbing  forces  are  in  the  line 
of  stroke  of  the  engine  and  are  both  unpleasant  and  dangerous ; 
unpleasant  because  they  cause  a  great  variation  in  the  tractive 
effort  of  the  loco ;  dangerous  because  they  cause  a  couple,  known 
as  the  swaying  couple,  which  tends  to  make  the  leading  wheels 
sway  from  side  to  side.  If  balance  is  effected  by  treating  the 
reciprocating  masses  as  revolving  masses  at  crank-pin  radius,  the 
disturbing  forces  in  the  line  of  the  stroke  become  zero,  but  equal 
disturbing  forces  and  couples  act  at  right  angles.  These  forces 
cause  a  variation  in  the  pressure  between  each  wheel  and  the 
rail,  which  is  known  as  a  hammer-blow.  This  is  scarcely  an 
appropriate  name,  as  the  pressure  varies  from  a  minimum  to  a 
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maximum  and  back  to  a  minimum  during  each  revolution  of 
the  wheel,  though  the  time  of  revolution  is  of  course  small. 
A  large  variation  of  wheel  pressure  is  objectionable,  as  the 
adhesion  of  the  wheel  upon  the  rail  may  be  so  reduced  at 
the  minimum  pressure  that  slipping  takes  place.  A  large 
hammer-blow  has  also  an  injurious  effect  upon  the  rails  and 
permanent  way. 

As  a  compromise  between  these  two  extreme  conditions,  it  has 
been  proved  by  experience  advisable  to  add  balancing  masses 
to  make  zero  two-thirds  of  the  disturbing  forces  in  the  line  of 
the  stroke.  This  is  usually  described  as  adding  revolving  masses 
to  balance  the  whole  of  the  revolving  masses  and  two-thirds  of 
the  reciprocating  masses,  though  it  must  be  understood  clearly 
that  complete  balance  is  not  so  attained. 

354.  Maximum  Unbalanced  Forces  and  Couples  on  Locos. — The 

general  problem  of  the  balance  of  a  loco  has  been  outlined  in  the 
preceding  paragraph.  It  is  now  desired  to  find  the  maximum 
disturbing  effects  under  various  conditions,  but  always  neglecting 
secondary  effects. 

355.  (1)  Revolving  Masses  Unbalanced. — Let  Wl  be  the  weight 
of  the  revolving  masses  per  cylinder.     The  unbalanced  force  for 

any  position  of  either  crank  is  — *aj2r  acting  outwards  along  the 

u 

crank  ;  and  since  the  two  cranks  are  at  right  angles,  the  maximum 
AV" 

unbalanced  force  is  \/2 l-ofir  in  a  direction  bisecting  the  crank 

9 

angles,  and  the  corresponding  couple  is  -^-  — afird,  where  d  is 

t/ 

the  distance  between  the  cylinders.  This  force  and  couple  may 
be  completely  balanced  by  suitable  masses  placed  in  the  driving 
wheels. 

356.  (2)  Reciprocating    Mass    Unbalanced.— Let  W2    be    the 

weight  of  the  reciprocating  masses  per  cylinder.     The  unbalanced 

W 

force  for  any  angle  of  displacement  0  of  one  crank  is  — -aj2r  cos  0 

for  one  cylinder  and  — -to2r  cos  (9  —  90°)  for  the  other.     Hence 

u 

W0 

the  total  unbalanced  force  is  — -a)2r  (cos  6  +  sin  0), 
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This  is  a  maximum  when  9  =  45°  or  225°  and  cos  6  -f-  sin  9 
=  V2*     When  6  =  135°  or  315°,  cos  0  +  sin  0  =  0. 

Hence  the  maximum   unbalanced  force  is  A/2 — ~a)2r.      The 

t/ 


maximum  force  at  each  crank  being  -~ -uPr,  the  maximum 

— ^        Q 

unbalanced  couple  is  —~ afird.     These  act. horizontally. 

357.  (3)  Revolving  Masses  Balanced. — Reciprocating  Masses 
Partially  Balanced. — It  has  been  shown  that  although  unbalanced 
forces  and  couples  due  to  reciprocating  masses  may  be  eliminated 
by  the  addition  of  equal  revolving  masses,  there  are  introduced 
equal  forces  and  couples  at  right  angles  to  the  stroke.  As  a 
compromise  between  these  two  extremes,  two-thirds  of  the  dis- 
turbing effects  in  the  line  of  stroke  are  generally  made  zero.  It 
is  desired  to  find  under  these  conditions  the  remaining  unbalanced 
forces  and  couples. 

Let  Wl  be  the  weight  of  the  revolving  masses  per  cylinder,  and 
W2  the  weight  of  the  reciprocating  masses  per  cylinder. 

Suppose  two-thirds  of  each  reciprocating  mass  is  treated  as 
a  revolving  mass.  The  equivalent  revolving  mass  is  Wl  +  f  W2. 
The  balance  weights  to  be  added  may  then  be  found  in  the  usual 
way  (see  par.  345). 

Let  W3  be  the  equivalent  balance  weight  added  per  wheel  at 
crank-pin  radius  as  thus  found. 

In  the  estimation  of  the  disturbing  effects,  it  is  necessary  to 
deduct  the  balance  weight  concerned  in  balancing  the  revolving 
masses  above  from  the  main  balance  weight. 

Let  W3  =  Wi  +  w2,  where  wl  and  w2  are  the  weights  of  the 
balancing  masses  added  per  cylinder  at  crank  radius  for  the 
revolving  and  reciprocating  masses  respectively. 

Clearly,  therefore,  w^  =  ^ —  L^W   x  ^3 
and  w2  =  w  *    |^   X  W3 

*  Let  y  =  cos  0  +  sin  0. 

dii 

For  maximum  -/n  =  0 
at/ 

.*.   -rf  =  —sin  0  +  cos  0  =  0 
da 

or  0  =  45°  and  y  =  V2 
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Since  the  balancing  masses  wl  balance  completely  the  revolving 
masses  "W\,  the  effect  of  these  as  disturbing  forces  is  entirely 
eliminated.  The  only  remaining  disturbing  forces  are  therefore 
due  to  the  masses  W2  reciprocating  and  w2  revolving.  By  taking 
horizontal  and  vertical  components,  these  forces  may  be  further 
analyzed  into  the  following  three  pairs  of  forces  :  (a)  reciprocating 
forces  due  to  W2  acting  horizontally,  (j8)  horizontal  components 
of  forces  due  to  w2,  and  (y)  vertical  components  of  forces  due 
to  w2.  The  horizontal  component  of  each  centrifugal  force  is, 
from  the  conditions  of  the  problem,  balanced  by  two-thirds  of  each 
reciprocating  force.  Hence  on  the  last  analysis  the  unbalanced 
forces  are  four  in  number,  viz.  :  (1)  the  vertical  component  of  the 
centrifugal  effects  of  each  w2,  and  (2)  one-third  of  the  reciprocating 
effect  of  each  W2  in  a  horizontal  direction.  The  former  is  the 
cause  of  the  "  hammer-blow  "  and  a  vertical  couple  whose  effect 
need  not  be  taken  into  account;  the  latter  is  the  cause  of  the 
variation  in  the  tractive  effort  and  of  the  "  swaying  couple  "  on 
the  leading  wheels. 

358.  Maximum  Variation  of  Rail-load.  —  The  variation  of  rail- 
load  per  wheel  is  due  to  the  vertical  component  of  the  centrifugal 
force  of  w2,  i.e.  only  one  of  the  masses  w2  need  be  taken  into 
account  in  the  calculations. 

The  maximum  disturbing  force  is  —  2co2r. 

o 

Let  M  be  the  load  on  the  rail  due  to  the  static  wheel  pressure. 

The  rail-load  therefore  varies  between  the  limits  M  +  —  to2r  per 

~  9 
revolution    of   the    driving    wheels.      The    minimum    pressure, 

M  --  -aj2r,  is  of  great  importance,  as  it  represents  the  minimum 

u 

adhesion  between  wheel  and  rail.  If  it  be  negative,  the  wheel 
will  actually  leave  the  rail  during  each  revolution.  The  speed  at 
which  a  wheel  just  lifts  is  given  by  the  equation— 


9 

Although  the  rail-load  at  one  wheel  may  become  small  or 
even  vanish,  slipping  does  not  necessarily  take  place  at  that  instant 
because  the  rail-load  on  the  other  wheel  has  not  a  minimum  value 
at  the  same  instant  and  may  provide  sufficient  adhesion  for  both 
wheels. 
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359.  Variation  in  Tractive  Effort  and  Maximum  Value  of 
Swaying  Couple.  —  It  has  been  seen  that  the  tractive  effort,  in 
itself  a  variable  quantity,  further  varies  because  of  the  unbalanced 
effects  of  one-third  of  the  reciprocating  masses. 

Therefore  maximum  horizontal  unbalanced  force 


w2r  (see 


6     9 
The  maximum  value  of  the  swaying  couple  is  — 


(see  par.  356). 


EXAMPLE  3.  —  The  reciprocating  masses  of  an  inside  cylinder  locomotive 
weigh  500  Ib.  per  cylinder,  and  the  revolving  masses  600  Ib.  per  cylinder  at 
crank  radius.  The  cylinders  are  2  feet  apart,  and  the  planes  in  which  the 
mass  centres  of  the  balance  weights  revolve  are  5  feet  apart;  the  stroke  is 
22  inches.  Find  the  magnitude  of  the  balance  weights  at  33  inches  radius, 
and  their  position.  Assume  the  whole  of  the  revolving  and  two-thirds  of  the 
reciprocating  masses  to  be  balanced. 

(1)  Draw  diagrams  to  represent  the  specified  data  (Fig.  389).  It  must  be 
remembered  that  in  a  loco  engine  of  this  description  the  two  cranks  are  at 

12  34 


FIG.  389. 

right  angles,  and  the  cylinders  and  wheels  are  symmetrically  arranged  about 
the  axis  of  the  engine. 

(2)  Let  plane  1  be  the  reference  plane. 

(3)  Tabulate  the  known  data:  — 

Equivalent  rotating  masses  per  cylinder  =  600  +  §(500)  =  933 J. 


No. 

W 

I 

Wl 

1 

2 
3 

4 

9331 
933£ 

0 
1-5 
3-5 
5-0 

0 
1400 
3266§ 

' 

(4)  Draw  the  couple  diagram  abc  (Fig.  390).  The  closing  line  ca  —  3555 
units  represents  the  unknown  couple  Wl.  Since  I  =  5,  the  equivalent  balanc- 
ing mass  at  crank  radius  W=711  Ib.  By  symmetry  the  other  equivalent 
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balancing  mass  W  =  711  Ib.  also,  and  is  placed  as  shown  in  the  end  view 
(Fig.  389).  This  may  be  checked  by  drawing  the  force  diagram  (Fig.  391). 
Each  actual  balancing  mass  used  =  ^  x  711  =  237  Ib.  It  will  be  noticed 


\ 

\ 
\ 


FIG.  390.  FIG.  391. 

that  the  end  view  is  symmetrical  about  the  line  bisecting  the  angle  between 
the  cranks. 

360.  Secondary  Balancing. — In  the  treatment  of  the  balancing 
of  the  reciprocating  parts  so  far,  it  has  been  assumed  that  the 
obliquity  of  the  connecting  rod  could  be  neglected ;  the  conditions 
for  primary  balance  have  been  thus  determined.  As  the  unbalanced 
effects  due  to  secondary  forces  are  considerable  when  engines  have 
high  speeds  and  short  connecting  rods,  further  consideration  must 
be  paid  to  the  problem  of  secondary  balancing. 

It  has  been  seen  that  when  the  motion  of  the  reciprocating 
parts  cannot  be  assumed  harmonic  in  character,  the  approximate 

W       /  r  \ 

expression  for  the  accelerating  force  is  — oAi  cos  6  +  7  cos  20 ). 

9  * 

W  W         r2 

This  may  be  rewritten  in  the  form  — a>2r  cos  6  -\ (2o>)2j^cos  26. 

The  first  expression  is  the  component  in  the  line  of  stroke  of  the 
centrifugal  force  of  mass  W  concentrated  at  radius  r  and  revolving 
with  speed  co,  and  is  termed  the  primary  force.  The  second 
expression,  the  secondary  force,  may  therefore  be  considered  as 
the  component  in  the  line  of  stroke  of  the  centrifugal  force  of 
mass  W  concentrated  at  the  extremity  of  an  imaginary  crank  of 

r2 

radius  -r-p  which  agrees  in  phase  with  the  actual  crank  when  at 

rt' 

the  inner  dead  centre,  but  revolves  with  twice  the  angular  velocity. 
From  this  consideration  it  is  clear  that  secondary  forces  cannot 
be  balanced  by  primary  forces,  nor  by  the  addition  of  revolving 
masses.  Hence,  as  stated  in  par.  348,  one  of  the  conditions  for 
the  complete  balance  of  an  engine  is  that  the  secondary  forces 
and  couples  should  balance  amongst  themselves. 
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It  is  not  possible  to  secure  complete  balance  of  an  ordinary 
four-crank  engine.  Complete  balance  may  be  secured  for  the 
revolving  masses  and  the  primary  effects;  secondary  forces  may 
also  be  balanced,  but  not  secondary  couples.  A  peculiarity  of 
two-crank  engines  with  cranks  at  right  angles,  as,  for  example, 
most  locomotives,  is  that  the  secondary  forces  mutually  balance. 

Sum  of  secondary  forces  =  component  in  line  of  stroke  of 

— (2co)2^{cos  20  +  cos  (IT  +  20)}  =  0 
There  is  still,  however,  an  unbalanced  secondary  couple. 

361.  Relation  between  the  Quantities  defining  the  Directions  0 
and  20.— In  Fig.  392  let  angle  AOB  =  0  and  angle  AOC  =  20. 

Let  the  radius  of  the  circle  be 
unity,  and  let  OM  =  x^  MB  =  ylt 
ON  =  x2)  and  NC  =  y2. 

.*.  sin  0  =  2/1  cos  0  =  xl 

sin  20  =  2/2         cos  20  =  a-2 
But     sin  20  =  2  sin  0  cos  0 

.-.  2/2  =  2ai2/i 
Also   cos  20  =  cos2  0  —  sin2  0 


FIG.  392. 


Hence  if  y  and  x  define   the 
direction  of   0,  the   quantities  2xy 
and  x2  —  y2  define  the  direction  of  20. 
It  must  also  be  remembered  that  every  x  is  connected  to  the 
y  of  the  same  subscript  by  the  relationship  x2  +  2/2  =  !• 

362.  Eight  Fundamental  Balancing  Equations.  —  In  the  notation 
hitherto  employed  for  the  specification  of  the  unbalanced  forces 
and  couples,  r  cos  0!  may  be  replaced  by  xlt  and  r  sin  0X  by  yit 
with  the  result  that  the  following  eight  fundamental  equations  are 
obtained  :  — 


Primary  forces  vanish  — 


W27/2  + 
Primary  couples  vanish  — 


(1) 

(2) 

(3) 

(4) 
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Secondary  forces  vanish  — 


yf)  +    ...    (5) 
(6) 

Secondary  couples  vanish  — 

2/i>i  +  W2(^22-7/2>2+      .    (7) 
+  W2x2y2a2  +    ......     (8) 

In  the  above  equations  the  quantities  CD,  r,  and  g  are  constant 
and  so  can  be  neglected. 

363.  Balance  of  Impulse  and  Torque.  —  Balance  of  mass  alone 
is  insufficient  to  produce  a  vibrationless  engine,  as  it  takes  no 
account  of  the  fluctuating  pressures  in  the  cylinders,  or  the  effort 
of  each  succeeding  impulse  to  rotate  the  engine  backwards  round 
its  crank-shaft.  To  secure  balance  of  impulse  it  is  necessary  to 
arrange  the  cylinders  in  relation  to  the  crank-shaft  so  that  strains 
in  the  framing  are  either  eliminated  or  neutralize  each  other  so 
as  to  have  no  tendency  to  shift  the  centre  of  gravity  of  the  engine 
relatively  to  its  crank-shaft  and  point  of  support.  Two  cylinders 
in  alignment,  but  on  different  sides  of  the  crank-shaft,  will  have 
their  impulses  balanced. 

Balance  of  torque  can  only  be  secured  by  having  two  cranks 
revolving  in  opposite  directions,  as  in  the  Lanchester  engine.  The 
Fullagar  engine  is  in  complete  balance  for  mass,  impulse,  torque, 
and  gyrostatic  action.* 

EXERCISES  XXIX 

1.  Show  that   a  rotating  body  may  be  statically  balanced,  and  yet  not 
dynamically  balanced.     Describe  apparatus  that  is  used  for  determining  static 
balance  and  dynamic  balance,  explaining  the  principles  on  which  they  work. 

(I.C.E.) 

2.  Two  masses,  of  10  Ib.  and  20  Ib.  respectively,  are  attached  to  a  balanced 
disc  at  an  angular  distance  apart  of  90°,  and  at  radii  2  and  3  feet  respectively. 
Find  the  resultant  force  on  the  axis  when  the  disc  is  making  200  turns  per 
minute,  and  determine  the  angular  position  and  magnitude  of  a  mass  placed  at 
2|  feet  radius,  which  will  make  the  force  on  the  axis  zero  at  all  speeds. 

(I.C.E.) 

3.  Four  masses,  A,  B,  C,  and  D,  weighing  80,  100,  120,  and  W  Ib.  respectively, 
are  rigidly  connected  to  a  shaft  at  radii  15,  12,  14,  and  12  inches  respectively 
from  the  axis.    The  shaft  revolves  about  its  axis,  and  the  planes  of  revolution  of 
the  masses  are  at  equal  intervals  apart.     Determine  W  and  the  angular  positions 
of  B,  C,  and  D  in  relation  to  that  of  A,  in  order  that  the  masses  may  completely 
balance  one  another.  (Lond.  B.Sc.  1908.) 

*  Proc.  Inst.  Mech.  Eng.,  July,  1914. 
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4.  Four  masses  rotate  at  equal  radii  about  the  same  horizontal  axis.    Masses 

B,  C,  and  D  are  each  10  Ib.     The  distance  between  the  planes  of  rotation  are  : 
from  A  to  B,  3  feet ;  from  A  to  C,  4  feet ;  from  A  to  D,  5  feet.    If  there  is  com- 
plete balance,  find  the  magnitude  of  mass  A,  and  the  angles  between  the  masses. 

5.  A  shaft  runs  in  bearings  A,  B,  15  feet  apart,  and  carries  three  pulleys, 

C,  D,  and  E,  which  weigh  360, 400,  and  200  Ib.  respectively,  and  are  placed  4,  9, 
and  12  feet  from  A.     Their  centres  of  gravity  are  distant  from  the  shaft  centre 
line  by  amounts  C  ^  inch,  D  £  inch,  and  E  J  inch.     Arrange  the  angular 
positions  of  the  pulleys  on  the  shaft  so  that  there  will  be  no  dynamic  force  on  B, 
and  find  for  that  arrangement  the  dynamic  force  on  A  when  the  shaft  runs  at 
100  revolutions  per  minute.     If  the  angular  position  of  the  pulleys  be  arranged 
to  give  standing  balance,  find  the  dynamic  forces  on  the  bearings  at  the  above 
speed.  (Lond.  B.Sc.  1912.) 

6.  Fig.  393  represents  the  end  view  of  a  shaft  which  carries  four  arms,  at 

the  extremities  of  which  are  4  masses,  A,  B,  C, 
and  D.  The  lengths  of  the  arms  are  12, 15, 14, 
and  20  inches  respectively,  and  A  =  15  Ib.,  C 
=  10  Ib.,  D  =  18  Ib.  Determine  (1)  the  dis- 
tance between  the  revolving  planes  of  A  and  D  ; 
(2)  the  angles  between  A  and  D,  and  A  and  B 
respectively ;  and  (3)  the  magnitude  of  B,  so  as 
to  ensure  perfect  balance,  while  the  shaft  revolves 
at  100  revolutions  per  minute.  Assume  that 
the  distances  between  the  revolving  planes  of  A 
and  B,  and  B  and  C  are  1  foot  3  inches,  and  1 
foot  6  inches  respectively. 

7.  The  planes  of  rotation  of  four  rotating  masses,  A,  B,  C,  and  D,  are  distant 
3£,  8£,  and  12£  feet  from  A,  taken  in  order.     The  weight  of  each  mass  and  its 
distance  from  the  axis  of  revolution  are  : — A,  350  Ib.  at  18  inches  ;  B,  450  Ib. 
at  20  inches  ;  C,  500  Ib.  at  14  inches  ;  and  D,  400  Ib.  at  12  inches.     Balance  is 
to  be  effected  by  an  alteration  of  the  weight  B.     Determine  the  angles  between 
the  weights  and  the  necessary  alteration  to  the  weight  of  B,  so  that  the  shaft  is 
in  complete  balance. 

8.  A  single -cylinder  vertical  engine  runs  at  354  revolutions  per  minute. 
The  reciprocating  parts  weigh  276  Ib.,  and  the  rotating  masses  are  equivalent  to 
a  mass  of  139  Ib.  at  9  inches  from  the  centre  of  the  shaft ;  the  stroke  is  18 
inches,  and  the  connecting  rod  3  feet  9  inches.     Draw  to  a  base  of  crank  angles 
curves  showing  the  forces  tending  to  produce  vibration  set  up  by  both  rotating 
and  reciprocating  masses.     Assume  that  the  whole  of  the  rotating  and  two- 
thirds  of  the  reciprocating  masses  are  balanced,  and  find  the  unbalanced  forces 
at  the  ends  of  the  stroke  under  this  new  condition.  (Lond.  B.Sc.  1907.) 

9.  A  two-cylinder  vertical  engine  has  its  cranks  at  180°.    The  mass  of  the 
reciprocating  parts  of  each  engine  is  276  Ib. ;  stroke,  18  inches;  connecting 
rod,  3  feet  9  inches ;  distance  between  centres  of  cylinders,  3  feet ;  revolutions 
per  minute,  354.     Assuming  that  the  rotating  masses  are  balanced,  draw  to  a 
base   of  crank   angles  curves  representing  (1)  the  alternating  force,  (2)  the 
alternating  couple  set  up  during  a  revolution.  (Lond.  B.Sc.  1907.) 
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10.  Find  the  balance  weights  to  be  placed  at  2  feet  9  inches  radius  in  the 
wheels  of  a  locomotive  engine  to  balance  the  revolving  parts,  which  weigh  600 
Ib.  per  crank,  and  two-thirds  of  the  reciprocating  parts,  which  weigh  540  Ib. 
per  crank  ;  the  two  cranks  are  at  right  angles  to  each  other,  and  the  radius  of 
each  crank  is  13  inches.    Distance  apart  of  cylinders,  centre  to  centre,  2  feet 
6  inches ;  distance  apart  of  masses  in  wheels,  centre  to  centre,  5  feet. 

11.  Find  from  the  following  data  the  balance  weights  needed  for  a  loco- 
motive with  a  single  driving  wheel  having  inside  cylinders:  —  Stroke  of  piston, 
26  inches ;    distance  centre  to  centre  of  cylinders,  2  feet  5  inches ;  distance 
between  planes  of  added  balance  weights,  5  feet ;  total  mass  of  reciprocating 
parts  of  two  cylinders,  1200  Ib. ;  total  mass  of  revolving  parts  of  two  cylinders, 
1500  Ib.     Cranks  are  at  right  angles,  with  the  left-hand  crank  leading.     It  is 
proposed  to  balance  the  whole  of  the  revolving  and   f  of  the  reciprocating 
masses.  (Lond.  B.Sc.  1905.) 

12.  Find  the  position  and  magnitude  of  the  balance  weights  required  to 
balance  all  the  revolving  and  two-thirds  of  the  reciprocating  masses  in  a  simple 
inside  cylinder  locomotive  specified  as  follows : — Masses  per  cylinder  at  12 
inches  radius,  revolving  720  Ib.,  reciprocating  630  Ib. ;    centre   to  centre  of 
cylinders,  26  inches ;  planes  of  balance  weights,  58  inches  apart ;    radius  of 
balance  weights,  32  inches.     Neglecting  the  obliquity  of  the  connecting  rods, 
explain  what  unbalanced  forces  and  couples  will  exist  and  how  these  are  affected 
by  the  proportion  of  the  reciprocating  parts  balanced.       (Lond.  B.Sc.  1910.) 

13.  Find  from  the  data  given  below  the  magnitude  and  position  of  the 
balance  weights  in  an  inside  cylinder  uncoupled  locomotive  : — Radius  of  crank, 
12  inches ;  radius  of  balance  weights,  33  inches ;  weight  of  reciprocating  parts 
of  each  cylinder,  550  Ib. ;  weight  of  rotating  parts  of  each  cylinder,  500  Ib.  ; 
cylinder  centres,  25£  inches ;  wheel  centres,  69  inches.    The  left-hand  crank  is 
leading.    Two-thirds  of  the  reciprocating  masses  are  to  be  balanced. 

(Lond.  B.Sc.  1906.) 

14.  The  two  inner  cranks  of  a  four-cylinder  marine  engine  are  at  right  angles, 
and  the  reciprocating  mass  of  the  line  of  parts  connected  to  each  of  them  is  2 
tons.    Reckoning  from  left  to  right,  the  distances  between  the  centre  lines  of  the 
cylinders  are  5  feet,  4  feet,  3|  feet  respectively.    Find  the  reciprocating  masses 
for  each  of  the  outer  cranks  so  that  the  engine  shall  be  balanced.    Sketch  an 
end  view  of  the  shaft  showing  the  crank  angles. 

15.  The  following  data  refer  to  a  four-crank  marine  engine: — Stroke,  48 
inches ;   revolutions  per  minute,  85 ;    weight  of  reciprocating  parts :   H.P.  = 
1200  Ib.,  I.P.j  =  1400  Ib.,  I.P.2  =  1860  Ib,,  L.P.  =  2100  Ib.,  weight  of  revolv- 
ing  parts  assumed    concentrated    at   crank   radius :   H.P.  =  390  Ib.   I.P.j  = 
450  Ib.,  I.P.2  =  510  Ib.,  L.P.  =  600  Ib.      The  cylinders  are  arranged  in  the 
order:  H.P.,  L.P.,  I.P.2,  I.P-i     The  distances  between  the  centre  lines  of  the 
cylinders  are :   H.P.  and  L.P.  =  4  feet  8  inches,  L.P.  and  I.P.2  =  10  feet,  I.P.a 
and  I.P.t  =  4  feet  8  inches. 

Determine  (1)  the  crank  angles  so  that  the  reciprocating  parts  are  totally 
balanced.  Assuming  these  crank  angles,  determine  (2)  the  remaining  unbalanced 
couple  and  (3)  the  direction  and  magnitude  of  the  unbalanced  force.  Neglect 
the  effects  of  the  secondary  forces. 
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16.  The  cylinders  of  a  four-cylinder  engine  are  pitched  at  equal  distances 
apart.     The  reciprocating  masses  belonging  to  each  of  the  two  middle  lines  of 
parts  weigh  1  ton.     The  cranks  of  the  middle  pairs  of  cylinders  are  set  at  an 
angle  of  100°.    Find  the  angle  between  each  outside  crank  and  its  neighbour, 
and  the  weight  of  each  of  the  outer  reciprocating  line  of  parts  so  that  the  engine 
shall  be  in  balance  for  primary  forces  and  couples.  (I.C.E.) 

17.  In  a  four-cranked  engine  the  distances  between  the  cylinders  are  all 
equal.     Three  reciprocating  masses,  reckoned  in  succession  from  the  right,  are 
1J,  2,  and  2£  tons.    Find  the  fourth  reciprocating  mass,  and  the  crank  angles,  so 
that  the  reciprocating  masses  mutually  balance.  (Lond.  B.Sc.  1905.) 

18.  Show  that  the  disturbing  effect  of  a  reciprocating  mass  connected  to  a 
crank  by  the  equivalent  of  an  infinite   connecting  rod  is  the  same  as  that 
produced  in  the  line  of  stroke  by  an  equal  mass  placed  at  the  crank  pin. 

An  engine  has  three  cylinders,  A,  B,  and  C,  whose  axes  are  parallel.  The 
axis  of  B  is  at  a  distance  a  from  the  axis  of  A,  and  a  distance  c  from  the  axis  of 
C.  The  mass  of  the  reciprocating  parts  of  B  is  M.  Assuming  that  all  the 
pistons  have  harmonic  motion  and  the  same  length  of  stroke,  show  how  the 
cranks  on  the  crank  shaft  must  be  placed,  and  find  the  masses  of  the  reciprocat- 
ing parts  of  A  and  C  in  order  that  all  the  reciprocating  parts  may  be  completely 
balanced.  (Lond.  B.Sc.  1911.) 

19.  The  angles  between  the  cranks  and  the  distances  between  the  centre 
lines  of  the  cylinders  of  a  four-crank  petrol  engine  are  given  in  Fig.  394.     The 
weights  of  the  reciprocating  parts  are  Wx  =  20  lb.,  W2  =  30  lb.,  W3  =  30  lb.,  and 


FIG.  394. 

W4  =  20  lb.  When  the  angle  6  =  0°,  find  (a)  the  unbalanced  primary  force, 
and  (6)  the  unbalanced  primary  couple.  The  radius  of  each  crank  is  3  inches ; 
speed  =  1200  revolutions  per  minute.  (Lond.  B.Sc.  1913.) 

20.  A  four-crank  marine   engine  (Fig.   395)  runs  at  85  revolutions  per 
minute,  and  has  a  stroke  of  42  inches.     The  weights  of  the  reciprocating  parts 

I.P2. 


HP. 


L  P. 


FIG.  395. 


are :  H.P.  =  900  lb.,  I.P.,  =  1050  lb.,  and  I.P.2  =  1250  lb.  Determine  the 
weight  of  the  L.P.  reciprocating  parts  so  that  the  reciprocating  parts  are  in 
complete  primary  balance.  (Lond.  B.Sc.  1914.) 
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21.  In  a  four-crank  engine  the  distances  between  the  planes  of  reciprocation 
are  5,  6,  and  5  feet  respectively ;  and  the  masses  of  the  first,  third,  and  fourth 
cylinders  are  1800,  2700,  and  2400  Ib.  respectively.     Determine  the  crank 
angles,  and  the  magnitude  of  the  reciprocating  mass  for  the  second  cylinder  in 
order  that  there  may  be  a  correct  primary  balance.  (Lond.  B.Sc.  1914.) 

22.  In  respect  to  the  balancing  of  engines,  show  that  if  the  resultant  primary 
couple  is  zero,  the  primary  forces  are  balanced.    Show  that  this  also  applies  to 
secondary  couples  and  forces. 

In  a  four-cylinder  vertical  engine  with  equal  reciprocating  mass  (M)  and 
equal  cylinder  pitches  (a),  investigate  the  primary  and  secondary  balance  in  the 
two  following  cases  in  which  the  crank  angles  of  the  cranks  taken  in  order  are 
specified,  the  vertical  being  taken  as  reference  line  : — 

(1)  0°,    90°,  180°,  270°. 

(2)  0°,  180°,  180°,      0°. 

The  angular  velocity  of  the  shaft  is  CD  radians  per  second,  and  the  crank  and 
connecting  rod  are  r  and  I  feet  respectively.  Take  the  plane  midway  between 
the  two  cylinders  as  a  reference  plane.  (Lond.  B.Sc.  1914.) 

23.  The  cylinders  of  a  four- cylinder  one-crank  engine  are  symmetrically 
arranged  in  one  plane  around  the  crank  shaft,  and  the  connecting  rods  are  all 
coupled  to  the  same  crank  pin.    Show  that  the  engine  is  completely  balanced  if 
(1)  the  reciprocating  parts  are  identical  for  each  cylinder,  (2)  the  crank  shaft  is 
suitably  balanced  by  weights  placed  opposite  the  crank.    Determine  the  necessary 
moment  of  the  balance  weights  about  the  centre  of  the  crank  shaft. 

(Lond.  B.Sc.  1914.) 

24.  Find  the  maximum  value  of  the  unbalanced  forces  on  a  locomotive 
crank  shaft  if  the  unbalanced  revolving  masses  per  cylinder  are  600  Ib.,  the 
crank  radius  11  inches,  and  the  speed  50  miles  per  hour.    Diameter  of  the 
driving  wheels,  5  feet  6  inches. 

What  is  the  maximum  value  of  the  unbalanced  forces  if  the  reciprocating 
masses,  which  each  weigh  600  Ib.,  are  alone  unbalanced? 

25.  Calculate  the  speed  at  which  the  maximum  horizontal  value   of  the 
unbalanced  forces  of  a  locomotive  is  8000  Ib.,  the  revolving  masses  per  cylinder 
being  600  Ib.,  assumed  concentrated  at  11  inches  radius,  the  reciprocating 
masses  per  cylinder  being  550  Ib.    Diameter  of  driving  wheels,  5^  feet. 

26.  Calculate  the  speed  in  Question  25,  assuming  that  the  whole  of  the 
revolving  and  f  of  the  reciprocating  parts  are  balanced. 

27.  The  reciprocating  parts  of  a  two-cylinder  locomotive  weigh  550  Ib.  per 
cyclinder.    Two-thirds  of  this  amount  is  balanced  by  means  of  balance  weights 
placed  in  the  driving  wheels.     The  revolving  masses  are  completely  balanced. 
Find  the  maximum  pressure  between  a  driving  wheel  and  the  rail  at  60  miles 
per  hour,  from  the  following  data : — Diameter  of  driving  wheel,  7  feet';  static 
load  on  driving  wheel,  6  tons  ;  distance  centre  to  centre  of  cylinders,  2  feet ; 
distance  between  the  planes  in  which  the  mass  centres  of  the  balance  weights  in 
the  driving  wheels  revolve,  5  feet ;  crank  radius,  1  foot.  (I.C.E.) 
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28.  A  two-cylinder  inside  engine  has  its  cylinders  23  inches  apart,  and  the 
balance  weights  are  in  planes  60  inches  apart,  the  planes  being  symmetrically 
placed  about  the  engine  centre  line.     For  each  cylinder  the  revolving  masses 
are  600  Ib.  at  the  crank-pin  radius  (13  inches),  and  the  reciprocating  parts  are 
570  Ib.     All  the  revolving  and  §  of  the  reciprocating  masses  are  balanced.     The 
driving  wheels  are  6  feet  in  diameter.     When  the  engine  runs  at  40  miles  per 
hour  find  (a)  the  hammer  blow ;  (&)  the  variation  in  tractive  force :  (c)  the 
swaying  couple.  (Lond.  B.Sc.  1909.) 

29.  From  the  following  data  of  an  outside  cylinder  uncoupled  locomotive, 
calculate  the  magnitude  and  position  of  the  balance  weights  to  balance  all  the 
rotating  and  two-thirds  of  the  reciprocating  parts : — Weight  of  reciprocating 
parts  for  each  cylinder,  500  Ib. ;  weight  of  rotating  parts  for  each  cylinder,  600 
Ib. ;  cylinder  centres,  66  inches ;  wheel  centres,  56  inches ;  stroke,  24  inches ; 
radius  of  C.G.  of  balance  weights,  30  inches. 

Find  also  the  maximum  variation  in  rail  pressure  when  running  at  30  miles 
per  hour.     Diameter  of  driving  wheels,  7  feet.  (Lond.  B.Sc.) 

30.  It  is  required  to  balance  an  outside  cylinder  locomotive  (uncoupled)  in 
such  a  manner  that  a  wheel  shall  just  be  on  the  point  of  lifting  from  the  rails 
when  the  engine  runs  at  80  miles  per  hour.     All  the  rotating  parts  are  balanced. 
Find  what  proportion  of  the  reciprocating  parts  must  be  balanced. 

Load  on  each  driving  wheel      8  tons. 

Wheel  centres 4  feet  10  inches. 

Cylinder  centres 5  feet  6  inches. 

Diameter  of  driving  wheels       6  feet  8  inches. 

Radius  of  centre  of  gravity  of  balance  weights  ...  2  feet  8  inches. 

Radius  of  cranks 11  inches. 

Weight  of  rotating  parts  per  cylinder  at  crank  radius  400  Ib. 

Weight  of  reciprocating  parts  per  cylinder      ...         ...  560  Ib. 

(Lond.  B.Sc.  1913.) 


CHAPTEE  XXX 

BKAKES  AND   DYNAMOMETERS 

364.  A  BRAKE  is  an  appliance  by  means  of  which  frictional  or 
other  resistances  are  utilized  in  overcoming  the  energy  of  the 
moving  parts  of  a  machine.  Brakes  may  be  used  for  two 
purposes,  viz.  (1)  to  limit  and  keep  constant  the  velocity  of  a 
moving  body  or  to  bring  the  body  completely  to  rest,  or  (2)  to 
absorb  and  measure  the  power  transmitted  by  a  machine.  Brakes 
used  for  the  latter  purpose  are  called  dynamometers,  and  will 
be  discussed  later. 

Any  body  in  motion  possesses  kinetic  energy  which  must  be 
absorbed  before  the  body  can  come  to  rest.  As  there  is  always 
a  certain  amount  of  resistance  opposing  motion,  this  in  itself 
is  sufficient  to  bring  the  body  eventually  to  rest.  In  certain  cases, 
however,  as  in  rolling  stock  or  cranes,  the  time  or  distance  in 
which  the  body  would  naturally  stop  is  too  great.  Both  may  be 
considerably  decreased  by  providing  brakes,  and  thus  artificially 
increasing  the  external  resistance  during  the  period  of  retardation. 

There  are  two  simple  methods  of  providing  the  extra  resist- 
ance: (1)  to  apply  pressure  between  a  block  and  a  rotating 
piece  as  in  the  brakes  for  carriages,  or  (2)  to  apply  pressure 
between  a  band  and  drum,  the  band  being  wrapped  round  the 
whole  or  part  of  the  circumference  of  a  drum  as  in  the  brakes 
for  cranes. 

365.  Block  Brakes. — Block  brakes  are  of  general  application 
on  all  vehicles.  The  braking  force  may  be  applied  by  hand,  as 
is  usual  on  road  vehicles,  or  by  compressed  air,  as  in  the 
Westinghouse  brake,  or  by  the  atmospheric  pressure,  as  in  the 
vacuum  system  of  braking,  one  of  the  two  latter  being  usual 
for  railway  vehicles.  The  brake  blocks  should  be  made  of  softer 
material  than  the  rim  of  the  wheel  on  which  they  press,  so  that 
of  the  two  surfaces  in  contact  they  will  wear  the  more  readily, 
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It  can  be  easily  understood  that  wear  should  occur  on  those 
pieces  which  can  be  renewed  with  less  difficulty.  On  this  account 
brake  blocks  are  generally  made  of  hard  wood  for  road  vehicles 
and  of  cast  iron  for  railway  stock. 

In  the  case  of  railway  stock,  assume  the  brake  block  to  be 
suspended  from  the  hanger  by  means  of  a  pin  joint.    The  pressure 

between  block  and  wheel  is  P  X  -  (Fig.  396),  where  P  is  the 

applied  force.  If  jit  be  the  mean  coefficient  of  friction  and  s  the 
distance  traversed  by  the  carriage  before  coming  to  rest,  the  work 

done  against  friction  is  /iP  X  -  X  s. 

a 

When  the  brake  block  is  rigidly  connected  to  the  hanger,  or 
virtually  so,  the  calculation  is  more  difficult.     The  intensity  of 


FIG.  396. 

pressure  between  the  block  and  wheel  is  no  longer  uniform,  and 
the  position  of  the  centre  of  pressure  is  unknown.  The  problem 
is  indeed  statically  indeterminate.  By  assuming,  however,  that 
the  intensity  of  pressure  is  proportional  to  the  wear  of  the  block, 
the  centre  of  pressure,  and  hence  the  magnitude  of  the  braking 
force,  may  be  found.  This  case  has  been  fully  treated  in  The 
Engineer,  July  9,  1909,  and  need  not  be  further  considered  here. 

366.  The  Action  of  Railway  Brakes. — Of  the  total  weight 
W  of  a  train,  let  Wi  be  the  weight  of  the  wheels  and  k  their 
radius  of  gyration.  Let  v  be  the  speed  of  the  train,  and  co  the 
angular  velocity  of  the  wheels.  The  total  energy  of  the  train 
is  the  sum  of  the  translational  and  rotational  energies,  and 

W  W  &2 

equals  -£ — ^2  + J—   —  w2.     To  bring  the  train  to  rest,  this  total 

tJ  *J 

energy  must  be  dissipated.     Let  P  be  the  mean  braking  force, 
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Pi  the  coefficient  of  friction  (dynamical)  between  block  and  wheel, 
and  s  the  distance  traversed  during  braking. 


9 


9 


To  reduce  the  possibility  of  accidents,  it  is  desirable  that  the 
distance  s  should  be  reduced  to  a  minimum.  This  apparently 
may  be  effected  by  increasing  P,  but  it  is  found  by  experiment 
that  s  is  a  minimum  for  a  certain  limiting  value  of  P,  and 
increases  if  P  is  raised  above  that  value.  The  limiting  value 
of  P  is  indeed  dependent  upon  the  condition  that  the  wheels 
roll  and  do  not  slip  during  braking. 

Before  this  phenomenon  can  be  explained,  it  should  be  noticed 
that  the  rotational  energy  of  the  wheels  can  only  be  dissipated 
by  the  friction  between  the  brake  blocks  and  wheels,  whereas 
the  translational  energy  of  the  train  may  either  be  dissipated 
at  the  same  place  or  between  the  wheels  and  rails  when  slip 
occurs.  Slip  can  obviously  only  occur  if  the  rotational  energy 
of  the  wheels  is  destroyed  before  the  translational  energy  of  the 
train.  The  condition  that  the  wheels  should  roll  and  not  slip 
during  braking  is  easily  obtained.  Let  /*2  be  ^ne  coefficient  of 
friction  (statical)  between  wheel  and  rail.  The  retarding  force 
at  the  brake  is  /^P,  whilst  the  limiting  frictional  force  between 
the  wheel  and  rail  is  jLt2W.  If  ^P  be  greater  than  /^W,  the 
wheels  will  slip,  and  not  roll,  as  soon  as  the  rotational  energy 
of  the  wheels  has  been  destroyed. 

The  skidding  of  wheels  is  to  be  deprecated  not  only  because 
of  the  resulting  flats  worn  upon  the  rims  of  the  wheels,  which 
reduce  the  smoothness  of  running  of  the  carriages,  but  also 
because  the  distance  in  which  the  train  is  stopped  is  greater  than 
that  when  skidding  does  not  take  place.  The  explanation  of  this 
is  that  the  coefficient  of  statical  friction  is  greater  than  the 
coefficient  of  dynamical  friction  which,  moreover,  decreases  as  the 
speed  increases.  This  fact  is  shown  by  the  approximate  values 
of  fi  given  in  the  following  table  :  — 

TABLE  XIII. 


Velocity  in  miles  per  hour 

0 

10 

20 

30 

40 

50 

60 

Coefficient  of  friction  between 

brake-blocks  and  wheels     .     . 

0-25 

0-23 

0-184 

0-164 

0-145 

0-124 

0-072 
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These  coefficients  decrease  with  the  time  the  surfaces  are  in 
contact.  As  soon,  therefore,  as  the  wheels  begin  to  skid,  p,2  begins 
to  decrease  in  value,  and  hence  the  retarding  force  fj^W  likewise 
decreases.  It  is  obvious,  therefore,  that  after  skidding  occurs,  the 
mean  frictional  force  retarding  the  motion  of  the  train  is  less 
than  when  the  wheels  roll  during  braking.  Hence  the  distance 
traversed  by  the  train  during  braking  is  greater  in  the  first  case. 

The  limiting  value  of  P  for  the  most  effective  braking  of  the 
train  is  therefore  ^P  =  p^W.  In  practice  it  is  always  arranged 
that  the  braking  force  applied  per  axle  is  from  65  to  90  per  cent, 
of  the  load  per  axle,  in  order  to  allow  for  variations  in  the 
loading  and  in  p,. 

367.  Band  Brakes. — The  action  of  a  brake  band  is  different 
to  that  of  a  block  brake.  The  band,  generally  made  of  metal, 


A 

"IP 


FIG.  397. 

wraps  round  the  whole  or  part  of  the  circumference  of  a  drum. 
One  end  is  attached  to  the  extremity  of  a  lever,  and  the  other 
is  either  attached  to  another  arm  of  the  same  lever  or  fixed 
directly  to  the  framework  of  the  machine.  Let  Fig.  397  illustrate 
the  former  case.  AOB  is  a  bent  lever  which  swings  on  a  pin 
at  0.  One  end  of  the  band  is  attached  to  the  extremity  B,  and 
the  other  to  a  point  C  in  AO  by  means  of  pin  joints.  The 
action  of  a  force  P  at  A  produces  tensions  Tx  and  T2  in  the 
straight  parts  of  the  band,  and  these  cause  a  frictional  resistance 
between  the  band  and  the  drum.  The  frictional  force  is  Tx  —  T2, 
and  hence  the  torque  resisting  motion  is  (Tx  —  T2X  where  r  is 
the  effective  radius  of  the  band,  that  is,  the  radius  measured  to 
the  middle  of  the  band. 
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To  determine  the  torque  introduced  by  a  given  force  P,  two 
equations  are  required  to  fix  the  unknowns,  TI  and  T2.  One 

T 

equation  is  ^  =  e^9 ;   the  other  is  obtained  by  taking  moments 

-^2 

about  the  fulcrum  pin  of  the  forces  acting  on  the  lever.  Draw 
perpendiculars  CM,  ON  upon  BD  and  CE  respectively.  Then 
P .  OA  =  T!  .  OM  —  T2 .  ON.  Solving  these  equations,  the  effec- 
tiveness of  a  braking  force  P  is  ascertained. 

The  direction  of  motion  of  the  drum  determines  the  direction 
of  action  of  the  force  P.  It  is  also  clear  that  the  more  nearly  T2 .  ON 
approaches  Tx .  OM,  the  less  is  the  effort  P  required  to  produce 
a  given  frictional  resistance.  If  T2  .  ON"  =  Tx .  OM,  P  is  zero. 
Hence,  if  this  relationship  holds,  no  further  effort  is  required 
once  the  brake  is  in  action.  In  the  design  of  band  brakes, 
the  adjustment  of  the  lengths  OM,  ON  is  therefore  important. 
Obviously  the  levers  are  more  effective  if  they  are  perpendicular 
to  the  straight  portions  of  the  band.  The  band  itself  is  frequently 
lined  with  blocks  of  wood  which  not  only  can  be  readily  replaced 
when  worn,  but  which  also  increase  the  coefficient  of  friction 
between  brake  and  drum. 

368.  Dynamometers. — A  dynamometer  is  a  piece  of  apparatus 
employed  in  the  measurement  of  the  work  done  by  an  engine 
or  motor.     Dynamometers   may  be   divided   into  two  classes — 
absorption  and  transmission  dynamometers.     In  absorption  dyna- 
mometers the  work  done  is  converted  into  heat  by  friction  whilst 
being   measured ;    in   transmission   dynamometers   the   work   is 
transmitted  for  use  after  measurement,  little  or  none  of  the  work 
being  absorbed  in  the  process.     Absorption  dynamometers  can 
only  be  utilized  for  the  measurement  of  moderate  powers.     Prony ' 
brakes  or  rope  brakes  are  those  chiefly  employed,  but  eddy-current 
brakes  *  or  hydraulic  brakes  f  are  also  sometimes  used.    The  latter 
type  was  introduced  by  Mr.  Win.  Froude,  and  modified  to  its 
present  form  by  Prof.  Osborne  Eeynolds. 

369.  Prony  Brake. — The  simplest  form  of  absorption  dynamo- 
meter is  that  which  goes  by  the  name  of  the  prony  brake.     This 
consists  in  its  elemental  form  of  two  blocks  of  wood  clamped 
together  on  a  revolving  pulley  and  carrying  a  lever  (Fig.  398). 

*  Journal  of  Inst.  of  Elect.  Engineers,  vol.  35. 
t  British  Association,  1877. 
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The  friction  between  the  blocks  and  pulley  tends  to  rotate  the 
blocks  in  the  direction  of  the  rotation  of  the  shaft,  and  motion 
is  prevented  by  weights  hung  at  the  extremity  of  the  lever. 
The  friction  is  adjusted  by  means  of  the  bolts  a  until  the  engine 
runs  at  its  required  speed.  Weights  W  are  then  added  to  the 
scale  pan,  so  that  the  arm  remains  horizontal  in  a  position  of 
equilibrium.  The  power  of  the  engine  is  thus  absorbed  by 
friction,  and  as  the  frictional  torque  is  equal  to  W  .1,  where  I 
is  the  effective  length  of  the  lever,  the  horse-power  absorbed 

is  _Q  QQQ>  where  ET  is  the  revolutions  per  minute  of  the  machine. 
It  should  be  noticed  that  the  formula  for  the  power  absorbed 


FIG.  398. 

is  independent  of  the  size  of  the  pulley  and  the  coefficient  of 
friction. 

The  prony  brake  is  serviceable  for  the  measurement  of  small 
powers  when  the  speed  of  the  engine  is  high.  Very  accurate 
results  cannot  be  obtained,  however,  as  the  apparatus  has  the 
great  defect  of  being  subject  to  big  oscillations,  which  make 
accurate  readings  of  the  weight  W  very  difficult  to  obtain. 
These  oscillations  may  be  due  to  fluctuations  in  the  power  of 
the  machine,  or  to  differences  in  the  coefficient  of  friction.  The 
coefficient  of  friction  may  be  kept  fairly  constant  by  running 
a  supply  of  soapy  water  over  the  brake,  and  this  has  the  further 
advantage  of  helping  to  dissipate  the  heat  generated.  Other 
oscillations  may  be  absorbed  to  a  certain  extent  by  fitting  a 
dash-pot. 

One  form  of  dash-pot  consists  of  a  cylinder  partly  filled  with 
oil,  in  which  a  piston  is  suspended  by  a  rod  attached  to  the 
arm  of  the  brake.  The  piston  is  about  -f$  inch  less  in  diameter 
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than  the  cylinder,  so  that  the  oil  can  flow  freely  past  as  the 
piston  rises  or  falls  slowly,  but  offers  a  big  resistance  to  any 
sudden  movement.  The  flow  of  the  oil  may  be  further  adjusted 
by  drilling  and  tapping  holes  in  the  piston  and  fitting  them  with 
screws.  Any  or  all  of  the  screws  may  be  removed  to  increase 
the  flow  of  the  oil.  When  a  dash-pot  is  fitted  to  a  prony  brake, 
it  is  most  important  that  the  brake  arm,  when  loaded,  should 
be  balanced  with  the  piston  submerged  in  the  oil. 

If  the  brake-arm  be  on  the  opposite  side  of  the  shaft,  an 
upward  force  is  necessary  to  keep  the  brake  in  equilibrium, 
assuming  of  course  that  the  direction  of  rotation  of  the  shaft 
is  the  same.  This  force  may  be  very  readily  measured  by  resting 
the  arm  on  a  platform-scale  and  weighing  to  find  the  position  of 
equilibrium.  In  a  testing  room  this  is  a  more  convenient  method 
of  determining  W  than  the  other. 

370.  Rope  Brakes. — Another  convenient  and  simple  method 
of  measuring  power  is  by  means  of  a  rope  brake  (Fig.  399).  This 


FIG.  399. 

brake  consists  of  one  or  more  lengths  of  rope  wrapped  round  a 
flywheel,  the  upward  ends  being  connected  together  and  attached 
to  a  spring  balance,  and  the  downward  ends  kept  in  place  by 
a  weight  W.  The  ropes  are  kept  laterally  in  position  upon  the 
flywheel  by  wooden  blocks  &,  as  shown  in  Fig.  400.  The  blocks 
are  connected  to  the  rope  by  string  or  copper  wire,  and  are  kept 
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in  position  on  the  flywheel  by  their  projecting  rim.  The  weight  W 
is  adjusted  until  the  machine  is  running  at  the  desired  speed. 
If  W  be  the  suspended  weight,  including  that  portion  of  the  rope 
hanging  from  A,  and  S  the  reading  on  the  spring  balance,  less 
the  weight  of  the  rope  between  A  and  the  balance,  the  brake 

.    (W  —  S)r  X  277-N      ,  .    A, 

horse-power  is  -     —  QQ  nfm       —  ,  where  r  is  the  effective  radius 


of  the  brake  measured  to  the  centre  of  the  rope. 

As  in  the  prony  brake,  the  expression  for  the  power  absorbed 

is  independent  of  the  coefficient  of  friction.     It  is  difficult  to 

keep  [L  constant,  and,  as  before,  any  differences  in 

^  ^T&l    its  value  cause  fluctuations  in  the  reading  on  the 


W 

spring  balance.     Since  -~-  =  e^,  S  may  be  made  a 

fe 

small  fraction  of  W  by  increasing  the  angle  6,  as, 
for  example,  by  wrapping  the  rope  several  times 
round    the   wheel.      In   this   case   the   errors   of 
observation  of  the  spring  balance  become  negligible.     This  is  a 
great  advantage  of  the  rope  brake. 

A  rope  brake  has  many  other  advantages.  It  is  easy  to  make  ; 
it  requires  no  lubrication  ;  adjustments  may  be  made  so  that  the 
importance  of  errors  of  observation  is  reduced  ;  it  can  be  used  for 
long  trials  with  little  danger  of  overheating  and  without  requiring 
adjustment.  In  regard  to  the  latter  point,  it  should  be  stated  that 
the  flywheel  is  sufficiently  cooled  by  the  air  during  short  trials, 
though  water  is  preferably  used  during  long  trials.  In  the  latter 
case,  the  rim  of  the  brake  wheel  is  made  trough-shaped  internally. 
Water  is  run  into  the  trough  and  is  kept  in  place  by  centrifugal 
action,  unless,  of  course,  the  speed  of  rotation  falls  below  a  certain 
critical  speed.  In  order  to  ensure  a  sufficient  supply  of  water  for 
long  trials,  one  pipe  may  be  used  to  supply  cold  water  and  another 
to  collect  the  hot. 

371.  Belt  Dynamometers.  —  Amongst  the  transmission  dynamo- 
meters, belt  dynamometers  in  their  various  forms  occupy  a 
prominent  position.  It  has  been  previously  shown  that  the 
power  transmitted  by  a  belt  is  equal  to  the  differences  in  tensions 
on  the  tight  and  slack  sides  multiplied  by  the  velocity  of 
the  belt.  Several  dynamometers  have  been  devised  whereby  the 
quantity  Tx  —  T2  may  be  measured  directly  whilst  the  belt  is 
running. 
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One  of  the  most  important  of  these  is  the  Tatham  transmission 
dynamometer,  represented  in  diagrammatic  form  in  Tig.  401.  A 
continuous  belt  runs  over  the  six  pulleys  marked  A,  B,  C,  and  D. 
Pulley  B  is  upon  a  shaft  which  receives  the  driving  power. 
Pulley  A,  the  same  size  as  B,  is  upon  a  shaft  which  conveys  the 
power  to  the  machine  to  be  tested.  The  two  pulleys  marked  C 
run  on  bearings  fixed  to  the  framework  of  the  machine;  whilst 
the  two  pulleys  marked  D,  equal  in  size  to  those  at  C,  run  on 
bearings  fixed  to  the  levers  EF.  The  extremities  E  of  these  levers 
rest  on  knife-edge  supports,  whilst  the  extremities  F  are  connected 
by  the  links  FG  to  a  scale  beam.  The  points  G  are  equidistant 


FIG.  401. 

from  the  main  point  of  support  of  the  scale  beam.  By  the  proper 
calibration  of  the  scale  beam,  the  position  of  the  load  W  may  be 
made  to  give  the  difference  between  the  tensions  Tj  and  T2. 

372.  Torsion  Dynamometers. — In  a  torsion  dynamometer  the 
determination  of  the  work  done  by  an  engine  is  based  upon  the 
measurement  of  the  relative  angular  displacement  of  two  particles 
upon  the  shaft  transmitting  the  power.  The  necessity  for  such 
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dynamometers  has  arisen  within  recent  years  through  the  develop- 
ment of  the  steam  turbine,  which  cannot  be  "indicated,"  but 
whose  power  it  is  nevertheless  desirable  to  know.  Various  dynamo- 
meters have  been  devised  with  this  objective.  A  portion  of  the 
shaft  is  measured,  and  by  calculation  or  experiment  the  relation- 
ship between  the  angle  of  twist  and  the  twisting  moment  is  found. 
If  the  angle  of  twist  and  the  speed  of  the  shaft  be  observed  at  any 
instant  whilst  the  engine  is  running,  the  twisting  moment  and 
corresponding  horse-power  may  be  calculated.  As  the  angle  of 
twist  is  very  small,  refined  methods  of  measurement  must  be  used 
in  order  to  get  accurate  results.  Furthermore,  it  must  be  remem- 
bered that  each  reading  of  the  instrument  will  give  the  angle  of 
twist  at  one  point  only  of  the  revolution  of  the  shaft.  If  there 
be  reason  to  suppose  that  the  turning  moment  is  approximately 
uniform,  as  in  the  case  of  a  turbine-driven  shaft,  it  may  be  assumed 
that  this  angle  represents  the  mean  angle  of  twist  during  the 
revolution.  If,  however,  the  turning  moment  is  not  uniform,  it 
is  necessary  to  take  readings  at  various  points  of  the  revolution 
in  order  to  get  the  mean  angle  of  twist.  In  such  a  case,  the  most 
useful  type  of  torsion  meter  is  one  capable  of  taking  a  continuous 
diagram  over  a  number  of  revolutions  of  the  shaft. 

373.  The  Denny  and  Johnson  Torsion  Meter. — The  Denny 
and  Johnson  torsion  meter  is  an  electrical  device  for  measuring 
the  angle  of  twist.  Two  gun- metal  wheels  are  fastened  to  the 
shaft  at  a  known  distance  apart,  the  distance  being  as  great 
as  possible.  A  permanent  magnet  with  a  sharp  chisel-shaped 
edge  is  fixed  radially  to  the  periphery  of  each  wheel,  the  sharp 
edge  being  parallel  to  the  shaft.  A  soft  iron  electro-magnet 
wound  with  fine  wire  and  similarly  chisel  shaped  is  fixed  to  the 
base  plate  over  one  wheel  so  that  the  moving  magnet  passes 
directly  over  the  electro-magnet  once  in  each  revolution.  A 
similar  electro-magnet  is  mounted  on  a  screwed  sector  over  the 
other  wheel,  and  wires  from  the  two  electro-magnets  are  led  to 
a  differentially  wound  telephone  receiver.  When  the  permanent 
magnets  pass  over  the  electro-magnetic  ones  simultaneously, 
currents  generated  in  each  coil  pass  through  the  receiver,  and, 
being  equal  and  opposite,  no  sound  is  heard.  If  the  movable 
electro-magnet  be  set  so  that  there  is  no  sound  at  no  load  when 
simultaneous  contact  takes  place,  the  angle  of  twist  for  any  given 
speed  may  be  measured.  One  of  the  objections  to  this  torsion 
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meter  is  that  it  is  necessary  to  have  a  long  line  of  shafting  in 
order  to  obtain  satisfactory  results.  Further  particulars  of  this 
torsion  meter  may  be  obtained  by  referring  to  a  paper  read  by 
Mr.  A.  Denny  before  the  Institution  of  Naval  Architects  and 
published  in  their  Transactions  for  1907. 

374.  The  Gibson-Bevis  Torsion  Meter. — The  flashlight  torsion 
meter  described  by  Mr.  Hamilton  Gibson,  in  a  paper  read  before 
the  Institution  of  Naval  Architects  in  1907,*  derives  its  name 
from  the  fact  that  a  beam  of  light  is  the  essential  feature  of  the 
apparatus.  The  component  parts  are  two  discs,  a  fixed  lamp,  and 
a  movable  torque-finder,  arranged  as  in  Fig.  402.  The  two  discs 
are  similar,  and  are  secured  to  and  revolve  with  the  shaft  a  known 
distance  apart.  The  lamp  is  fitted  with  a  mask,  and  the  torque- 
finder  has  an  eyepiece  which  can  be  moved  circumferentially. 
Each  disc  is  perforated  near  its  periphery  by  a  small  radial  slot, 
and  similar  slots  are  made  at  the  same  radius  on  the  mask  of  the 


« 


NO  TORQUE. (LIGHT  VISIBLE.) 
FIG.  402. 


SHAFT  TRANSMITTING  POWER 
(LIGHT  OBSCURED.) 

PIG.  403. 


FINDER  MOVED  THROUGH  ANGLE  EQUAL  TO 

AMOUNT  OF  TORQUE 

(LIGHT  VISIBLE.) 

FIG.  404. 


lamp  and  on  the  torque-finder.  When  the  four  slots  are  in  the 
same  radial  plane,  a  ray  of  light  from  the  lamp  can  be  seen  by  an 
observer  looking  through  the  eyepiece. 

As  soon  as  the  shaft  begins  to  transmit  power,  the  discs  move 
relatively  to  one  another  and  the  ray  of  light  can  no  longer  pass 

*  Trans.  Inst.  N.  Arch.,  1907. 
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through  the  four  slots.  To  pick  up  the  flash  it  is  necessary  to 
move  the  eyepiece  circumferentially  by  an  amount  equal  to  the 
displacement,  and  the  flash  will  again  appear  once  in  each  revolu- 
tion of  the  shaft.  The  action  of  the  torsion  meter  is  illustrated 
in  Figs.  402,  403,  and  404. 

When  it  is  desired  to  take  several  readings  of  the  angle  of 
twist  during  a  revolution,  each  disc  is 
perforated  with  several  slots,  correspond- 
ing to  the  number  of  points  at  which  it 
is  desired  to  ascertain  the  torque  during 
the  revolution.  In  order  to  differentiate 
between  the  readings  at  these  points,  the 
slots  are  arranged  in  the  form  of  a  spiral 
at  varying  radii  as  shown  in  Fig.  405. 
FIG.  405  ^ne  lamp  and  torque-finder  must  be  moved 

radially  to  and  from  the  shaft  in  order  to 

come  opposite  each  pair  of  slots  in  the  discs.  Observations  can 
then  be  made  in  the  manner  previously  described. 

375.  The  Hopkinson-Thring  Torsion  Meter. — Another  optical 
instrument  is  the  Hopkinson-Thring  torsion  meter  described  by 
Prof.  Hopkinson  in  a  paper  read  before  the  Institution  of  Naval 
Architects  in  1910.*  One  of  the  earliest  forms  of  this  instrument 
is  shown  in  Fig.  406.  Although  this  form  has  been  considerably 
modified  and  improved  in  the  later  types,  it  is  here  illustrated 
because  of  the  ease  with  which  the  principle  of  the  instrument 
can  be  seen.  Two  collars,  or  rather  a  sleeve  and  a  collar,  are 
clamped  firmly  to  the  shaft  a  known  distance  apart.  A  mirror  M 
rests  in  bearings  on  the  sleeve,  and  carries  a  short  arm  which 
abuts  against  a  projection  on  the  collar.  Eelative  motion  between 
the  sleeve  and  collar,  therefore,  causes  the  mirror  to  rotate  about 
its  axis.  A  ray  of  light  from  a  lamp  L  falls  upon  the  mirror,  and 
is  reflected  upon  a  graduated  scale.  Any  angular  displacement 
of  the  mirror  upon  its  axis  may,  therefore,  be  measured  once  in 
each  revolution  of  the  shaft.  The  disadvantage  of  this  particular 
form  of  meter  is  that  the  bearing  between  sleeve  and  collar  is  apt 
to  be  strained,  due  to  the  bending  of  the  shaft.  Improvements 
to  remedy  this  defect  have  been  effected  in  the  more  recent 
designs. 

*  Trans.  Inst.  N.  Arch.,  1910. 
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EXERCISES  XXX 

1.  A  wheel  12  feet  in  diameter,  rotating  at  the  rate  of  1  rev.  in  2  seconds, 
is  acted  on  by  a  brake  which  applies  normal  pressure  of  1  cwt.  each  at  opposite 
ends  of  a  diameter.     If  p  be  0*06,  find  in  H.P.  the  rate  at  which  work  is  being 
absorbed.  (I.C.E.) 

2.  A  bicycle  and  rider  weighing  together  180  Ib.  are  travelling  at  the 
rate  of  10  miles  per  hour  on  the  level.    Supposing  a  brake  is  applied  to  the 
top  of  the  front  wheel,  which  is  30  inches  in  diameter,  and  this  is  the  only 
resistance  acting,  how  far  will  the  bicycle  travel  before  stopping  if  the  pressure 
of  the  brake  is  20  Ib.  and  p  is  0'05  ?  (I.C.E.) 

3.  Describe,  with  sketches,  any  form  of  transmission  dynamometer,  showing 
clearly  how  the  power  transmitted  by  it  is  ascertained.   How  would  you  calibrate 
it?   What  degree  of  accuracy  would  you  expect  to  obtain  with  the  dynamometer 
described?  (Lond,  B,Sc,,  1906.) 
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4.  An  engine  provided  with  two  flywheels  each  6  feet  in  diameter  has  a 
rope  brake  fitted  to  each  wheel.     When  the  speed  is  200  revs,  per  minute, 
the  loads  hanging  on  the  ropes  are  respectively  120  and  130  lb.,  and  the 
pull  on  the  tail  end  of  each  rope  is  10  lb.     The  girth  of  the  ropes  is  2  inches. 
Find  the  brake-horse-power.  (I.C.E.) 

5.  In  a  band  and  block  brake  the  band  is  lined  with  n  wood  blocks  which 
are  in  contact  with  the  rim  of  a  wheel.     On  the  side  elevation  of  the  brake 
each  block  subtends  an  angle  of  29  at  the  centre  of  the  wheel.    If  P  is  the 
greatest  and  Q  the  least  tension  in  the  strap  when  the  brake  is  in  action, 
and  n  is  the  coefficient  of  friction  between  the  blocks  and  the  wheel,  show  that 

4-  u  tan 


In  such  a  brake  the  diameter  of  the  wheel  is  3  feet,  the  distance  from  the 
centre  line  of  the  strap  to  the  rim  of  the  wheel  is  2-5  inches,  n  is  20,  29  is  10°, 
and  11  =  0-35.  Find  the  tensions  P  and  Q  when  the  wheel  is  running  at  120 
revs,  per  minute,  and  the  brake  is  absorbing  10  horse-power. 

(Lond.  B.Sc.,  1911.) 

6.  The  band-brake  of  a  crane  is  actuated  by  a  lever,  the  free  end  of  which 
is  pulled  upwards  in  order  to  apply  the  brake.  The  length  of  the  lever  is 
17  inches.  The  tight  end  of  the  band  is  attached  to  the  fulcrum  of  the  lever, 
and  the  slack  end  to  a  pin  2  inches  from  the  fulcrum,  that  is,  15  inches  from 
the  free  end  of  the  lever  where  the  pull  is  applied.  The  diameter  of  the 
brake-drum  is  3  feet,  and  that  of  the  barrel  2  feet.  Find  the  necessary  pull  at 
the  end  of  the  lever  in  order  to  hold  a  load  of  20  tons. 

[i  =  0-35.  a  =  300°. 

(Lond.  B.Sc.,  1913.) 


FIG.  407. 

7.  Fig.  407  shows  a  brake  arrangement  for  a  crane.     The  lever  ABCD  is 
on  a  fixed  fulcrum  B,  and  is  connected  to  the  brake  strap  by  pins  at  A  and  C, 
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The  pull  on  the  tight  side  of  the  strap  may  be  taken  as  three  times  the  pull  on 
the  slack  side.     Find  the  force  P  required  to  support  the  given  load  of  2  tons. 

(Lond.  B.Sc.,  1914.) 

8.  Determine  from  the  data  given  below  the  total  kinetic  energy  of  a  solid 
cast-iron  wheel  of  diameter  4  feet  when  rolling  at  uniform  speed  along  a  plane 
surface  : — 

Thickness  of  wheel,  4  inches ;  velocity  in  miles  per  hour,  40 ;  weight  of  cast 
iron  of  wheel  per  cubic  inch,  0-28  Ib. 

If  a  shoe  brake  is  applied  to  the  circumference  of  the  wheel  with  a  pressure 
of  4  tons,  in  what  distance  would  the  wheel  be  brought  to  rest  from  the  above 
velocity  ? 

Coefficient  of  friction  between  wheel  and  shoe,  0*35. 

Coefficient  of  friction  between  wheel  and  plane  surface,  0'45. 

(Lond.  B.Sc.,  1908.) 


ANSWERS 

EXERCISES  II.,  pp.  22-25. 

1.  (a}  66 ;  (6)  38.       2.  (a)  0'0407  •  (6)  2-2 ;  (c)  0-98.       3.  (a)  8'38 ;  (Z>)  0-35. 

4.  0*313  ft.  per  sec.  per  sec.;  0-94  ft.  per  sec.  per  sec. ;  47'7  miles  per  hour. 

5.  120-4  feet ;  1-6  seconds.  6.  88-8  feet.  7.  5  seconds. 
8.  60  miles  per  hour;  44  seconds;  1936  feet.  9.  733^  feet. 

10.  0*0675;  16-59.                       11.  7*5  ft.  per  sec.  12.  3,500  ft.  per  min. 

13.  104*7  ft.  per  sec. ;  26'2  rads.  per  sec.  14.  397-9  ft.  per  min. 

15.  1230  ft.  per  min.;  213-3  r.p.m.                          16.  (1)  21-540°;  (2)  3427i°. 

17.  (1)  29^  ft.  per  sec. ;  (2)  41-5  ft.  per  sec.  18.  48°  15'. 

19.  3-54  knots ;  18^°  W.  of  S.                                  20.  West  wind. 

21.  26-63  ft.  per  sec.,  inclined  41°  20'  to  the  vertical. 

22.  Tan-1  0-98  to  direction  of  bowling;  41-96  ft.  per  sec. 

23.  30°  S.  of  W. ;  34-64  miles  per  hour. 

25.  30-9  and  15-45  miles  per  hour.  26.  40-6  feet;  2'31  miles  per  hour. 

27.  32-79  miles  per  hour.  28.  1*66  miles. 

29.  2  h.  13  m.  A.M.  to  3  h.  17  m.  A.M.  30.  262  ft.  per  sec. 

31.  79  ft.  per  sec.,  making  an  angle  of  49°  35'  with  the  direction  of  the 

train's  motion. 

32.  10*3  miles;  37-86  seconds;   5770  feet;   descending  at  angle  7°  45'  to 

horizontal,  and  with  speed  1450  ft.  per  sec. 

33.  (1)  70-7  ft.  per  sec. ;  (2)  122-4  ft.  per  sec.  34.  35°. 

EXERCISES  III.,  pp.  39-43. 

1.  1-22  Ib. 

2.  (1)  3-86  ft.  per   sec.  per  sec.  upwards;  (2)  1-93  ft.  per  sec.  per   sec. 

downwards. 

3.  0-09  ft.  per  sec.  per  sec.         4.  (1)  844-7  Ib. ;  (2)  1000  Ib. ;  (3)  1155*3  Ib. 

5.  2  m.  4^  sees. ;  54-72  miles  per  hour. 

6.  2-037  ft.  per  sec.  per  sec. ;  10-23  tons.  7.  3821  Ib. ;  4631  Ib. 

8.  0-024  ft.  per  sec.  per  sec. ;  0*144  ft.  per  sec.  per  sec. 

9.  12-41  sees. ;  323  Ib.  10.  Equivalent  mass  2056'6  tons. 
12.  70-3  miles  per  hour.  13.  27*1  r.p.m.            14.  5°  10'. 
15.  4-87  tons ;  2-9  inches.  16.  67'6  miles  per  hour. 

17.  1-33  tons ;  3-06  sees. ;  7-34  ton-ft. ;  2-31  tons. 

18.  (1)  13-42  ft.  per  sec.  per  sec. ;  (2)  6350  Ib. 

19.  12,385  lb.-ft. ;  2888  Ib.;  11,050  Ib. -ft.;  2112  Ib. 

20.  540  Ib. ;  60  Ib. ;  54  inches ;  466  lb.-ft. 

21.  34-15  inches ;  700,000  in  inch  and  Ib.  units. 

22.  248  Ib.  at  4  inches  from  the  C.G.  23.  13,000  and  11,400  Ib. 

2F 
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24.  3900  Ib.  25.  1720  Ib.-ft.  26.  37'2  Ib.  27.  88*2  Ib. 


28.  2420  Ib.-ft.  29.  ^AJ^  secs-      30-  1<26 

31.  0-804  secs.  32.  1-188  secs.  33.  0-081  secs.        34.  0-2  secs. 

EXERCISES  IV.,  pp.  52-56. 
1.  728  Ib.;  29-12  H.P.  2.  37-8  H.P.  3.  356  feet. 

4.  3£  Ib.  ;  5-78  miles  per  hour.  5.  0-483  H.P.  6    680  H.P. 

7.  1292  H.P.  ;  4440  feet.  8.  28-4  ft.  per  sec.  ;  560,000  ft.-lb. 
9.  £3  2s.  2d.                                    10.  804  feet. 

11.  947-3  ft.  above  ground.  12.  £5  17s.  6d.  13.  2820  Ib. 

14.  49-45  %.  15.  17|  Ib.  ;  28*6  %.  16.  50;  50  %. 

17.  3-21  tons;  9f  H.P.  18.  180-3  H.P.;  4505-7  Ib. 

19.  0-507  sees.;  444|  Ib.-ins.  20.  7-7  r.p.m. 

21.  35-2  sees.;  352  secs.  22.  281-2  r.p.m.;  187'5  H.P. 

23.  30-48  ft.  per  sec.  ;  1  in  4-17.  24.  1-21  secs.  ;  10-93  secs. 

25.  490  H.P.        26.  29-8  secs.  27.  162,600  ft.-lb.;  135-9  feet. 

28.  225-8  Ib.         29.  (1)  13-42  ft.  per  sec.  per  sec.  ;  (2)  6350  Ib. 

30.  29-4  secs.  ;  294  secs.  31.  f  foot. 

EXERCISES  V.,  pp.  66-68. 
1.  19  feet.  4.  14-14  feet;  0*898  ft.  per  sec.  per  sec. 

5.  62  miles  per  hour  ;  0-23  ft.  per  sec.  per  sec. 

6.  18-12  inches;  ratio  of  times  of  stroke  0'96.  7.  48-64  Ib.  per  sq.  inch. 

8.  37  miles  per  hour;  2f16  ft.  per  sec.  per  sec.  ;  22*2  miles  per  hour. 

9.  I'l  ft.  per  sec.  per  sec.  ;  15*1  tons. 

10.  55  miles  per  hour  ;  0*714  ft.  per  sec.  per  sec.  ;  50  miles  per  hour. 

EXERCISES  VI.,  pp.  74-76. 

1.  18'8  AB.  2.  0'8  W.  and  0-6  W.  3.  38-5  Ib.  ;  74-5  Ib. 

4.  42-42  Ib.  acting  along  DA  ;  62-5  Ib.  at  C  at  angle  36°  54'  to  BC. 
6.  AC  =  10  inches,  BC  =  23*09  inches.  8.  2-915  tons. 

9.  A,  0-154  W;  B,  0-402  W;  C,  0'444  W. 

11.  (a)  2-594  and  2-406  tons  ;  (&)  2-406  and  2-594  tons  ;  (c)  2-5008  tons  at 

each  axle. 

12.  2-196  ft.  from  A;  1-794  feet  from  A.  13.  12400  Ib. 

14.  14590  Ib.  15.  28*9  Ib.  at  59°  to  tangent. 

EXERCISES  X.,  pp.  122-125. 

1.  0*323  ;  0-97  ft.  per  sec. 

2.  18-3  ft.  per  sec.  ;  544  ft.  per  sec.  per  sec.  ;  27*2  ft.  per  sec.  ;    —  96  ft.  per 

sec.  per  sec. 

3.  16-6  ft.  per  sec.  ;  228  ft.  per  sec.  per  sec. 

4.  6|  ins.  from  gudgeon  pin  ;  at  crank  pin. 

5.  26j  inches  per  sec.  ;  230  inches  per  sec.  per  sec. 

6.  2-22  ft.  per  sec.  ;  4-65  ft.  per  sec.  per  sec. 

7.  Time  of  -—  =  1*553  ;  24*75  ft.  per  min. 
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8.  3-87  ft.  per  sec. ;  0.         10.  2-2  ft.  per  sec.        11.  366  ft.  per  sec.  per  sec. 

13.  Vel.  of  sliding  in  ft.  per  rain.,  at  C,  125 ;  at  E,  109  or  275 ; 

Time  of  Cutting 
Time  of  Return  B 

14.  2  ft.  per  sec. ;  140  ft.  per  sec.  per  sec, 

15.  5*68  ft.  per  sec.  per  sec.  16.  494  ins.  per  sec.  per  sec. 

EXERCISES  XL,  pp.  134-135. 

1.  (1)  32  r.p.m. ;  (2)  40  r.p.m. ;  (3)  85  and  101  ft.  per  rain. 

2.  38-1  r.p.m.  4.  15  and  11*6  rads.  per  sec.  per  sec.  respectively. 

5.  20-94,  25-51  and  4'57  rads.  per  sec.  respectively. 

6.  1145  ft.  per  min. ;  759,  990,  and  125  ft.  per  min. 

7.  41-89,  52-36  and  10-47  rads.  per  sec.  respectively. 

8.  50,  810,  900,  1080,  1100,  1560  and  1680  ft.  per  min. 

9.  460  and  43-6  ft.  per  min.  respectively.  10.  52-36  ft.  per  min. 

EXERCISES  XII.,  pp.  149-150. 

3.  125-5  r.p.m.  4.  389  ft.  per  minute;  76°  43'  from  inner  dead  centre. 
5.  696  ft.  per  sec.  per  sec.  6.  104  and  42  ft.  per  sec. 

8.  41  -5  r.p.m. ;  269  ft.  per  sec.  per  sec. 

9.  924  and  850  ft.  per  sec.  per  sec.  10.  286  ft.  per  sec.  per  sec. 
11.  18-12  inches ;  ratio  of  times  of  stroke  0'96.       13.  316-6  ft.-lb. 

EXERCISES  XIII.,  pp.  164-165. 
3.  1-8  inches  from  longer  lever.  5.  48  inches. 

EXERCISES  XIV.,  p.  177. 

1.  1-397  inches;  2J.  2.  13-92  inches;  20  inches. 

3.  560  r.p.m.  4.  48'85  inches ;  3-514. 

5.  19-42  and  9-71  inches;  14-565  inches.  6.  18  and  72  teeth ;  pitch  If. 

EXERCISES  XVIII.,  p.  222. 

5.  6f  and  3£  inches.  6.  3-43  and  14'5. 

EXERCISES  XIX.,  pp.  239-243. 

6.  -  5.  7.  -  Jgt  r.p.m.  8.  +  -^5  r.p.m. 
9.  (a)  +  2  r.p.m. ;  (6)  -  2'04  r.p.'m. 

10.  195  r.p.m.  11.  +  238-5  r.p.m.  12.  +  185-4  r.p.m. 

13.  1^  revolutions  in  same  direction. 

14.  0-59  and  1-63  turns  respectively  in  same  direction. 

15.  (1)  —  3  and  (2)  +  f  revs,  respectively  per  revolution  of  E. 

16.  0*0  inch.  17.  6^  in  same  direction. 
18.  If  r.p.m. ;  4  r.p.m.                      19.   +  100  r.p.m. 

20.  98*6  r.p.m.  in  opposite  direction.  21.  104^  r.p.m.  in  same  direction. 

EXERCISES  XX.,  pp.  266-269. 

1.  (a)  50  r.p.m. ;  (&)  51-24  r.p.m. ;  (c)  48-68  r.p.m. 

2.  6  and  54  inches;  12  and  48  inches;  342  inches-;  339  inches. 
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3.  3  inches.  4.  17-03,  10-22  inches;  19-25,  7-7  inches. 
5.  67'9  r.p.m.  ;  41  J  inches.             6.  19  inches;  1-61  Ib.  per  sq.  inch. 

7.  51  j  inches  ;  4  inches. 

8.  4800  and  2400  Ib.  ;  7840  Ib.  at  39°  to  vertical.         9.  3'26. 
10.  10£  inches.  11.  2*52  inches.  12.  241£  Ib. 

14.  1-6;  1272  Ib.  15.   18-5  Ib.  16.  461-5  and  161-5  Ib. 

17.  121  inches;  37'87  H.P.  18.  37-2  feet. 

19.  655  Ib.  20.  2990  Ib.  21.  ratio  not  correct. 

22.  578  Ib.  24.  282  Ib.;  28'58H.P.  25.  18-3  H.P. 

EXERCISES  XXL,  p.  280. 

1.  143  Ib.  and  27J  Ib.  2.  19  H.P.  3.  8  ;  15-6  ft.  and  10-4  ft.  dia. 

EXEECISES  XXII.,  pp.  297-299. 

2.  54°;  0-54  inch. 

EXERCISES  XXIII.,  p.  306. 

1.  2andJ.  2.  1-414  and  0-707. 

4.  106-42  r.p.m.  ;  13'6  rads.  per  sec.  per  sec. 

5.  1-05  and  0-95;  45f°,  134^°,  225|°,  and 


EXERCISES  XXV.,  pp.  333-337. 
2.  (1)  3157  sin  a  Ib.  ;  (2)  79-17  %  ;  (3)  9-57  sin  a  H.P  3.  387  revs. 

4.  (1)  477,000  ft-lb.  ;  (2)  1,075,000  ft.  -Ib. 

5.  585  Ib.  6.  8-4  inches;  84'6  %.  8.  280  Ib. 

9.  (a)  1-4  tons;  (6)  I'O  ton;  (c)  2'4  tons.  10.  232  Ib.-ins. 

11.  1063  Ib.-ins.  13.  0-012  W;  34-3  %.  14.  54|  Ib. 

15.  1185  Ib.-ins.;  37-6  %;  280  Ib.-ins.  17.  85'7  %. 

18.  34920  pound-inches;  97  %.  20.  2£°.  23.  10-15  H.P. 

24.  4-27  H.P.  25.  1-173  H.P. 

26.  (a)  29-9  H.P.;  (6)  29  H.P.  27.  89'5  H.P.  28.  1-4  H.P. 

29.  725  Ib.-ins. 

EXERCISES  XXVI.,  pp.  344-345. 
1.  120  Ib.  outwards.  3.  29-2  Ib.  4.  20  Ib. 

5.  PI  sec2  6.  6.  100  Ib.  acting  upwards. 

7.  48  inches  ;  3480  Ib.  ;  810  Ib.  upwards  ;  3760  Ib.  in  line  of  crank. 

8.  25  Ib.-ft. 

EXERCISES  XXVII.,  pp.  359-364. 

1.  312  r.p.m.  2.  7026  Ib.        3.  35-1  and  24-8  tons. 

4.  41-9  and  23'3  Ib.  per  sq.  inch.         5.  33-9  and  21-9  Ib.  per  sq.  inch. 

6.  32-31b.;  0'278.  7.  1100  Ib. 

8.  15-15  and    8-05  Ib.  per   sq.  inch   of  piston,  downwards  ;  127   r.p.m.  ; 

28-55  Ib.  per  sq.  inch  of  piston  downwards. 

9.  2600  Ib.;  12,000  Ib.  ;  11,400  Ib.-ft.  10.  62-3  ton-ft. 
11.  20,820  Ib.-ft.                12.  (1)  12,000  Ib.-ft.  ;  (2)  11,920  Ib.-ft. 
13.  47-5  Ib.-ft.                    14.  546  ft.  -tons. 
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15.  3600ft.-tons;  60-23— 59-77  r.p.m.  16.  0-607. 

17.  1-85  tons.  18.  7000  Ib. 

19.  1012  in  ton  and  ft.  units ;  20'7  tons.  20.  £  ton.  21.  970  Ib. 

22.  26-3  H.P.  ;  I  =  1600  in  Ib.  and  ft.  units.  24.  1-23  %. 

25.  281-2  r.p.m.;  187'5  H.P. 

26.  41,670  in  Ib.  and  ft.  units ;  207  r.p.m.  27.  4-44  tons. 

28.  570  Ib.  per  sq.  inch;  2080  ft.-tons;  280  H.P. 

29.  I  =  4776  in  Ib.  and  feet  units;  v  =  78'68  ft.  per  sec. 

30.  458  ft.  per  sec.  31.  128  ft.-lb.  32.  17-6  ft. ;  12J  tons. 

EXERCISES  XXVIII.,  pp.  384-389. 

1.  0-63  ins.;  5-67  ins.  3.  157  r.p.m.;  160 r.p.m. 

4.  213-7  r.p.m. ;  55-2  Ib.  6.  162-5-178-5  r.p.m. ;  13-2  Ib. 

7.  6-73  inches;  2-23  Ib.  at  sleeve ;  13-5  r.p.m.  8.  162  r.p.m. 

9.  17 'I  Ib.  ;  4  Ib.  per  inch.  10.  300  r.p.m. ;  isochronous. 

11.  406  r.p.m.;  325-5  r.p.m.;  472-8  r.p.m. 

12.  64-5  Ib. ;  298  and  301-5  r.p.m.  13.  2-4  Ib. 

14.  87-4  Ib.  15.  350  r.p.m.  16.  141-9 Ib.;  31-51b. 

17.  11-68  inches;  spring  load  increased  by  £  when  r  =  8;  296'5  r.p.m. 

21.  237  r.p.m. ;  40  Ib. ;  265  r.p.m. 

22.  1-104  inches ;  175-5—185  r.p.m.  23.  207  r.p.m. ;  223  2  r.p.m. 
24.  (1)  18-1 ;  (2)  25-5.            26.  6-73  inches ;  3-3  Ib. ;  248-9  r.p.m. 

BXEECISES   XXIX.,  pp.  411-416. 

2.  861-5  Ib. ;  25-3  Ib.,  1081°  to  first  radius.  3.  115-8  Ib. 

4.  4-5  Ib. ;  angles  between  A,  D,  B  and  C  are  26^°,  127°,  90°,  and  116|°  in 

order. 

5.  Angles  made  with  direction   of  force  at  A— C  166°,  D  235°,  E  30° ; 


14-7  Ib. 
6.  (1)  4|  ins. 


8-6  Ib. 

(2)  223°  and  78°;  (3)  26-4  Ib. 


7.  Weight  B  s  unaltered.  8.  2356  Ib.  and  3534  Ib. 

10.  299  Ib.     108°  26'  from  adjacent  crank.  11.  903  Ib. 


159°  with  adjacent  crank. 
114°  from  adjacent  crank. 


12.  331  Ib. 

13.  238  Ib. 

14.  1-34  tons  and  1-65  tons.  15.  2980  Ib.-ft. ;  235  Ib. 

16.  Angle  between  (2)  and  (4)  108-4°;  between  (1)  and  (3)  107-5°;  -693 

tons  each. 

17.  1-74  tons.  19.  (a)  23-9  Ib. ;  (&)  36-8  Ib.-ins.       20.  1000  Ib. 
21.  No  solution.                   24.  (1)  17,150  Ib.;  (2)  17,150  Ib. 

25.  24-68  miles  per  hour.      26.  61-6  miles  per  hour.  27.  8-45  tons. 

28.  (a)  1-65  tons  ;  (&)  1'54  tons  ;  (c)  1-475  ton-ft. 

29.  408  Ib. ;  175°  with  adjoining  crank ;  3580  Ib.  30.  84-5  %. 

EXERCISES  XXX.,  pp.  429-431. 

1.  0-46.        2.  600  feet.        4.  26-3.        5.  363  and  107  Ib.        6.  668  Ib. 
7.  89-6  Ib.  8.  162,600  ft.-lb.;  135'9  feet. 
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ABSOLUTE  units,  50 

Accelerating  force  -time  and  -space 
diagrams,  64,  284 

Acceleration  diagrams,  114 

Acceleration-displacement  diagrams , 
63  ;  -time  diagrams,  59 

Acceleration,  of  particle,  7 ;  of  recipro- 
cating parts,  140 ;  centre  of,  84  ;  cen- 
tripetal, 18 ;  tangential,  18 

Accelerometer,  57 

Action,  arc  of,  180 

Addendum,  167,  169 

Amplitude  of  vibration,  21 

Analogies  between  linear  and  angular 
motions,  49 

Analysis  of  motion,  77 

Angle  of  contact  of  belt,  260;  of  fric- 
tion, 322  ;  of  obliquity,  180 

Angular  acceleration,  128 ;  momentum, 
32 ;  velocity,  128 

Angular  motion  of  links,  126 

Annular  wheel,  172 

Approach,  arc  of,  180 

Axial  pitch,  312 

Axode,  81 

BACKLASH,  169 

Balancing,  390 

Band  brakes,  420 

Bare  circle,  188 

Beam  engine,  99,  126,  158 

Belt  drives,  244 

Belt  dynamometer,  424 

Bennett's  construction,  141 

Bevel  wheels,  174  ;  -trains,  235,  237 

Block  brakes,  417 

Board  of  Trade  unit,  46 

Brakes,  417 

CAMS,  88,  281 

Centre  of  acceleration,  84  ;  of  percus- 
sion, 36;  of  rotation,  80,  126,  340; 
permanent,  80 ;  virtual,  80 

Centrifugal  force,  29 ;  -tension  of  belts, 
261 ;  -tension  in  flywheels,  358 

Centripetal  acceleration,  18  ;  force,  29 

Centrode,  81 

Chain  drives,  275 


Checking  of  formulse,  50 

Circular  pitch,  168 

Conic  mechanism,  300 

Conjugate  curves,  183 

Connecting  rod,    angular   velocity   of, 

182 ;  balancing  of,  403 ;  friction  axis 

of,  328  ;  master,  104 
Conservation  of  energy,  47 
Constraint,  complete  and  incomplete, 

90 

Controlling  force  diagrams,  380 
Couple,  30 
Creep  of  belts,  255 
Crosby  indicator,  153,  163 
Crossed  slide  crank  chain,  97,  108 
Cycloid,  185 
Cycloidal  teeth,  196 
Cylindrical  cam,  296 

DASHPOT,  422 

Dead  angle,  329 

Dedendum,  167,  169 

Denny  and  Johnson  torsion  meter,  426 

Derivation  of  curves,  59 

Diametral  pitch,  168 

Differential  gear  for  motor-cars,  237 

Dimensions,  check  of,  50 

Displacement-time  diagrams,  57 

Dobbie-Mclnnes  indicator,  163 

Donkey  pump,  107 

Double  Hooke's  joint,  305 

Double  slider  crank  chain,  96,  106 

Dynamics  of  machines,  5, 319 

Dynamometers,  417,  421 

Dyne,  29 

EFFICIENCY  of  machine,  45  ;  of  screws  , 

324 

Element,  3 

Elliptic  trammels,  108 
EUiptic  wheels,  217 
Energy,  46 

Epicyclic  gearing,  230 
Epicycloid,  185 
Epoch,  21 
Equations  of  circular  motion,  11;  of 

linear  motion,  8 
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Equilibrium,  analytical  conditions  of, 
72  ;  of  machines,  338 

FACE  of  teeth,  167 

Fast  and  loose  pulleys,  247 

Flank  of  teeth,  167 

Fluctuation  of  energy,  353 

Flywheels,  design  of,  356  ;  function  of, 
365 

Force,  26 ;  centrifugal  force,  29 ;  com- 
position of,  69  ;  measurement  of,  27 

Frequency,  22 

Friction,  319 ;  of  governors,  380 

Friction  axis,  327 ;  friction  circle,  326 ; 
friction  wheels,  166 

GIBSON-BEVIS  torsion  meter,  427 

Gnome  engine,  102,  146 

Governors,  365 

Grasshopper  straight  line  motion,  156 

Gravitational  units,  50 

Gyration,  radius  of,  32 

Gyroscopic  torque,  32 

HAMMEB  blow,  404 

Harfield's  steering  gear,  216 

Harmonic  motion,  20 

Hartnell  governor,  367,  377 

Helical  gearing,  210 

Helix,  79,  311 

Hinge,  action  of,  73 

Hob,  318 

Hooke's  joint,  301 

Hopkinson-Thring  torsion  meter,  428 

Humpage's  gear,  235 

Hunting,  371 

Hyperboloid,  175 

Hypocycloid,  185 

IDLE  wheels,  224 

Impulse,  29 

Indicators,  153,  162 

Inertia,  30 ;  of  reciprocating  parts,  348  ; 

moment  of,  31 
Inertia  governors,  382 
Instantaneous  centre  of  rotatien,  80 
Integration  of  curves,  62 
Interference  of  teeth,  192 
Inversion,  93 ;  examples  of,  96 
Involute,  185, 188 
Involute  cam,  290 
Isochronous  governor,  369,  371 

JOCKEY  pulley,  246 

KINEMATIC  chain,  92 ;  pair,  85 
Kinematics  of  machines,  5,  77 
Kinetic  energy,  46 
Kinetics  of  machines,  5 
Klein's  construction,  140 
Knot,  7 

LATHE,  227 


Lead  of  helix,  79,  312 

Lemniscoid,  158 

Line  of  action  of  force,  70 

Link,  3 

Lobed  wheels,  220 

Logarithmic  spiral,  214,  218 

Logarithmic  wheels,  220 

Lubricants,  320 

MACHINE,  classification  of,  94 ;  defini- 
tion of,  2 ;  derivation  of,  92 ;  effi- 
ciency of,  45  ;  simple,  2 

Mass,  26 

Master  connecting  rod,  104 

Mechanical  advantage,  46 

Mechanism,  92 

Moment,  of  force,  30 ;  of  inertia,  31 ; 
of  momentum,  32 

Momentum,  angular,  32  ;  linear,  26 

Motion,  free  and  constrained,  85  ;  laws 
of,  27 ;  of  body,  79  ;  of  particle,  6 

NEWTON'S  laws  of  motion,  27 
Node,  39 

Non-circular  gears,  213 
Normal  pitch,  312 

OBLIQUITY,  angle  of,  180,  189  ;  of  con- 
necting rod,  139  ;  of  oscillating  lever 
of  cam,  295 

Oldham  coupling,  107,  133 

Oscillations,  torsional,  37 

Oscillatory  engine,  101 

Overhaul,  46 

PAIRING,  85 

Pantograph,  151,  158 

Parallel  motions,  152 

Peaucellier  cell,  160 

Pendulum,  conical,  77 

Percussion,  centre  of,  36 

Period,  21,  39 

Phase,  21 

Pin  gearing,  202 

Pin-joint,  action  at,  73 

Pitch,  168 ;  -point,  167  I  -line  of  cam, 

282  ;  of  helix,  79,  311 
Pivots,  friction  in,  330 
Porter  governor,  374 
Potential  energy,  46 
Power,  46 

Primary  balancing,  399 
Prony  brake,  421 

QUADBIC  cycle  chain,  96,  113,  132 
Quick  return  motion,  101,  104,  215 

RACK,  172,  190,  198 
Railway  brakes,  action  of,  418 
Rapson's  slide,  109 
Recess,  arc  of,  180 
Reference  plane,  3947 
Relative  motion,  11,  108,  231 
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Benold  chain,  278 
Beuleaux,  94 
Beverted  train,  230 
Bichard's  indicator,  162 
Bites  governor,  384 
Bitterhaus's  construction,  142 
Boberts  parallel  motion,  165 
Boiler  chain,  277 
Boiling  circle,  186, 199 
Boot  circle,  167 
Bope  brake,  423 
Bope  drives,  270 
Bunning  balance,  393 

SCALAR  quantities,  14 

Scott-Bussell  straight  line  motion,  155 

Screw  wheels,  307 

Seat  of  pressure,  326 

Secondary  balancing,  399,  409 

Self-lock,  46 

Self-recording  instruments,  153 

Silent  chain,  278 

Simplex  indicator,  162 

Skew  gearing,  175 

Slider  crank  chain,  96, 100,  136 

Speed,  7 

Speed  cones,  248 

Standing  balance,  393 

Static  equilibrium,  338 

Statics,  4,  69 

Stepped  wheels,  210 

Straight  line  motions,  151 

Striking  gear,  248 

Stub  teeth,  171 

Sun  and  planet  wheels,  240 


Swaying  couple,  404 
Swell  of  pulley,  246 

TATHAM  dynamometer,  425 

Tchebicheff  parallel  motion,  165 

Thermal  unit,  48 

Toggle  joint,  341 

Toothed  gearing,  166 

Torque,  30 

Torsion  dynamometers,  425 

Trains  of  wheels,  223 

Turning  moment  diagrams,  346 

UNITS,  check  of,  50 

VECTOR,  13 

Vector  diagrams,  112 

Velocity,  7,  17 ;  of  rubbing,  131 ;  of 
sliding  of  teeth,  181 

Velocity  diagrams,  15,  112 

Velocity-time  diagrams,  58  ;  -displace- 
ment diagrams,  63 

Vibrations,  natural,  37 

WATT,  46 

Watt  governor,  366,  372 

Watt  parallel  motion,  99,  156 

Weight,  26 

Wheel-trains,  223 

Whitworth  quick  return  motion,  104 

Willis,  94,  182 

Wimperis  accelerometer,  57 

Work,  44 

Worm  and  worm  wheel,  309,  317 
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